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BOUNDARY VALUE PROBLEM FOR FUNCTIONAL
DIFFERENTIAL INCLUSIONS
ON MANIFOLDS

P.S. ZYKOV

ABSTRACT. We investigate the boundary value problem for second order
functional differential inclusion of the form %m(t) € F(t,m¢(0),m¢(0)) on
a complete Riemannian manifold for a continuous curve ¢ : [—h,0] — M
and point m1 which is non-conjugate with ¢(0) along at least one geodesic
of Levi-Civita connection, where % is the covariant derivative of Levi-Civita
connection and F(¢t,m(0), X (0)) is a set-valued vector field (it is either con-
vexvalued and satisfies the upper Caratheodory condition or it is lower semi-
continuous) such that: ||F(t,m,X)| < f(||X]]) where f :[0,00) — [0,00) is
an arbitrary continuous function, increasing on [0, 00). Some conditions on
certain geometric characteristics, on the distance between points and on the
length of time interval, under which the problem is solvable, are found. A
generalization to inclusions of the same sort subjected to a non-holonomic
constraint, is also presented.

1. Introduction

Let M be a finite-dimensional complete Riemannian manifold and T'M be its
tangent bundle with natural projection 7 : TM — M. For I = [—h,0] denote by
D(I,TM) the space of couples (m(f), X (0)) where m(f) is a continuous curve in
M and X (0) is a vector field along m(6) being continuous from the left and having
the limit from the right. Consider a set-valued mapping F : Rx D(I,TM) — TM
such that for any (m(6), X(0)) the relation wF(t,m(0), X (m(0))) = m(0) holds.
We call such F a set-valued force field.

Specify [ > 0. We investigate the differential inclusion of the form

D .

%m(t) € F(t,m(8),m(6)), (1.1)
where as usual for a curve m(-) : [=h,l] = M and t € [0,!], we set m:(6) = m(t+6)
where 6 € I. We suppose that F satisfies the condition:

max _|[F(t,m, X)| < f([|X]]) (1.2)

(t,m)eIxE
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where f is an arbitrary continuous function, increasing on [0, c0). Also we assume
that F' satisfies the so called upper Carathéodory condition (see Definition 3.1)
and has convex closed values, or is lower semi-continuous.

The main aim of the paper is to find conditions that guarantee the solvability
for some t1 € (0,1) of the boundary value problem for (1.1) with right-hand sides
as mentioned above, i.e., to find a CY — curve m(t), t € [—h,t1], satisfying (1.1)
on (0,t;] and such that m(t) = (t) for t € [—h,0] and m(t1) = m; where ¢(t) is
a given C''-curve with ¢t € I and m; is a given point. Note that for such a solution
the couple (my(0),1m.(8)) belongs to D(I, TM) for every t € [0,t1].

It should be pointed out that even the two-point boundary value problem for
ordinary second order differential equations may not be solvable at all for smooth
uniformly bounded single-valued F (see, e.g., [1]) if the boundary points are con-
jugate along all geodesics of Levi-Civita connection joining them. That is why we
suppose that the points ¢(0) and m; are not conjugate along at least one geodesic.
We find some conditions on certain geometric characteristics of M, on t;, and on
the distance between ¢(0) and mq, under which the problem is solvable. Note
that there are examples of second order equations with non-bounded continuous
right-hand sides where for a given couple of points the problem is solvable on a
sufficiently small time interval but is not solvable on larger intervals. Besides, the
problem can be solvable for points rather close to each other and not solvable at
all for points with greater distance between them (see examples in [1]).

We construct the solutions of problem under consideration from fixed points of
special integral type operators, that act in the space of continuous curves in the
tangent space T, ) M.

The special particular case of f(z) = xz* was investigated and a condition for
solvability was obtained in [2]. In [3] similar problem was considered for second-
order differential inclusions.

Note that a single-valued continuous field f is a particular case of set-valued
fields F' mentioned above. Thus the conditions found here for inclusion (1.1) are
also valid for second order functional differential equation %rh(t) = f(t,m¢, my)
with continuous right-hand side. We do not formulate the results for equations
separately.

The author is indebted to Yu.E. Gliklikh for setting up the problem and very
much useful discussions.

2

2. Technical statements

In this section we modify some constructions from [4] for the problem under
consideration.

Take mg € M, and let v : [0,1] — T;,,, M be a continuous curve. It is shown in
[4] that there exists a unique C'—curve m : [0,1] — M such that m(0) = mg and
the vector m(t) is parallel along m(-) to the vector v(t) € Tp,,, M at any t € [0, 1].

Denote the curve m(t) constructed above from the curve v(t), by the symbol
Swv(t). Thus we have defined a continuous operator S that sends the Banach space
C°([0,1], Tpn, M) of continuous maps (curves) from [0, 1] to T},,, M into the Banach
manifold C*([0, 1], M) of C'~ maps from [0, 1] to M. Let a point m; € M be non-
conjugate to the point my € M along a geodesic g(-) of the Levi-Civita connection.
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Everywhere below denote by Ug a ball in C°([0,¢1], T\,0)M) with center at the
origin.

Lemma 2.1. There exists a ball U. C C°([0,1], T}, M) of a radius € > 0 centered
at the origin such that for any curve a(t) € U. C C°([0,1], Ty M) there exists

a unique vector Cg, belonging to a certain bounded neighborhood V' of the vector
§(0) in Ty M, that is continuous in 4 and such that S(i + Cq)(1) = my

Introduce the notation supcev ||C|| = C, where V is from Lemma 2.1.

Remark 2.2. One can easily show that ¢ < C'. Note that C' characterizes the dis-
tance between mg and m; while € characterizes some properties of the Riemannian
geometry on M.

Lemma 2.3. Under conditions and notation of Lemma 2.1, let R > 0 and t; >0
be such that t;*e > R. Then for any curve u(t) € Up C C°([0,t1], Tyn, M) there
exists a unique vector Cy, in a neighborhood tflv of the vector tflg(O) N Do M,
continuously depending on u and such that S(u+ C,)(t1) = mq

Lemmas 2.1 and 2.3 are modifications of theorem 3.3 from [4].

For the given curve () we introduce the operator S, : C°([0, t1], Tip0) M)
— C%[=h,t1], M), defined as follows: S,(v(-))(t) = ¢(t) for t € [—h,0] and
Se(v(-))(t) = S(v())(t) for t € [0, 1:].
Lemma 2.4. For specified t; > 0, R > 0 as above and p(-) € CY(I, M) all curves
Sy(v+ Cy)(0) with v(-) € Ug € C°([0,t1], Tp0)M) take values in a compact set
= C M that depends on the curve p, € and C, introduced above, and does not
depend on ty.

Proof. Obviously the length of S,(v + C,)(-) is a sum of lengths of ¢(-) and of
S(v + Cy)(+). Since the parallel translation preserves the norm of a vector, for
any curve v(-) € CO([O,tl],T¢(O)M)) the length of S(v 4+ C,)(+) is not greater
than [*(R + [|Cu])dt < [ t7 (e + C)dt = [} (e + C)dt = ¢ + C. Denote N =
sup,e; [|¢(t)]]. It is easy to see that the length of ¢(-) is not greater than Nh.
Hence all curves [|S,(v + Cy)¢(-)| lie in a bounded subset Z of M. Since M is
complete, by Hopf-Rinow theorem any bounded set is compact. (I

Lemma 2.5. Let the inequality f(stfl—kthl) < 515;2 hold where f is an arbitrary,
increasing on [0, 00] function. Then there exists a small enough positive number ¢
such that (et7" — @) > 0 and the inequality f((et7' — ¢) + Ct7') < et]? — gt
holds.

Proof. From the hypothesis of lemma we get f (6t1_1+Ct1_1) < €t1_2. From continu-
ity of both sides of this inequality it follows that there exists a small enough number
¢ > 0 such that (et; ' —¢) > 0 and the inequality f((et; ' —¢)+Ct; 1) < ety 2—opt] "
holds. O

3. The main results

Everywhere below M is a complete Riemannian manifold. Denote || X (-)|| =
supger|| X (0)||. Introduce the norm of F(t,m,X) € T,, M by usual formula:

1E (@t m(-), X()I = supyertm).x () 1yl
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On D(I,TM) we consider Skorohod’s topology (see for example [5], where it is
described for the space of functions continuous from the right and having limits
from the left, in our case the construction is quite analogous).

Definition 3.1. We say that F'(t,m(6), X (0))) satisfies upper Carathéodory con-
ditions if:

(1) for every couple (m(-),X(:))) € D(I,TM) the map F(-,m(-),X(:))) :
[0,{] —o T}, M is measurable,

(2) for almost all ¢ € I the map F(¢,-,-): D(I,TM) — TM is upper semicon-
tinuous.

Definition 3.2. Let I = [0,/] C R. The set-valued force field F'(t,m(6), X (0))) is
called almost lower semicontinuous if there exists a countable sequence of disjoint
compact sets I,, I, C I such that: (i) the measure of I\ |J,, I, is equal to zero;
(ii) the restriction of F on each I,, x TM is lower semicontinuous.

Consider a curve ¢() € C*(I, M) and a point m; € M.

Theorem 3.3. Let ¢(0) and my be not conjugate along at least one geodesic
of Levi-Clivita connection joining them and let F(t,m(-), X (-)) satisfy the upper
Caratheodory condition, have convex closed values and for a certain t1 > 0 satisfy
condition (1.2) on [0,t1] X = where Z is compact from Lemma 2.4. If

flett + Ot <ety?, (3.1)

there exists a solution m(t) of (1.1), for which m(t) = ¢(t) fort € I and m(t;) =
ma.

Proof. Since ¢(0) and m; are not conjugate along a geodesic of Levi-Civita con-
nection, the numbers ¢ and C' from Lemma 2.1 are well-posed. Denote by © the
subset in D(I,TM) such that all curves from 70 belong to the compact = from
Lemma 2.4.

Consider a continuous curve v : [0,¢1] — T,)M. Construct the C'-curve
Y(t) = S,v(t) for t € [0,t1].

Note that the vector filed 4(¢) along ~(¢) is discontinuous at ¢ = 0 but the
couple (¢(+),4:(+)) belongs to D(I,TM) for all ¢t € [0,!]. Hence the set-valued
vector field F'(¢,v(),4:(+)) is well-posed for all ¢ € [0, ¢4].

Denote by I' the operator of parallel translation of vectors along (-) at the point
~v(0) = ¢(0). Apply operator T to all sets F(¢,7:(0),4:(0)) along v(-). As a result
for any v(-) € C°(1,T),, M) we obtain a set-valued map 'FS,v : [0,81] = Tpp M
that has convex values. It follows from the results of [6] that this map satisfies
upper Carathéodory conditions. Denote by PI'FS v the set of all measurable
selections of I'F'S, v (such selections do exist, see e.g., [7]). Define the set-valued
operator [PI'FS, : C°([0,t1], Ty, M) —o C°([0,t1], Trny M) by the formula

/Prst _ {/O f(r)dr|f(:) € PTFS,}.

In complete analogy with [6], it can be shown that [ PTFS,, is upper semicon-
tinuous, has convex values and sends bounded sets from C°([0, 1], Tyy(0)M) into
compact ones.
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For ¢(0) and mq, the numbers ¢ and C introduced above, are well-defined.
Consider the ball Ur € C°([0,t1], Ty M), where R = (et;' — ¢) and ¢ is the
number from Lemma 2.5. Since et;* > R, by Lemma 2.3 for any v(-) € Ug
the vector C, is well-posed. Thus we can introduce the operator Z : Ur —o
C°([0,t1], Ty M) by formula:

Z(v) = / PTFS, (v + C).

As well as [ PT'FS,v, this operator is upper semi-continuous, convex-valued
and sends bounded sets from C°([0,#1], T,,, M) into compact ones (see [1]). Since
tl_ls — ¢ > R and parallel translation preserves the norms of vectors, from the
construction of S, and from Lemma 2.5 we derive that for any v(-) € Ug and
t € [0,1] the estimate

IF (1Sl + Cu)u(8), 55,0+ Cu(6)] <

< f((ety' = @)+ Ct7 1) < (et — oty )

holds. Since parallel translation preserves the norms of vectors, from the last
inequality it follows that

1260+ Co)ll = I| | PLES, (0 + Collloounyrugan < (' = 6) = R

Thus Z sends the ball Ug into itself and from the Bohnenblust-Karlin fixed
point theorem (see, e.g., [7, 8]) it follows that it has a fixed point u(:) € Ug, i.e.
u(-) € Zu(-). Let us show that m(t) = S, (u(t) + Cy) is the desired solution. By
construction we have m(-) = ¢(+) for ¢t € [—h, 0] and m(t1) = m;.

Note that u(-) is a selection of T'F(t, Sy, (u + Cy)e(8), %S, (u + Cy)¢(0)) since
u is a fixed point of Z. In other words, the inclusion u(t) € T'F(t,S,(u +
Cu)i(0), LS, (u+ Cy)e(F)) holds for all points ¢ at which the derivative exists.
Using the properties of the covariant derivative and the definition of u, one can
show that @(¢) is parallel to 21m(t) along m(-) and T F(t, Sy (u+Cy)e(0), &S, (u+
C.):(0)) is parallel to F(t,m;(6),r:()). Hence, Zrin(t) € F(t,m(t),(t)). O

Theorem 3.4. Let ©(0) and my be not conjugate along at least one geodesic of
Levi-Civita connection joining them andlet F(t,m(-), X (-)) be almost lower semi-
continuous, have closed values and for a certain t; > 0 let it satisfy condition (1.2)
on [0,t1] X E where Z is the compact from Lemma 2.4. If (4.5) is fulfilled, there
exists a solution m(t) of (1.1), for which m(t) = @(t) fort € I and m(t1) = my.

Proof. Here we use the same notation as in the proof of Theorem 3.3. No-
tice that from the hypothesis it follows that for all v € C°([0,t1], Ty, M) the
curves from PI'FS,v are integrable. Hence the set-valued map PI'F'S,v sends
C°([0,t1], Ty M) into L*(([0,t1], A, 1), Trny M), where A is Borel o-algebra and
w1 is the normalized Lebesgues measure. Since F is almost lower semicontinuous,
in complete analogy with [8] one can easily show that the operator PI'F'S,v :
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C°([0,t1], Ty M) — L*(([0,t1], A, i), Tyny M) is lower semicontinuous and has de-
composable images (for the definition see, e.g., [7, 9] ). Then by Fryszkowski-
Bressan-Colombo theorem (see, e.g., [7]) it has a continuous selection that we
denote by pI'F'S.

Choose the number R as in the proof of Theorem 3.3. Then on the ball Ugr C
C°([0,t1], Ty, M) the operator

t
Go = / pTE(s, 5, (u(s) +cv),di
O 8

is well posed. As a corollary to Lemma 19 of [10] we obtain that G is completely
continuous. Since parallel translation preserves the norm of a vector, from the
construction of S and from the hypothesis for any v € Ur with given F' we get:

Sy(v(s) + Cy))ds : Ug — CO([0,t1], Trno M)

t
d
1Gol| = H/O PLE(s,8,(v(s) + Co), 28 (v(s) + Co))dsllco(po,ta], Ty 1) <

<Fl® +Co)litr < f((eti =) + Oty ity < (et — gty )y = (et — ¢) = R
Hence the completely continuous operator G sends Ug into itself and by classical
Schauder’s principle it has a fixed point u € Ui . Using the same arguments, as
in the proof of Theorem 3.3, one can easily prove that m(t) = S(u + C,)(¢) is a
solution of (1.1) such that m(t) = ¢(¢t) for ¢t € I and m(t;) = m;. O

Corollary 3.5. Let F(t,m(-),X (")) either satisfy upper Caratheodory condition
and have convez closed values or be almost lower semicontinuous and have closed
values. Let also F(t,m(-), X (-)) satisfy (1.2) on the entire manifold M and the
points ©(0) and my be nonconjugate along a certain geodesic g(+) of the Levi-Civita
connection. If t1 > 0 is such that (4.5) is fulfilled, there exists a solution m(t) of
(1.1) such that m(t) = ¢(t) fort € I and m(t1) = m;.

4. Systems with linear constraints

In this section, we show how to generalize existence theorems of previous section
to systems with constraints. We refer the reader, say, to [4] for preliminary material
about systems with constraints. Here we introduce only some notions necessary
for understanding the constructions.

Definition 4.1. A linear constraint in the system is a smooth distribution (i.e.,
a subbundle of the tangent bundle) 8 on M.

If the distribution 3 is integrable, the constraint is called holonomic and non-
holonomic in the other case.

Definition 4.2. A tangent vector is called admissible if it lies in the distribution
B. A curve in M is admissible if all its tangent vectors are admissible.

A constraint S imposes a restriction on the motion of the system. Namely, all
its solutions must be admissible.

Let Q : TM — f3 be the operator of orthogonal projection (with respect to the
Riemannian metric on M) of tangent spaces on their subspaces j3, i.e., we have
Qm : T;nM — B, for every m € M. Introduce the so-called reduced covariant

derivative along a curve by the formula % = Q%. In fact it is generated by the
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so-called reduced connection (see [4]). Below in this section we use the parallel
translation of admissible vectors along admissible curves generated by reduced
connection.

Definition 4.3. A least constraint non-holonomic geodesic is an admissible curve
v(t) on M that satisfies the equation £4(t) = 0 where 4 = fli—z.

We investigate the differential inclusion of the form

Doi(t) € QF(m(6), X(9)) (4.1)

where right-hand side satisfies the following condition:

IQF(t, m(0), X (0))[| < fIXI]) (4.2)
on some subset in R x M (a particular case — on the entire R x M) where f :
[0,00) — [0,00) is an arbitrary function increasing on [0, co).

In complete analogy with the construction of exponential mapping by ordinary
geodesics, the least constraint non-holonomic geodesics generate the so called non-
holonomic exponential mapping expfno 2 Bme = M.

Definition 4.4. A point m; € exp), (Bm,) is called non-conjugate to mg along a
least constraint geodesic vx () where vx (1) = m; and 9x(0) = X, if the differen-
tial dexpfno has at X € f,,, the maximal rang.

Consider mg € M, I = [0,t1], and let v : I — B, be a continuous curve.
It is shown in [4] that there exists unique admissible C'—curve m : [0,#;] — M
such that m(0) = mg and the vector i (t) is parallel (with respect to reduced
connection) along m(+) to the vector v(t) € T, M at any t € [0, 1]. We denote the
curve m(t) constructed in such a way from the curve v(t), by the symbol SPv(t).

Let m(t), t € I, be an admissible C'-curve and X (¢,m) an admissible vector
field on M. Denote by I X (t,m(t)) the curve in B, such that the vector
X (¢, m(t)) at m(0) is parallel to X (t,m(t)) along m(-) with respect to reduced
connection.

Assume that mg is not conjugate to m; along a least constrained geodesic vx.
Let us specify a submanifold N C M, m; € N, which is transversal to eacpgIO (Bmo )-
(In other words, the sum of spaces T, N and T, expl, (Bm,) coincides with
T, M.) Note that an example of such manifold is an open neighbourhood of m,
in M.

Lemma 4.5 ([4]). There ezists a ball U. C C°([0,1], Bm,) with a radius € > 0
and center at the origin such that for any curve a(t) € U. C C°([0,1], Bm,) there
ezists a unique vector Cy, belonging to a certain bounded neighborhood V' of the
vector 4x (0) € By, that is continuous in @ and such that S° (i + Cy)(1) € N

Lemma 4.6 ([4]). In conditions and notations of Lemma 4.5 let R > 0 and
t1 > 0 be such that t7'é > R. Then for any curve u(t) € Ug C C°([0,t1], Bmy)
there exists a unique vector Cy, in a neighborhood tl_lV of the vector tl_l"yx (0) in
Bumo M, continuously depending on u and such that S?(u+ C,)(t1) € N
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For the given curve ¢(-) we introduce the operator Sg : CY([0,t1], Bu(0y)
— CO%[=h,t1], M), defined as follows: SZ(v(-))(t) = @(t) for t € [—h,0] and
SB(v())(t) = SP(v(-))(t) for t € [0,11]. We investigate the functional differential
inclusion of the form

Zin(t) € QF(tmu(0), 1 (6)), (4.3

where as usual for a curve m(-) : [—h,l] = M and t € [0,1], we set m(0) = m(t+6)
where 6 € I and right-hand side satisfies the following condition:

1QE(E,m, X)[I < f(IXI]) (4.4)

on some subset in R x M (a particular case — on the entire R x M) where f :
[0,00) — [0, 00) is an arbitrary function increasing on [0, 0o).

Since the norm of orthogonal projector @@ equals 1, by simple replacement of
S, and T' by Sg and T8, respectively, by use the space C°(I,S,,,) instead of
C%(I, T, M) and Lemmas 4.5, 4.6 instead of Lemmas 2.1 and 2.3 one can prove
the following analogues of non-constrained Theorems 3.3 and 3.4.

Theorem 4.7. Let p(0) and my be not conjugate along a certain least constraint
geodesic of g and let QF(t,m(-), X (+)) satisfy the upper Caratheodory condition,
have convex closed values and for a certain t; > 0 satisfy condition (4.4) on
[0,t1] X = where E is compact from Lemma 2.4. If

fletit + ot < et (4.5)

there exists a solution m(t) of (4.3), for which m(t) = ¢(t) fort € I and m(t;) =
my.

Theorem 4.8. Let ©(0) and my be not conjugate along a certain least constraint
geodesic of g(-) and let QF(t,m(-),X(-)) be almost lower semicontinuous, have
closed values and for a certain t1 > 0 let it satisfy condition (4.4) on [0,t1] X =
where Z is the compact from Lemma 2.4. If (4.5) is fulfilled, there exists a solution
m(t) of (4.3), for which m(t) = ¢(t) fort € I and m(t1) = m;.

Corollary 4.9. Let QF(t,m, X) either satisfy upper Caratheodory condition and
have convez closed values or be almost lower semicontinuous and have closed val-
ues. Let also QF(t,m, X) satisfy (4.4) on the entire manifold M and the points
©(0) and my be nonconjugate along a certain least constraint geodesic g(-). If
t1 > 0 is such that (4.5) is fulfilled, there exists a solution m(t) of (4.3), for which
m(0) =mgy and m(t1) € N.

References

[1] Gliklikh Yu.E. and Zykov P.S.: On the two-point boundary value problem for quadratic sec-
ond order differential equations and inclusions on manifolds. Abstract and Applied Analysis,
2006. - Article ID 30395, 1-9.

[2] Kiselyova P.E. and Zykov P.S.: Boundary value problem for functional differential inclusions
on manifolds and fixed points of integral-type operators.Fixed Point Theory, 12(2011), No.
2, 383-390.

[3] Zykov P.S.: On two-point boundary value problems for second-order differential inclusions
on manifolds. Applicable Analysis Vol. 88, No. 6, June 2009, 895-902.



BOUNDARY VALUE PROBLEM FOR FUNCTIONAL DIFFERENTIAL INCLUSIONS

[4] Gliklikh Yuri. E.: Global and stochastic analysis with applications to mathematical Physics.

Springer-Verlag London Limited, 2011.

[5] Billingsley. P.: Convergence of Probability Measures. John Wiley and Sons, New York, 1969.

[6] Gliklikh Yu.E. and Obukhovskii A.V.: On differential inclusions of velocity hodograph type
with Caratheodory conditions on Riemannian manifolds, Discussiones Mathematicae. Differ-
ential inclusions and optimal control, 24(2004), 41-48.

[7] Borisovich Yu. G., B. D. Gelman B. D., Myshkis A. D. and Obukhovski V. V.: Introduction
to the Theory of Set-Valued Mappings and Differential Inclusions, Moscow, KomKniga, 2005.
(in Russian)

[8] Kamenski M., Obukhovski V. and Zecca P.: Condensing Multivalued Maps and Semilinear
Differential Inclusions in Banach Spaces, Berlin-New York, Walter de Gruyter, 2001.

[9] Deimling K.: Multivalued differential equations, Berlin - New York, Walter de Gruyter, 1992.

[10] Gliklikh Yu.E. and Obukhovskii A.V.: A viable solution of a two-point boundary value

problem for a second order differential inclusion on a Riemannian manifold, Proceedings of

Voronezh State University, series Physics, Mathematics, 2(2003), 144-149. [in Russian]

SOUTHWEST STATE UNIVERSITY STR. 50 OCTOBER, 94, KURSK, 305040, RussiA
E-mail address: petya39b@gmail.com



