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Geometric Conditions for Finite Horizon Noninteraction and Fault
Detection Based on the Almost Controllability Subspace Algorithm
Elena Zattoni*

Abstract: This work deals with the problem of noninteraction (and the dual problem of fault detection) for
discrete-time linear time-invariant finite-dimensional state space systems. In particular, the standard, infinite
horizon, noninteracting control requirement is replaced by a less demanding one, where noninteracting control is
only sought on finite time horizons, suitably defined in connection with some structural properties of the system
subblocks. A necessary and sufficient condition for solvability of the finite horizon problem thus stated is derived
in terms of the almost controllability subspaces associated with the block structure of the system. The proof of
the condition is constructive in the sense that it leads to a design procedure for the feedforward compensators that
guarantee noninteracting control over the given time horizons. The underlying idea of the proof, i.e. the exploitation
of the almost controllability subspace algorithm in the case of finite horizon noninteraction, is also compatible
with a modified procedure for designing the compensators achieving infinite horizon noninteraction, which may
be admissible for some specific subblocks of the system. In fact, in this latter case, it is the effective use of the
controllability subspace algorithm which plays a key role. The dual counterpart in the context of fault detection
introduces a structural means to identify and treat the cases where, due to the structural properties of the monitored
system, some of the residuals which can be generated are only significant in a limited time. These concepts are
also illustrated with a detailed numerical example.
Keywords: Geometric Approach; Almost Controllability Subspaces; FIR Systems; Noninteraction; Fault
Detection.

1. INTRODUCTION
Noninteracting control is a well-known problem, deeply investigated particularly within the geometric approach.
Necessary and sufficient constructive conditions for noninteracting control were first proved by Basile and
Marro in [1] and, independently, by Morse and Wonham in [2]. Those conditions were transferred to the dual
setting of fault detection by Massoumnia and co-workers in [3] and [4]. Henceforward, they have often been
considered in the literature (see e.g. [5], [6], [7], [8], [9], [10]) and have inspired generalizations to various
classes of systems: namely, nonlinear systems (see e.g. [11], [12], [13]), systems over rings (see e.g. [14], [15],
[16]), linear parameter varying systems (see e.g. [17], [18]), etc.
The geometric conditions for perfect noninteraction (and the dual conditions for perfect fault detection) are
sharp and easy to check by means of the standard computational tools of the geometric approach like, e.g., those
made available with [19]. However, in many cases, those requirements turn out to be too restrictive, in the sense
that they cannot be satisfied by certain systems with given structural properties. Hence, a big deal of research
effort has been spent in devising alternative solutions, particularly resorting to some optimality criteria, like e.g.
those discussed in [20], [21], [22], [23], [24], [25], [26].
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In the light of the abovementioned considerations, this work introduces a completely new approach to
coping with those situations where the exact conditions for noninteraction (fault detection) are not satisfied. In
fact, it is based on a relaxed formulation of the problem, where noninteraction (fault detection) is not required
over an infinite time horizon, but only over finite time horizons, appropriately defined in connection with
specific structural properties of the controlled (monitored) system subblocks. Hence, a necessary and sufficient
condition for problem solvability is derived, which still has the advantage of being sharp and easy to check like
the original geometric conditions ensuring noninteraction (fault detection) on the infinite horizon and also has
the good property of guaranteeing perfect (not only optimal according to some criterion) noninteraction (fault
detection) on those, appropriately defined, time intervals.
More specifically, in the context of noninteraction, the length, in terms of number of samples, of the time
horizons is given by the number of steps for the almost controllability subspace algorithms (ACSAs) respectively
associated with the particular system subblocks to converge and the proof of the necessary and sufficient condition
for problem solvability is directly related to those algorithms. The proof is constructive in the sense that the ACSA
is at the basis of the design procedure for the feedforward compensators, implemented as finite impulse response
systems, achieving finite horizon noninteraction. Almost controllability subspaces were introduced by Willems in
[27] and are herein considered for the first time in connection with noninteraction and fault detection issues.
Besides, as was shown by Loiseau in [28], the number of steps for the ACSAs associated with the various systems
subblocks to converge are directly related to some of the structural Kronecker-type indices of the system under
consideration. Furthermore, a slight modification of the design procedure, consisting in the replacement of the
ACSA with the controllability subspace algorithm (CSA), leads to a new procedure for the design of the feedforward
dynamic units achieving infinite horizon noninteraction for those system subblocks for which it is admissible.
Duality arguments leads to a precise methodology to discriminate the situations where, due to the structural
properties of the monitored systems, some of the residuals which can be generated are only meaningful for
finite time intervals and, consequently, leads to a technique for devising the corresponding residual generators.
The practical interest of finite horizon noninteraction is directly related to very specific applications: particularly,
those where the plant lifetime is predetermined or the plant structure substantially changes at certain time
instants. Nonetheless, the dual counterpart in the framework of fault detection has a broad practical impact. In
fact, although the time when the generic fault input only affects the output of the corresponding residual generator
(not the others) is bounded, it may be sufficient to enable detection.
Notation: The symbols �, �, and �� are used for the sets of real numbers, complex numbers, and complex
numbers inside the unit circle, respectively. Sets, vector spaces, and subspaces are denoted by script capital
letters like �. The quotient space of a vector space � over a subspace � ��� is denoted by �/�. Matrices and
linear maps are denoted by slanted capital letters like A. The restriction of a linear map A to an A-invariant
subspace � is denoted by A�� . The spectrum, the image, and the kernel of A are denoted by �(A), im A, and
ker A, respectively. The symbols A–1, A+, and A� are used for the inverse, the generalized inverse, and the
transpose of A, respectively. The symbols I and O are used for an identity matrix and a zero matrix of appropriate
dimensions, respectively.
2. A REVIEW OF THE GEOMETRIC APPROACH TO INFINITE HORIZON NONINTERACTION
The discrete time-invariant linear system
x(t + 1) = Ax(t) + Bu(t),
y(t) = C x(t),

(1)
(2)

Geometric Conditions for Finite Horizon Noninteraction and Fault Detection…

3

is considered, where x ��n, u ��p, and y ��q respectively denote the state, the control input, and the controlled
output. The set of all admissible control input sequences is the set �f of all bounded sequences with values in �p.
The matrices B and C are full rank. The symbols � and � stand for im B and ker C, respectively. The symbol
�*= max �(A, �, �) denotes the maximal (A, �)-controlled invariant contained in �, �* = min ��(A, �, �) denotes
the minimal (A, �)-conditioned invariant containing �, ��* denotes the supremal controllability subspace
contained in �, �*��denotes the supremal almost controllability subspace contained in �. The subspaces ��* and
�*� satisfy the relations ��* = �* ���*. and �*��= �* � �, respectively. For any real matrix F such that (A + BF)
�*����*, also (A + BF)���* ����* holds. The matrix A + BF is also denoted as AF . The subspace ��* is the last
term of the monotone nondecreasing sequence
+ �) ���*, i = 2, . . . k,
�1�* = � ���*,��i�* = (AF�i–1
�*
= �k�* (Controllability Subspace Algorithm – CSA). The subspace
where k (� n) is the least integer such that �k+1
�*
�*� is the last term of the monotone nondecreasing sequence
��1 = � � �,

�i��= (A�i–1
+ �) � �, i = 2, . . . k,
�

where k (� n) is the least integer such that �k+1��= �k� (Almost Controllability Subspace Algorithm – ACSA).
Problem 1 (Noninteraction by Dynamic Feedforward): Let system � be ruled by (1), (2) with initial state
x(0)=0. Let �(A)�����. Let the output y ��q be partitioned into k blocks (y1, . . . , yk) with 2 � k � q. Find a
feedforward dynamic compensator �c, modeled by
z(t + 1) = Ac z(t) + Bc h(t),

(3)

u(t) = Cc z(t) + Dc h(t),

(4)

with state z � �nc , input h � �pc (pc � k), output u ��p, and initial state z (0) = 0, and an input block partition
(h1, . . . , hk) such that in the compensated system, for any i = 1, . . . , k, the output yi is pointwise controllable by
the corresponding input hi with all the other outputs yj , j =1, . . . , k, j ��i, identically zero.
Let the matrices C1, . . . , Ck denote the submatrices of C corresponding to the output partition (y1, . . . , yk).
¯
Consequently, for any i = 1, . . . , k, �i = ker Ci, ¯�i = �j = 1, …, k, j�i �j , ¯�*i = max ��(A, �,¯�i), ¯�*i = min �(A, �i, �), ��

i

*

= �i* � �i * . .
Theorem 1: Let system � be ruled by (1), (2) with x (0) = 0. Let �(A) ����. Let the output y � �q be
partitioned into k blocks (y1, . . . , yk) with 2 ��k � q. Problem 1 is solvable if and only if
Ci ��¯ *i = im Ci, i = 1, … , k.
Proof: See [19].
The necessary and sufficient condition stated in Theorem 1 is closely connected to the property of the
generic i-th subspace ��¯ *i of being the maximal subspace reachable from the origin along trajectories which can
¯
be maintained in ��¯ *i , hence in �i, by a suitable control action. Consequently, those trajectories affect the output
yi, but are invisible at any other output yj , j =1, . . . , k, j � i.
Remark 1: Feedforward control requires that the to-be-controlled system (1), (2) be stable. This assumption
is not indeed restrictive with respect to those of stabilizability of (A,B) and detectability of (A,C) which are
usually considered. In fact, as is well-known, system (1), (2) can be stabilized by output dynamic feedback, if
those assumptions hold. A discussion of prestabilization in connection with specific structural properties of the
system can be found in [29].
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3. FINITE HORIZON NONINTERACTION
This section deals with the modified formulation of the problem of noninteraction. First, the length of the finite
time horizons is defined in connection with the structural properties of the subblocks of the to-be-controlled
system. Then, the geometric necessary and sufficient condition for problem solvability is proved.
As in Section 2, let the output y ���q of system � be partitioned into k blocks (y1, . . . , yk) with 2 � k � q.
*
Besides the notation previously introduced, for any i = 1, . . . , k, let ��¯i denote the supremal almost controllability
*
¯* � ¯
�i, and let ¯
�i denote the number of steps for the corresponding
subspace contained in ¯�i, so that � ¯�i = �
i
ACSA to converge.
Problem 2 (Finite Horizon Noninteraction by Dynamic Feedforward): Let system � be ruled by (1), (2)
with x(0) = 0. Let �(A)�����. Let the output y ���q be partitioned into k blocks (y1, . . . , yk) with 2 � k � q. Find
a feedforward dynamic compensator �c, ruled by (3), (4) with z(0) = 0, and an input block partition (h1, . . . , hk)
such that in the compensated system, for any i = 1, . . . , k, the output yi is pointwise controllable by the
corresponding input hi with all the other outputs yj , j =1, . . . , k, j � i, identically zero until the time t = ¯�i.
Theorem 2: Let system � be ruled by (1), (2) with x(0) = 0. Let �(A)�����. Let the output y ���q be
partitioned into k blocks (y1, . . . , yk) with 2 � k � q. Problem 2 is solvable if and only if
�i ��*i � imCi , i � 1,..., k .
*
Proof: If. This part of the proof is constructive. For any i = 1, . . . , k, the condition �i �� = imCi allows a
i

feedforward dynamic unit � ci , satisfying the requirement on the block output yi, to be designed. The
precompensator �ci should generate a control action of ¯�i steps steering the state of � from the origin to any state
*
*
in �� along a trajectory in �� , so that it has no effect on the outputs yj , j =1, . . . , k, j = i until the time t = ¯�i.
Thus, �ci , ruled by
i

i

zi(t + 1) = Aci zi(t) + Bci hi(t),

(5)

ui(t) = Cci zi(t) + Dci hi(t),

(6)

with zi (0) = 0, is found to be an FIR system defined by the IO equation
�i �1

ui(t) =

� �i (�)hi (t � �),

t � 0, 1, �,

(7)

� �0

where the gain matrices � i(�), � = 0, 1, . . . , �i �1, should be designed suitably. To this aim, let Mki , k = 1, . . .
*
, �i , denote the respective basis matrices of the subspaces subsequently generated by the ACSA of �� (i.e., im
i

k
*
Mki = �� , k = 1, . . . , �i ). For any column vector of M ¯�i i , representing a state in �� , there is a control sequence
i

i

*
of �i steps steering the state of � from the origin to that state in �� along a trajectory whose intermediate states
i

*
belong to the subspaces subsequently generated by the ACSA of �� . Let Xi(k) = Mki �i(k) and Ui(k), k = 1, . . . ,
i

�i �1 , respectively denote the matrix of the states and that of the controls at the k-th step: i.e., the j-th column

vectors of Xi(k) and Ui(k) respectively are the state and the control at the k-th step of the trajectory reaching the
state represented by the j-th column vector of M¯�i i at the time t � �i . Consistently, the generic �i(k) is a matrix
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with a number of rows equal to the number of columns of the corresponding matrix Mki and a number of columns
*
equal to the number of columns of Mi� (hence, also equal to the dimension of the subspace �� , since Mi� is a
i

i

i

basis matrix of ��* ). The entries of the generic j-th column of �i(k) are the coefficients of the linear combination
i

of the column vectors of Mik expressing the j-th column vector of the corresponding Xi(k) (in fact, as mentioned
above, there is a control sequence such that the intermediate states of the corresponding state trajectory belong
to the subspaces respectively generated by the ACSA). The matrix sequences Xi(k), Ui(k), k = 1, . . . , �i �1, are
provided by the recursive relation
[�i(k)� Ui(k)�]� = [AMik B]+ Xi(k + 1), Xi(k) = Mik �i(k),

k=¯
�i – 1, … , 1, Xi(¯
�i) = M ¯�i i ,

which is derived from the ACSA of �¯*� . Moreover,
i

Ui(0) = B+ Xi(1).
Hence, by linearity, the gain matrices in (7) are
�i(�) = Ui(�), = � = 0, 1, . . . , �i �1,
and the matrices in (5), (6) are
�O
��
�
ACi = � �
�
��
��O

I
�
�
�
�

O � O�
�O �
�
���
� � ��
� �
� � O � , BCi � � � � , CCi � � � i (�i � 1) � �i (1) �, Dci � � i (0).
�
� �
� � I�
�O �
�
�� I ��
� � O�

(8)

Finally, the precompensator �c, with state z(t) = [z1(t)� . . . zk(t)�],� input h(t) = [h1(t)� … hk(t)�]�, and output u(t)
= u1(t) + … + uk(t), is ruled by (3), (4) with
� Ac1 O � O �
�
�
O � � � �
�
Ac =
� � � � O �,
�
�
�� O � O Ack ��

Cc = [Cc … … Cc ],
1

k

� Bc1 O � O �
�
�
O � � � �
�
Bc � �
,
� � � O�
�
�
�� O � O Bck ��

Dc = [Dc …
1

… Dc ].
k

(9)

(10)

Only if. Necessity is due to the subspace ��* , i � 1,..., k, being the maximal set of states reachable from the origin
i

along trajectories in �¯i, hence invisible at all the other outputs yj , j = 1, . . . , k, j � i.
4. FINITE HORIZON NONINTERACTION WITH STANDARD CONDITIONS
FOR SOME BLOCK OUTPUTS
In noninteracting control problems, a frequent situation is that where the standard conditions are satisfied for
some block outputs, while the extended conditions only are satisfied for the others. The aim of this section is to
illustrate how to design the precompensators relative to the block outputs for which the more restrictive conditions
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(i.e., those ensuring infinite horizon noninteraction with respect to the considered block outputs) hold and how
to include those precompensators in the global scheme, along with the precompensators relative to the block
outputs for which the sole less restrictive conditions hold.
Whenever the standard condition is met for some block output yi, exploiting the properties of the supremal
controllability subspace ��¯ *i contained in ¯�i is the most convenient option. The synthesis procedure for the
corresponding feedforward dynamic unit �ci is discussed in this section. The precompensator proposed herein
differs from that presented in [1] and, in revised form, in [19] since, in addition to the part replicating the
dynamics of (A + BFi)�� , where Fi is any real matrix such that ��¯ *i is (A + BFi)-invariant, it includes an FIR
¯�*i
system ensuring pointwise control of the block output yi.
In this section, the symbol ¯�i denotes the number of steps for the CSA of ��¯ *i to converge and the symbols
M , k = 1, … , ¯�i, denote the basis matrices of the subspaces ordinately generated by the CSA of ��¯ *i . The use of
the same symbols of Section 3 to address different objects is aimed at avoiding rewriting of some equations and
highlighting consistency of the design procedure with that previously introduced.
k
i

Let the condition Ci��¯ *i = imCi hold for some block output yi, i = 1, … , k. The precompensator �ci should
�i steps, along a trajectory
generate a control action driving the state of � from the origin to any state of ��¯ *i in ¯
in ��¯ *i , and then maintaining the state in ��¯ *i , so that the outputs yj, j = 1, … , k, j � i, remain identically zero.
Thus, �ci , ruled by (5), (6) with zi (0) = 0, should include an FIR system forcing the state transition from the
origin to any state in ��¯ *i and a standard dynamic unit steering the state along a trajectory in ��¯ *i . Let the FIR
system be described by the IO equation
ui, f (t) =

�i �1

� �i (�)hi (t � �),

t � 0,1, �,

(11)

�� 0

or, equivalently, by
zi,f (t + 1) = Ai,f zi, f (t) + Bi,f hi(t),

(12)

ui,f (t) = Ci,f zi,f (t) + Di,f hi(t),

(13)

with zi,f (0) = 0, where the matrices Ai,f , Bi,f , Ci,f , Di,f have the same structure of those in (8). Let the standard
dynamic unit be ruled by
(14)
zi,d(t + 1) = Ai,d zi,d(t) + Bi,d vi,d(t),
ui,d(t) = Ci,d zi,d(t),

(15)

with zi,d(0) = 0. The feedforward dynamic unit �ci should be obtained by connecting the FIR system (12), (13)
and the standard dynamic unit (14), (15) so that vi,d =ui,f and ui = ui,f +ui,d. Therefore, the matrices in (5), (6) are
� Ai , f
Aci = �
� Bi,d Ci, f

O �
� Bi, f �
� , Cci � ��Ci, f
� , Bci � �
Ai,d �
� Bi,d Di, f �

Ci, d �� , Dci � Di, f .

(16)

The design of both the FIR system and the standard dynamic unit requires that a real matrix Fi such that ��¯ *i is
(A + BFi)-invariant (or, briefly, AFi-invariant) be chosen.
First, the design of the FIR system is considered. As mentioned above, let Mki , k = 1, … , �¯i, denote the
respective basis matrices of the subspaces subsequently generated by the CSA of ��¯ *i (i.e., imMik = �k¯�* , k = 1,
i
…, �¯i). For any column vector of M¯�ii , representing a state in ��¯ *i , there is a control sequence of ¯�i steps steering
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the state of � from the origin to that state in ��¯ *i along a trajectory whose intermediate states belong to the
subspaces subsequently generated by the CSA of � ¯�*i . Let Xi(k) = Mki �i(k) and Ui(k), k = 1, … , �¯i –1, denote the
matrices of the states and controls at the k-th step, respectively. The matrix sequences Xi(k), Ui(k), k = 1, … , �¯i
–1, are provided by the recursive relation
[�i(k)T Ui(k)T]T = [AFiMik B]+ Xi(k + 1),

Xi(k) = Mki �i(k),

k = �¯i – 1, … , 1, Xi( �¯i) = M ¯�i i ,

which is derived from the CSA of �� . Moreover,
i

Ui(0) = B+ Xi(1)

(1).

Hence, by linearity, the gain matrices in (11) are
�i(�)=Ui(�),

��= 0, 1, … , �
¯ i –1.

Then, the design procedure for the standard dynamic unit is illustrated. Let the similarity transformation
Ti = [Ti,1 Ti,2], where � ¯�*i = imTi,1, be performed on the triple (AFi, B, Fi). The matrices AF� � Ti�1 AF Ti B�i = T–1i B,
i

i

F�i = FiTi, partitioned according to Ti, have the structures
� AF�
A�Fi = � i ,11
�� O

AF� i ,12 �
� Bi�,1 �
,
� , Bi� � �
Bi�,2 ��
AF� i ,22 �
�
�

F1� � �� Fi�,1

Fi�,2 �� .

Hence, the matrices in (14), (15) are
Ai,d = A�F , Bi,d = B�i,1, Ci,d =F�i,1.
i,11

Moreover, if Fi is chosen such that �((A + BFi)�� )�����, from the time t = ¯�i on, the state trajectory of � is
¯�*i
steered to the origin asymptotically.
In conclusion, when the standard conditions are satisfied for some block outputs and the extended conditions
only are satisfied for the others, the matrices in (3), (4), defining the precompensator �c, still have the structure
shown in (9), (10), but the matrices Aci , Bci , Cci , Dci , i = 1, … , k, either are of the type shown in (8) or of the type
shown in (16).
5. IMPACT ON FAULT DETECTION ISSUES
The generalization discussed in the context of noninteraction throughout the previous sections can be transferred
to the context of fault detection by a straightforward application of duality arguments. Hence, statements and
proofs will not be repeated for the dual context. Nonetheless, the impact of the generalization on fault detection
issues will be briefly shown referring to the, so-called, fundamental case, where the fault inputs are partitioned
into two blocks only.
Let us consider the, so-called, fundamental noninteracting control problem — i.e., the problem where the
output of system �, defined by the triple (A,B,C), is partitioned into two blocks only (y1, y2), corresponding to
the matrices C1, C2 (Fig. 1a) — and the, so-called, fundamental fault detection problem — i.e., the problem
where the fault inputs are partitioned into two blocks only (m1,m2) (Fig. 1b). In standard noninteraction, the
compensation unit �c should generate a control action steering the state of � on the supremal controllability
1
subspace ��* contained in �2, the kernel of �2. The compensation unit �c should behave likewise with respect
2
2
to ��*, the supremal controllability subspace contained in �1, the kernel of �1. In the relaxed version of
1
noninteraction, �c should generate a control action forcing the state of � on the supremal almost controllability
1
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h1

� c1

h2

u

�

+ +

y1

m1

y2

m2

�

�

y

�r1
�r2

� c2
(a)

r1
r2

(b)

Figure 1: Block Diagrams for Fundamental Noninteraction (a) and Fault Detection (b)

subspace ��� (contained in �2) for a certain, limited time, and �c2 should do likewise with respect to ��� , the
2
1
supremal almost controllability subspace contained in �1. Thus, a unit pulse at the input h1 affects y1 but not y2
in standard noninteraction, while it also changes y2 after a certain number of samples in finite horizon
noninteraction (Fig. 2a). By duality, the residual generator �r1 should guarantee that the residual r1 reveals a
unit pulse at m1 but not a unit pulse at m2 in standard fault detection, while r1 is also perturbed by a unit pulse at
m2 after a certain number of samples in finite horizon fault detection (Fig. 2b). The residual generator �r2 should
perform similarly, with reverse roles played by m1 and m2.
(b)

(a)
r1(m1)

y1(h1)

0

t

t

r1(m2)

y2(h1)

0

0

t

0

t

Figure 2: Outputs for Finite Horizon Noninteraction (a) and Fault Detection (b)

6. AN ILLUSTRATIVE EXAMPLE
Let the noninteracting control problem by dynamic feedforward be stated for system �, ruled by (1), (2) with
�.6 0 0 0 �.3 0 �
�1
�
�
�
0 �
� 1 1 �.3 0 0
�0
� 0 .4 0 0 0
�0
0 �
A= �
�, B � �
� 0 0 0 .9 0 �.4 �
�0
� 0 0 0 0 .5
�
�0
0
�
�
�
.7 �
�0 0 0 0 0
�0

1�
�
0�
�0
�
�
0
� C1 � �1
�, C � � � �
0�
� C2 � �0
�
�
1
�0
�
1�

1 1 0 0 0�
0 0 0 0 0 ��
,
0 0 1 0 0�
�
0 1 1 0 1�

where C1, C2 identify the output block partition (y1, y2). Since �¯�* ={0}, the condition for standard noninteraction
1
is not satisfied for the block output y1. However, since
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0 �
�1 �
�1 0 �
�1 0
� �
�
�
�
�
0 �
�0 �
� 0 � 1�
� 0 �1
�0 �
�0 0 � 3
� 0 0 �.5774 �
*
��11 � im � � , ��2� � im �
� , R�1 � R�1 � im �
�,
0 �
�0 �
�0 0 �
�0 0
�0 �
�0 0 �
� 0 0 .5774 �
� �
�
�
�
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and C1�¯�*1= imC1 = �2, the extended condition is satisfied for y1. Conversely, the standard condition is satisfied
for the block output y2 since
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and C2 �� * = im C2 = �2. Consequently, the precompensator �c1 consists of the sole FIR system designed
2

according to the procedure detailed in Section 3, while �c2 includes both the FIR system and the standard
dynamic unit devised as shown in Section 4.
In particular, �c1 has the IO description (7), where ¯�1 = 3 and the gain matrices �1(�), � = 0, 1, 2, are
� 0 0 �1.4434 �
�1 (0) � �
�
0 �
�0 0

�0 �1 2.3094 �
�1 (1) � �
�,
0 �
�0 0

� 1 .6 �1.4434 �
�1 (2) � �
�.
.5774 �
�0 0

The precompensator �c2 is described by (5), (6) with (16). Let F2 be such that �((A + BF2)�� ¯ * ) = {.1, .2, .3}.
�2
¯
=3 and the gain matrices �2(�), � = 0, 1, 2, are
The FIR system has the IO description (11), where �
1
� 6.25 �12.5 12.5 �
� 1.875 1.25 �1.25 �
� 2.375 �.75 �.25�
� 2 (0) � �
� , � 2 (1) � �
� , � 2 (2) � �
�.
� �6.25 12.5 �12.5 �
� �1.875 �1.25 1.25 �
� �2.375 .75 .25 �

The dynamic unit is ruled by (14), (15), where the matrices

A2,d

0 .4 �
� .9
�
� � 2.1 .2 1.2 �� ,
�� �2.1 .3 �.5��

B2,d

�0 0 �
� 2.1 �.6 1.2 �
� ��0 �1�� , C2,d �
�
� �2.1 .3 �1.2 �
��0 1 ��

have been derived from the partition of the matrices A�F2 , B�2, F�2 obtained through the state space basis transformation
T2 =[–e4 –e5 e6 –e1 –e2 –e3], where ej , j =1, … , 6, denotes the j-th vector of the main basis of �6.
The numerical results presented above can be better interpreted if referred to Fig. 1a: the precompensator
�c1 guarantees that a unit pulse at h1 only affects the output y2 from the time t = 4 on, while the precompensator
�c2 guarantees that a unit pulse at h2 does not affect the output y1. These facts are also illustrated in Fig. 3 and
Fig. 4. Figure 3 shows the unit pulse response of � with the precompensator �c1 : a unit pulse at the block input
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of �c1 (i.e., In(1), In(2), In(3) in the plot) does not change the second block output of � (i.e., Out(3), Out(4)) until
the time t = 4; meanwhile, the unit pulse at the block input of �c1 affects the first block output of � (i.e., Out(1),
Out(2)). Figure 4 shows the unit pulse response of � with the precompensator �c2 : a unit pulse at the block input
of �c2 (i.e., In(1), In(2), In(3) in the plot) does not affect the first block output of � (i.e., Out(1), Out(2)), while
it affects the second block output (i.e., Out(3), Out(4)).

Figure 3: Unit Pulse Response of System

With Precompensator

c1

Figure 4: Unit Pulse Response of System

With Precompensator

c2
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Then, let the fault detection problem be stated for system ��, ruled by
x(t + 1) = A� x(t) + C�m(t),
y(t) = B� x(t),
where the matrices C�1 , C�2 identify the fault input partition (m1,m2) shown in Fig. 1b. The residual generators �r1
and �r2 are respectively derived from �c1 and �c2 by duality. In the context of fault detection, the properties
previously pointed out imply that �r1 guarantees that the residual r1 is affected by m2 only from the time t = 4 on,
while �r2 ensures that r2 is not affected by m1. These facts are illustrated in Fig. 5 and Fig. 6. Figure 5 shows the
unit pulse response of � with the residual generator �c1 : a unit pulse at the second block input of � (i.e, In(3),
In(4) in the plot) does not change the block output of �r1 (i.e, Out(1), Out(2), Out(3)) until the time t=4; meanwhile,
the output of �r1 is perturbed by a unit pulse at the first block input (i.e, In(1), In(2)). Figure 6 shows the unit
pulse response of �� with the residual generator �r : a unit pulse at the first block input of �� (i.e, In(1), In(2))
1
does not affect the block output of �r2 (i.e., Out(1), Out(2), Out(3)), while the latter one is affected by a unit
pulse at the second block input (i.e., In(3), In(4)). Hence, in the overall scheme for fault detection, while detection
of the second block fault input is possible in accordance with the standard conditions, detection of the first block

Figure 5: Unit Pulse Response of System

with Residual Generator

r1
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fault input, which solely satisfies the extended version of the geometric structural conditions, is nonetheless
possible by exploiting information referring to the finite time interval until t = 4: i.e., the time when the perturbation
of the corresponding residual can only be ascribed to the first block fault input.
Consistency of the results respectively obtained for noninteraction and fault detection is evident in the
comparison between Fig. 3 and Fig. 5 and between Fig. 4 and Fig. 6, respectively. In fact, if each figure is
interpreted as a matrix of graphs, it is easy to see that the matrix of Fig. 5 is the transpose of the matrix of Fig. 3
and, similarly, the matrix of Fig. 6 is the transpose of the matrix of Fig. 4. In other words, the generic graph
shown in the subfigure positioned at the i-th row and j-th column of Fig. 3 (Fig. 4) also appears in the subfigure
positioned at the j-th row and i-th column of Fig. 5 (Fig. 6).

Figure 6: Unit Pulse Response of System

�

with Residual Generator

r2

7. CONCLUSION
In this work, the methodological approach to noninteraction based on the properties of fundamental geometric
objects like controllability invariant subspaces has been extended to the case where the structural properties of
the investigated systems only allow noninteraction to be achieved on finite horizons, suitably defined in connection
with the number of steps for the ACSAs associated with the different system subblocks to converge. A necessary
and sufficient condition for solvability of the relaxed problem has been proved. The if-part of the proof is
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constructive, since it directly leads to the procedure for devising the feedforward dynamic units achieving the
control objective. A slight modification, consisting in replacing the ACSA with the CSA, leads to a new procedure
for devising the feedforward dynamic units which guarantee the standard, infinite horizon, noninteraction for
those subblocks of the system for which it is admissible. The transfer of the abovementioned results to the
context of fault detection has been commented referring to the, so-called, fundamental problems. A numerical
example has illustrated the proposed methodology.
REFERENCES
[1]

G. Basile and G. Marro, “A state space approach to non-interacting controls,” Ricerche di Automatica, Vol. 1, No. 1, pp.
68–77, September 1970.

[2]

A. S. Morse and W. M. Wonham, “Status of noninteracting control,” IEEE Transactions on Automatic Control, Vol. AC–
16, pp. 568–581, 1971.

[3]

M. Massoumnia, “A geometric approach to the synthesis of failure detection filters,” IEEE Transactions on Automatic
Control, Vol. AC-31, No. 9, pp. 839–846, September 1986.

[4]

M. Massoumnia, G. C. Verghese, and A. S. Willsky, “Failure detection and identification,” IEEE Transactions on Automatic
Control, Vol. 34, No. 3, pp. 316–321, March 1989.

[5]

M. Basseville, “Detecting changes in signals and systems—A survey,” Automatica, Vol. 24, No. 3, pp. 309–326, 1988.

[6]

R. J. Patton, P. M. Frank, and R. N. Clark, Fault Diagnosis in Dynamic Systems, ser. Systems and Control Engineering.
Great Britain: Prentice Hall International, 1989.

[7]

P. M. Frank, “Fault diagnosis in dynamic systems using analytical and knowledge-based redundancy—A survey and
some new results,” Automatica, Vol. 26, No. 3, pp. 459–474, 1990.

[8]

R. Nikoukhah, “Innovations generation in the presence of unknown inputs: Application to robust failure detection,”
Automatica, Vol. 30, No. 12, pp. 1851–1867, 1994.

[9]

C. Commault, “On the disturbed fault detection and isolation problem,” Systems & Control Letters, Vol. 38, pp. 73–78,
1999.

[10] S. H. Zad and M. Massoumnia, “Generic solvability of the failure detection and identification problem,” Automatica, vol.
35, pp. 887–893, 1999.
[11] A. Isidori and J. W. Grizzle, “Fixed modes and nonlinear noninteracting control with stability,” IEEE Transactions on
Automatic Control, Vol. 33, No. 10, pp. 907–914, 1988.
[12] H. Hammouri, M. Kinnaert, and E. H. El Yaagoubi, “Observer-based approach to fault detection and isolation for nonlinear
systems,” IEEE Transactions on Automatic Control, Vol. 44, No. 10, pp. 1879–1884, October 1999.
[13] C. De Persis and A. Isidori, “A geometric approach to nonlinear fault detection and isolation,” IEEE Transactions on
Automatic Control, Vol. 46, No. 6, pp. 853–865, June 2001.
[14] G. Conte and A. M. Perdon, “The block decoupling problem for systems over a ring,” IEEE Transactions on Automatic
Control, Vol. 43, No. 11, pp. 1600–1604, November 1998.
[15] _____, “Systems over rings: geometric theory and applications,” Annual Reviews in Control, Vol. 24, pp. 113–124, 2000.
[16] _____, “The fundamental problem of residual generation for linear time-delay systems,” in Proceedings of the IFAC
Workshop on Time-Delay Systems, Rocquencourt, France, September 2003.
[17] J. Bokor and G. Balas, “Detection filter design for LPV systems—A geometric approach,” Automatica, Vol. 40, pp. 511–
518, 2004.
[18] _____, “Linear parameter varying systems: A geometric theory and applications,” in Selected Plenaries, Milestones and
Surveys, P. Horacek, M. Simandl, and P. Zitek, Eds. Prague: 16th IFAC World Congress, July 4–8, 2005, pp. 69–79.
[19] G. Basile and G. Marro, Controlled and Conditioned Invariants in Linear System Theory. Englewood Cliffs, New Jersey:
Prentice Hall, 1992. [Online]. Available: http://www3.deis.unibo.it/Staff/FullProf/GiovanniMarro/gm books.htm#book5.

14

Journal of Mathematical Control Science and Applications (JMCSA)

[20] P. M. Frank and J. Wünnenberg, “Robust fault diagnosis using unknown input observer schemes,” in Fault Diagnosis in
Dynamic Systems, ser. Systems and Control Engineering, R. Patton, P. Frank, and R. Clark, Eds. UK: Prentice Hall
International, 1989.
[21] R. J. Patton and J. Chen, “Optimal unknown input distribution matrix selection in robust fault diagnosis,” Automatica,
Vol. 29, No. 4, pp. 837–841, 1993.
[22] P. M. Frank and X. Ding, “Frequency domain approach to optimally robust residual generation and evaluation for modelbased fault diagnosis,” Automatica, Vol. 30, No. 5, pp. 789–804, 1994.
[23] D. Sauter and F. Hamelin, “Frequency-domain optimization for robust fault detection and isolation in dynamic systems,”
IEEE Transactions on Automatic Control, Vol. 44, No. 4, pp. 878–882, April 1999.
[24] P. Zhang, S. X. Ding, G. Wang, and D. Zhou, “A frequency domain approach to fault detection in sampled-data systems,”
Automatica, Vol. 39, No. 7, pp. 1303–1307, 2003.
[25] E. Zattoni, “Detection of incipient failures by using an H2-norm criterion: Application to railway switching points,”
Control Engineering Practice, Vol. 14, No. 8, pp. 885–895, August 2006.
[26] M. Zhong, H. Ye, S. X. Ding, and G. Wang, “Observer-based fast rate fault detection for a class of multi-rate sampleddata systems,” IEEE Transactions on Automatic Control, Vol. 52, No. 3, pp. 520–525, 2007.
[27] J. C. Willems, “Almost invariant subspaces: An approach to high gain feedback design—Part I: Almost controlled invariant
subspaces,” IEEE Transactions on Automatic Control, Vol. AC-26, No. 1, pp. 235–252, February 1981.
[28] J. J. Loiseau, “Some geometric considerations about the Kronecker normal form,” International Journal of Control, Vol.
42, No. 6, pp. 1411–1431, 1985.
[29] E. Zattoni, “Decoupling of measurable signals via self-bounded controlled invariant subspaces: minimal unassignable
dynamics of feedforward units for prestabilized systems,” IEEE Transactions on Automatic Control, Vol. 52, No. 1, pp.
140–143, January 2007.
[30] Devendra Kumar, Approximation of Analytic Functions in Several Complex Variables, Journal of Approximation Theory
and Applications (2018).
[31] O. Pasetaa, M. J. Gómez-Benito: Parametric Geometrical Subject-specific Finite Element Models of the Proximal Femur:
A Tool to Predict Slipped Capital Femoral Epiphyses, International Journal of Computational Intelligence and
Bioinformatics.
[32] Arturo Rojas-moreno, An Approach To Control Mimo Time- Delay Processes, Global and Stochastic Analysis, Vol. 4
No. 2 (2017).
[33] Tsay Tain-Sou. : On-Line Computing and Control for Decoupling Multivariable Processes with Gain and Phase
Specifications, Journal of Mathematical Control Science and Applications, Vol. 1 No. 2 (2015).
[34] Song-Hao ZHU and Yun-Cai LIU, Automatic Video Partition for High-Level Search, International Journal of Computer
Science, Information Technology and Management
[35] I. S. Shivakumara & C. E. Nanjundappa, Coupled Benard-marangoni Convection In A Rotating Ferrofluid Layer,
International Journal of Engineering, Contemporary Mathematics and Sciences.
[36] Amandeep Singh, Ravinder Kamboj.: Anatomy of Cloud Computing, International Journal of Advanced Computer
Engineering and Architecture, ISSN: 2248-9452.
[37] Cheng-Wei Li, Wen-Chieh Chang & Bor-Sen Chen, System Identification and Robustness Analysis of the Circadian
Regulatory Network via ARX Stochastic Interactive Model, International Journal of Computational Intelligence in Control
[38] Dimitrios N. Gkritzapis, Elias E. Panagiotopoulos, Dionissios P. Margaris & Dimitrios G. Papanikas, A Six Degrees of
Freedom Trajectory Simulation Analysis for Projectiles and Small Bullets, International Journal of Applied Mathematics
and Engineering Sciences
[39] Sidney Askew and Agatha E. Jeffers, The Proposed Expansion in Auditors Responsibilities Author, International Journal
Data Modelling and Knowledge Management.

Geometric Conditions for Finite Horizon Noninteraction and Fault Detection…

15

[40] LiMin Yang & TianMing Wang : The Generating Function of Associated Numbers and The Representing Formula,
International Journal of Combinatorial Graph Theory and Applications.
[41] Anj ana Jain & KalyaniVijayan, X-ray Determination of the Thermal Expansion Coefficient of Nylon 6,6 Fibers,
International Journal of Electrospun Nanofibers and Applications
[42] Adam Lodygowski, Udo Nackenhorst and George Z. Voyiadjis, Micro-Mechanical Modeling of the Mechanosensation of
Bone Cells, International Journal of Computational Vision and Biomechanics.
[43] Klaus Fleischmann, Carl Mueller, and Pascal Vogt, The Large Scale Behavior of Super-brownian Motion In Three
Dimensions With A Single Point Source, Stochastic Modeling and Applications.
[44] Shih-Chang HSIA, Szu-Hong WANG and Chung-Ying HUNG, A High-Performance Object-Based MPEG-4 Coding
Technique For Video Surveillance, International Journal of Computer Sciences and Engineering Systems.
[45] M. U. Akhmet, E. Yýlmaz, Hopfield-type neural networks systems with piecewise constant argument, International
Journal of Qualitative Theory of Differential Equations and Applications
[46] XIN GAO & XINGWEN LIU, Chaos Control for Periodically Forced Complex Duffing’s System Based on Fuzzy Model,
Mathematical Methods, Physical Methods and Simulation Science and Technology
[47] William P. Brown, Paul P. Eggermont, Vincent N. LaRiccia and Roland R. Roth, Partioned spline estimators for growth
curve estimation in wildlife studies, International Journal of Statistics and Management System.
[48] Niloufer Sohrabji, Capital Inflows and Real Exchange Rate Misalignment: The Indian Experience, Indian Journal of
Economics and Business.
[49] Arpana Rawal, Manoj Kumar Kowar and Sanjay Sharma, A Fuzzy Document Ranking System using Confusion Matrices,
Journal of Advance Computational Research
[50] Zhi-Hua Zhang, V. Lokesha and Zhen-Gang Xiao, The weighted Heron Mean in N Variables, Journal of Analysis and
Computation
[51] D. Lesnic, A Direct Solution of a Damped Force Vibration Problem. I. Single-Degree-of-Freedom, International Journal
of Computational Mathematics and Numerical Simulation
[52] Tongchun Hu & Yongping Sun, Eigenvalues and Postive Solution for A Second-order Three-point Boundary Value Problem,
Journal of Nonlinear Functional Analysis and Differential Equations.
[53] D. D. Ganji, M. Sheikholeslami, H. R. Ashorynejad, M. Zadsar & M. Esfandyaripour, Analytical heat transfer Investigation
of Non-Newtonian Fluid Flow in an Axisymmetric Channel with a Porous Wall, International Journal of Nonlinear
Dynamics in Engineering and Sciences
[54] Nuhu A., Analysis of the Property Enhancement of Bentonite Clay on Nigerian Grades 3 and 4 Gum Arabic Bonded
Foundry Sand Cores, International Journal of Computing and Applications.
[55] Wen-Sheng Chen, Galerkin-Shannon Wavelet Method for Numerical Solutions to the Natural Integral Equations,
International Journal of Engineering and Interdisciplinary Mathematics.
[56] Abdessadek Aaroud, Handover Function Design in Heterogeneous Mobile Environments, International Journal of
Computing and Information Technology.
[57] Bamwerinde W, B. Bashaasha, W. Ssembajjwe & F. Place., The Puzzle of Idle Land in the Densely Populated Kigezi
Highlands of Soutwestern Uganda, International Journal of Environment and Development, Vol. 3, No. 1, pp. 1-13.
[58] Kishore G. Kulkarni & Jeff Franklin., Gross Domestic Product and Social Welfare in Mexico: Are the Economists Missing
Somethings, Indian Development Review, Vol. 3, No. 2, pp. 145-158.
[59] David Wästerfors., Doing Normalcy: Attractive Interactions for Teenage Boys with Disabilities, International Journal of
Sociological Research, Vol. 1, No. 1, pp. 1-21.
[60] Fadzlan Sufian., The Efficiency of Non-Bank Financial Intermediaries: A Non-Stochastic Frontier Analysis with NonDiscretionary Input Variable, International Journal of Business Policy and Economics, Vol. 1, Nos. 1-2, pp. 1-23.
[61] Irene Fafaliou & Michael L. Polemis., “Market Power in Oil Industry: The Wholesale and Retailing Case”, Economic and
Finance Notes, Vol. 1, No. 1, pp. 1-18.

16

Journal of Mathematical Control Science and Applications (JMCSA)

[62] E. O. Akdemir and A. Ozer., Cheese Whey Effluent from Dairy Industry: Chemical Pre-treatment and Microfiltration
Dead-end Laboratory Process Analysis, International Journal of Environmental Engineering Science, Vol. 1, No. 1, pp.
1-14.
[63] Apostolos G. Christopoulos, Lina Kosteletou & Konstantinos P. Vergos., Globalisation and Broadband: The case of the
Greek Telecommunications Services Market, International Journal of Trade in Services, Vol. 1, No. 1, pp. 1-13.
[64] Nikolaos Sarrianidis, Evangelos Drimbetas & George Konteos., Impact of International Volatility, the Euro, and Derivatives
on a Small Stock Market, International Review of Applied Economic Research, Vol. 1, No. 1, pp. 1-22
[65] Arega D. Alene & V. M. Manyong., Testing Farmers’ Cropping Decisions and Varietal Adoption Behaviour: The Case of
Cowpea Producers in Northern Nigeria, Journal of Agricultural and Food Economics, Vol. 1, No. 1, pp. 1-15.
[66] Fadzlan Sufian & Muhd-Zulkhibri Abdul Majid., Post-Crisis Non-Bank Financial Institutions Productivity Change:
Empirical Evidence from Malaysia, Journal of International Economic Review, Vol. 1, No. 1, pp. 1-24.
[67] Arusha Cooray & Bruce Felmingham., Do Australian Investment and Savings Behave Procyclically?, International Journal
of Economic Issues, Vol. 1, No.1, pp. 1-10.
[68] I. K. Acheampong., A Monetary Approach to Exchange Rate Liberalization Regime in Ghana, International Journal of
Management Research and Technology, Vol. 1, No. 1, pp. 1-20.
[69] Rima Klimaviciute, Joana Bendoraitiene, Ramune Rutkaite & Algirdas Zemaitaitis (2017), The Adsorption of Disperse
Dyes by Cationic Cross-linked Starch, International Journal of Chemical Engineering, Vol. 1, No. 1, pp. 51-69.

