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Abstract—This paper proposes an robust control scheme based on synchronized 

phasor measurement unit (PMU) data for power system secondary voltage control. The 

proposed scheme utilizes both synchronized voltage magnitudes of monitored buses and 

the index of voltage stability margin as trigger signals to optimally control VAR sources 

in the improvement of voltage profile and enlargement of voltage stability margin in 

power systems. An extensive simulation studies on the IEEE 30-bus test system is 

carried out to demonstrate the feasibility and effectiveness of the proposed method. 
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1. Introduction 

 Voltage instability has been regarded as one of the primary threats to security of 

power network operation during the last few years. In particular, several severe power 

system blackouts worldwide have been mainly attributed to voltage collapse problems 

[1]. The reason voltage instability and even voltage collapse take place is that the 

system cannot supply the demand, and the phenomenon is characterized by the losses of 

voltage control at certain locations in a power grid [2]-[3]. 

In order to provide a better voltage support in transmission networks, the coordinated 

voltage control has been developed. It is organized as a hierarchical structure with three 

levels: the primary, secondary, and tertiary voltage control. Significant attention has 

been given to the study of secondary level, which is an automatic regulation of voltage 

and reactive power for power systems. A lot of approaches for the design of secondary 

voltage controllers have been reported in the literature [4]-[16], some of which have 

been proven to be effective methods to guarantee the stability and security operation in 

some electric power industries of European countries [9]-[16]. The task of the 

secondary voltage control (SVC) is to mitigate the effect of voltage instability. The 

basic operation principle of the SVC can be summarized as follows: when voltage 

violations occur at certain key load buses which are designated as pilot nodes, the SVC 

will be enabled to keep the scheduled voltage profiles by optimal coordinated control of 

reactive power sources. However, just using voltage magnitudes at monitored buses 

alone may give an inaccurate indication of voltage stability in power systems [17]. This 

means that voltage stability issues cannot be fully prevented by the traditional SVC 

method.  Therefore, an additional accepted measure of voltage stability is required for a 

more reliable SVC scheme. 

The voltage stability margin, which is defined to be the distance from the power 
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system operating state to the voltage collapse, has been most widely used as the voltage 

stability indicator [18]-[26]. A variety of approaches based on different kinds of 

techniques has been proposed so far for voltage stability margin evaluation, such as 

sensitivity techniques [18]-[19], minimum singular value methods [20]-[21], and 

impedance-based index approaches [22]-[24]. Moreover, since load power margin is 

often associated with voltage stability margin, a number of papers uses load power 

margin as a monitoring index of voltage stability under a certain load level [25]-[26]. 

For example, the P-V curve is a useful tool for determining the load power margin 

information, and the complete P-V curve can be achieved by the continuation power 

flow (CPFLOW) method, which can deal with the divergence problem of the power 

flow analysis near the voltage collapse point [26]. 

In recent years, utilizing phasor measurement units (PMUs) to increase power grid 

situational awareness has become an active research area [27]-[28]. PMUs are precise 

power system measuring devices which have the capability of directly capturing time-

synchronized measurements of the voltage phasors at the buses, as well as the current 

phasors on the incident lines. With increasing deployment of PMUs on transmission 

systems [29], synchrophasors are already available in wide-area. Indeed, these wide-

area synchrophasors include enough information to analyze, predict, and control the 

voltage stability of a power system. 

This paper is concerned with designing a new synchrophasor-based voltage stability 

enhancement scheme for safe power system operations. The rest of the paper is 

organized as follows: Section 2 describes the fundamental theories and mathematical 

principles of the proposed method.  Numerical simulations and test results are given and 

discussed in section 3. Section 4 concludes the paper. 
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2. Operating Principles 

The proposed scheme is able to achieve voltage stability enhancement tasks including 

power system voltage stability monitoring and control based on synchrophasor 

measurements. Fig. 1 illustrates the criteria for the activation of the proposed control 

strategy, in which the unshaded area represents the security operating region, while the 

shaded area represents the dangerous operating region. For example, if the power 

system is operated at the dangerous region; i.e. the system has poor voltage profile or 

insufficient VSM, then the proposed algorithm will be activated to steer the power 

system away from the critical point at which voltage collapses. The theory of the 

proposed method is discussed below. 

V

1
VSM

 

Fig. 1. Representation of the proposed control strategy. 

2.1 Synchrophasor Technology 

Synchrophasors are assumed to be provided from a PMU, which is known as a stand-

alone physical device or a functional device within another device. Using the precise 

timing signal provided by global positioning system (GPS) as the common time base for 

PMUs, both the magnitude and the phase angle of the voltage and the current signals at 

different PMU locations can be measured, at exactly the same time instant in all 
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observable system buses. In addition, most of the PMUs available in the market follow 

the IEEE standard C37.118, which is currently the only standard worldwide for 

measuring power system synchrophasors. The standard defines synchrophasors, 

frequency, and rate of change of frequency (ROCOF) measurement under all operating 

conditions. A more detailed description about this standard can be referred to [30]. 

2.2 Voltage Stability Margin Estimation 

A common voltage stability monitoring is expressed by the load power margin which 

shows how close the current operating point of a power system is to the point of 

collapse. In this study, we propose a method which employs the synchrophasor 

technique to speed up the continuation power flow (CPFLOW) tool to estimate the 

voltage stability margin in real-time. Detailed operations are presented as follows. 

1) Determination of Load Change Direction: Load power margin estimations rely on 

load levels and load directions. However, distinct load changes can result in distinct 

voltage collapse points. This means that assessing the proximity of an operating point to 

voltage instability with consideration of load change direction is essential. 

Suppose that there is a PMU installed at load bus i, which measures the voltage 

phasor iV  and the current phasor iI . Utilizing two measurement pairs available from 

PMU, the complex load variation at bus i can be obtained by 

( ) ( ) ( 1)

( ) ( ) ( 1) ( 1)
i i i

i i i i

S k S k S k

V k I k V k I k 

   

     
                                                                 (1) 

where the letter k represents the kth sampling point. It must be emphasized that the load 

change direction needs to be determined at the beginning of every run of the proposed 

margin computation. 

 2) Thevenin Equivalent Network Method: Next, we consider a load bus i connected 

to a complex power system, which can be simplified to a single-machine-infinite-bus 
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system by an estimated Thevenin equivalent network, as shown in Fig. 2. The rest of the 

power system is treated as its Thevenin equivalent voltage in series with Thevenin 

equivalent impedance.  

th
iE th

iZ
iV

iI

L
iZ

i

 

Fig. 2. Thevenin equivalent network at load bus i. 

Application of Kirchoff’s voltage law to this circuit results in 

th th
i i i iE V Z I                                                                                                               (2) 

where th
iE  and th

iZ  correspond to Thevenin equivalent voltage and Thevenin equivalent 

impedance in phasor representation at bus i, respectively. Thus, using two sets of 

synchronized measured data, Thevenin equivalent parameters at the measuring point k 

can be solved as 

( 1) ( ) ( ) ( 1)( )
( ) ( 1)

th i i i i
i

i i

V k I k V k I kE k
I k I k

  


 
                                                                         (3) 
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                                                                                              (4) 

In addition, the load impedance of the complex load power iS  at the sampling point k 

is given by 

2( )
( )

( )
iL

i
i

V k
Z k

S k                                                                                                            (5) 
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Consequently, using PMU measurements, Thevenin equivalent network for a power 

system at a node can be acquired in real-time. 

3) Cubic Spline Extrapolation Method: In Fig. 2, as voltage collapse occurs at bus i, 

the impedance-matching criterion holds; i.e. th L
i iZ Z . Moreover, th

iZ  approximates to 

be a constant at increasing load levels. From this point of view, the estimated maximum 

loading point at which voltage collapses can be made by equating an approximating 

function, that extrapolates the trajectory of L
iZ , to be th

iZ . 

In this research, the cubic spline extrapolation method is used as the function 

approximation. With cubic splines, approximate function is carried out by using third-

order polynomials in the intervals between each successive pair of data points (the 

points are connected with curves). For example, given n data points, there are n-1 

intervals, the mathematical formula of the polynomial in the jth interval, between points 

jx  and 1jx   is given by 

  3 2
j j j j jf x a x b x c x d                                                                                          (6) 

for each 1, 2, , 1j n  . Overall, there are n-1 equations, and since each cubic 

polynomial has four coefficients ja , jb , jc , and jd , the determination of all of the 

coefficients can be found by applying the method proposed in [31]. Notice that n is set 

to be three in this study; i.e. three sets of consecutive synchrophasors recorded at the 

PMU are utilized. 

4) Continuation Power Flow (CPFLOW) Method: This approach provides a powerful 

tool to remain well-conditioned at and around the voltage collapse point of P-V curves 

in power flow calculation based on a locally parameterized continuation technique [26]. 

However, the conventional CPFLOW tool faces the difficulties associated with the lack 

of the input and guidance of real-time measurement information; thereby, the results are 
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usually inaccurate, and even the computational procedure is too slow to satisfy real-time 

operational requirements. 

In this research, we develop a hybrid method for fast as well as accurate voltage 

stability margin computation by combing both measurement-based and CPFLOW based 

techniques. To illustrate this, suppose that a load is increased by altering the load 

parameter   up to the critical load or the maximum loading point max . The proposed 

method includes two stages in computational operations. 

Stage 1) Measurement-based technique: Compute the estimated maximum loading 

point, denoted by es , by using an estimated Thevenin equivalent network  approach 

with cubic spline extrapolation technique. Meanwhile, load change direction toward the 

maximum loading point is determined by two consecutive sets of PMU measurements. 

Stage 2) CPFLOW based technique: Initiate a CPFLWO algorithm to find the actual 

maximum loading point, max , according to the estimated point at es  as well as the 

measured direction of load change. Afterward, the load power margin is calculated as 

max 0  , in which 0  is the base case loading point. 

Using the approach above, the VSM, which is defined by the percentage of the load 

power margin, can be computed as 

max 0

0 100%VSM 
 
 


                                                                                             (7) 

 

2.3 Robust Automatic Voltage Control 

Consider the linearized model of decoupled power flow equations, as follows: 

   BΔQ ΔV                                                                                                              (8) 
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where B is the system susceptance matrix, ΔQ and ΔV stand for the reactive power 

change and voltage magnitude change vectors, respectively. To formulate the steady-

state voltage-var control, (8) can be written as 

GG GL

LG LL

B B
B B
    

     
    

G G

L L

ΔQ ΔV
ΔQ ΔV

                                                                                  (9) 

where the subscripts L and G are used to represent the load buses (P-Q buses) and the 

voltage-controlled buses (P-V buses), respectively. In the above matrix equation, let 




L

G

q ΔQ
u ΔQ

                                                                                                                     (10) 

be the notations of reactive power load disturbances and control decisions to  

participating controllers, respectively. Then, load voltage deviations LΔV  can be 

expressed in terms of q and u as 

1 2J J LΔV q u                                                                                                          (11) 

where 

 
 

11
1

1
2 1
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J B B B B

J J B B





 


                                                                                           (12) 

Notice that 1J  and 2J  are the matrices relating to system configurations. In this case, 

the first term in (11) denotes uncontrolled load voltage variations in response to load 

disturbances q, while the second term denotes the effect of control outputs u on voltage 

changes at load buses. 

In secondary voltage controller design, a linear feedback control structure is applied. 

It uses voltage magnitudes at monitored buses as inputs, and generates control actions 

as outputs. Furthermore, it must be stressed that only the voltage information at the pilot 

buses are available to the control devices. If there are sufficient measurement units at all 

load buses, voltage changes 1J q  will be the control inputs. In practical applications, 
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however, only portions of load buses are acting as pilot buses. That is, the voltage 

deviations at these monitored buses is expressed as 

pJpΔV q                                                                                                                  (13) 

where pJ  is the rows of 1J  corresponding to the selected pilot points. Indeed (In fact), 

pΔV  are only some entries of the vector 1J q . In this case, linear control vector u is given 

by 

 pK K J pu ΔV q                                                                                                   (14) 

where K denotes the control gain matrix that needs to be determined. Replacing the 

second term of (11) with the control outputs u in (14) results in 

 

1 2

1 2

or

p

J J K

J J KJ

 

 

L p

L

ΔV q ΔV

ΔV q

                                                                                                (15) 

Suppose that system load disturbances q are within a certain limit γ  in a practical 

power system; i.e. 



q                                                                                                                       (16) 

Under this assumption, the optimal robust gain matrix K   such that the worst-case load 

voltage change is minimized is given by 

 1 1min max p
K

J J K J
 



 


q
q


                                                                                     (17) 

The minimization problem in (17) is also equivalent to 

1 2min p
K

J J K J





                                                                                                    (18) 

From the preceding equation, one can see that the optimal robust gain matrix K   

depends entirely on system configurations on pilot-point locations. In other words, K   

remains the same regardless of any unexpected load disturbance. The optimization 
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problem in (18) can be reformulated as an linear program [32], and solved by using a 

linear programing solver such as linprog function in the MATLAB optimization toolbox 

[33]. 

3. Simulation Results 

This section presents numerical examples of the proposed scheme, i.e. enhancement 

of voltage stability, on a sample power system. The IEEE 30-bus system is used as an 

example to show the effectiveness of the proposed method. This sample system consists 

of 41 transmission lines, 6 generators, and 24 loads. The system data including line 

parameters and bus data are given in [34]. The simulation program is coded using 

MATLAB and implemented on a PC which has a CPU with Intel® Core™2 Duo 2.66 

GHz and a memory with 4 GB. 

The pilot-bus locations, in which PMUs are to be installed, are selected from those 24 

load buses. The threshold levels for triggering the proposed control algorithm are 

defined as follows: when the power system operates at the dangerous region, i.e. the 

measured voltage of the ith PMU is less than 0.9 p.u. or the computed value of the 

voltage stability margin is less than 10%. The voltage profile improvement index used 

in this research is expressed by the root mean square value of voltage changes at all load 

buses 

1/2
2

2
1

1 m
rms

j
j

x x
m 

 
  
 
                                    (19) 

where m is the number of load buses in the test system, and jx  for each 1, 2, ,j m   

denotes the resulting voltage change at each of the load buses. In this test system, m is 

set to be 24. 

In order to investigate the robustness of the proposed method, comprehensive 

experiments with respect to different load levels, different load patterns, various branch 
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outage contingencies, and various pilot-bus selections have been studied. Due to the 

space limited, in this work, only the results under the scenario depicted in Fig. 3 are 

presented. The VAR sources and the PMU locations considered in this test condition are 

listed below: 

 VAR sources: Bus 1, 2, 5, 8, 11, 13 

 PMU locations: Bus 17, 23 

VAR Source

PMU

G
G G

G
G

G

G

 

Fig. 3. One-line diagram of the IEEE 30-bus test system with PMUs. 

The simulation results for the selected cases shown in Fig. 4 are briefly summarized 

in the following. 

Case System / Bus
Load Change Pattern

Light / Peak
Load Condition

With / Without
Line Outage Contingency

I System Light Without

II Bus Peak Without

III System Peak With

 

Fig. 4.  Simulation scenarios for the cases presented in this paper. 
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3.1 Case  I 

In the first test case, system load change pattern is simulated: all the loads in the 

IEEE 30-bus system are increased simultaneously based on their initial load levels. The 

test system is operating at a light load condition, in which the voltage magnitudes 

obtained from the PMUs are 17 0.9333V   p.u. and 23 0.8837V   p.u., while the value of 

VSM calculated by the proposed voltage stability margin estimation method is 

28.03%VSM  . 

In this case, low voltage violation occurs at bus 23 since 23 0.8837V   p.u. is less 

than the pre-determined value of 0.9 p.u.. This will activate the proposed method, and 

the effect of the control strategy is shown in Fig. 5. From the shown figure, one can see 

that the voltage magnitude of bus 23 is improved from 0.8837 to 0.9579 p.u.. Also, the 

maximum load power is increased from 423 to 478 MW. 

 

 

Fig. 5. Case I: Enhancement of voltage stability using the proposed method on the IEEE 30-bus test 

system: 23V  is improved from 0.8837 to 0.9579 p.u., and the maximum load power is increased from 423 

to 478 MW. 
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3.2 Case  II 

In this case, bus load change pattern is considered. Only the load at bus 30 is 

increased proportionally to its initial load level. The test system is investigated under 

peak load conditions and is operated in the dangerous region. The measured voltages 

and the computed VSM without control actions are 17 0.9248V   p.u., 23 0.9472V   p.u., 

and 9.47%VSM  , respectively.  

Although voltage magnitudes at the monitored buses are at acceptable voltage levels, 

voltage stability margin of the entire power system is insufficient. Under such a 

situation, no control actions will be taken by the use of the traditional SVC methods, 

which means that the system has high risk of voltage collapse. In contrast, voltage 

instability, leading to voltage collapse, will be detected by the proposed scheme because 

of 9.47 10%VSM   , so that the proposed method will be triggered for improving the 

overall system voltage stability. 

The simulation result is illustrated in Fig. 6, showing that the maximum load power is 

significantly increased from 403 to 475 MW, as well as 17V  improved from 0.9248 to 

1.0076 p.u.. 

 

Fig. 6. Case II: Enhancement of voltage stability using the proposed method on the IEEE 30-bus test 
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system: 17V  is improved from 0.9248 to 1.0076 p.u., and the maximum load power is increased from 403 

to 475 MW. 

3.3 Case  III 

In the third simulation, the load change pattern is the same as in Case I. The test 

system is investigated under stressed conditions, and the line #10-20 is studied under 

branch outage contingency condition. The system is operating in the dangerous region, 

which could result 17 0.8773V   p.u. and 23 0.8786V   p.u. before control actions 

performed. At this operating point, the estimated value of the voltage stability margin is 

8.39%VSM  . Since the system has poor voltage level and inadequate VSM, voltage 

instability is determined. Accordingly, the proposed method will be activated to prevent 

imminent voltage collapse. Fig. 7 shows the simulation result. In Fig. 7, it is clearly 

seen that the voltage stability of the system is considerably enhanced after the proposed 

method. 

 

 

Fig. 7. Case III: Enhancement of voltage stability using the proposed method on the IEEE 30-bus test 

system. (a) 17V  is improved from 0.8773 to 0.9544 p.u., and the maximum load power is increased from 

387 to 458 MW. (b) 23V  is improved from 0.8786 to 0.9566 p.u., and the maximum load power is 
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increased from 387 to 458 MW. 

Table I summarizes the test results for the above three cases. An inspection from the 

shown table indicates that the performance of the power system is greatly improved. 

This means that the control decisions provided by the proposed scheme is efficient and 

effective for the enhancement of the overall power system voltage stability. 

 
 

TABLE I 

Performance Evaluation for the Proposed Scheme to the Enhancement of Voltage Stability on the IEEE 
30-bus Test System 

Case 

Voltage Profile Improvement 
Index rmsx  (p.u.) Voltage Stability Margin VSM (%) 

Before After Before After 

I 0.06438 0.03819 28.03 44.55 
II 0.10398 0.06146 9.47 28.86 
III 0.12023 0.07133 8.39 28.14 

 

4. Conclusion 

In order to achieve secure and reliable grid operations, a method, which employs the 

synchrophasor technique for power system voltage stability monitoring and control, is 

presented. With this new approach, the overall network voltage can be improved, as 

well as system voltage stability by an appropriate reactive power management against 

voltage instability. The proposed scheme has been applied to the IEEE 30-bus test 

system, and successful results have been obtained. 
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