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Abstract. This work is devoted to the study of the properties of function-

als of the vertex process of convex hulls generated by independent observa-
tions of a two-dimensional random vector with a Poisson distribution inside

a parabola, the intensity of which is is related to regularly varying functions.

In the cases under consideration, the finiteness of the exponential moment
of the area of a convex hull is proved using the modified P. Groenebeum [6]

method. The results obtained can be further applied in the proofs of limit

theorems for the area of a convex hull.

1. Introduction and formulation of the main results

Let Πn(·) be an inhomogeneous Poisson point process (i.p.p.p.) with intensity
Λn(·), and let (X1, Y1); (X2, Y2); ...(Xk, Yk); ... be the realization of Πn(·) i.p.p.p.
in Rn. We denote the convex hulls generated by these random points by Cn, where

Rn =

{
(x, y) :

x2

2bn
≤ y
}

and

Λn(A) =

 1
2π
√
bnL(bn)

∫∫
A

∂
∂y

[(
y − x2

2bn

)β
L
(
bn

/(
y − x2

2bn

))]
dxdy, A ⊂ Rn;

0, at A 6⊂ Rn,
is the intensive measure.

Here, bn is the least root of equation

nb
−(β+ 1

2 )
n L (bn) = 1, (1.1)

where L(x) is the slowly varying function in the sense of Karamata represented
as:

L(u) = exp

{∫ u

1

ε(t)

t
dt

}
, ε(t)→ 0, t→∞.

Convex hulls belong to the area of stochastic geometry. Due to the complexity
of the objects, the research was limited only to the study of the average value of
the main functionals, such as the number of vertices, the perimeter, and the area
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of the convex hull (see, for example, [4], [5] and [11]). The problems of asymptotic
expressions for variance remained unsolved until the appearance of the articles by
C. Buchta [1, 2] and J. Pardon [9, 10]. For the first time in this area of science,
P.Groeneboom in [6] (approximating a Binomial point process with the Poisson
process) proved the central limit theorem for the number of vertices of a convex hull
in the case when the support of the initial uniform distribution is either a convex
polygon or a unit circle. In that article, a technique based on the martingality of a
stationary process with the strong mixing property was successfully applied. In [3],
the method developed by P.Groeneboom [6] was applied to prove the central limit
theorem for the area and perimeter of a convex hull when the initial distribution
is uniform in the convex polygon. This study is conceptually close to the research
conducted by [3], [6], [7] and [8]. Here we investigate some properties of the
perimeter of a convex hull that can be applied to prove central limit theorems for
the area of a convex hull.

According to P. Groeneboom’s remark, we investigate these functionals for the
case when L(x) = 1 . Then from (1.1) we obtain

bn = n
2

2β+1 (1.2)

Following in [6] and [7], all a ∈ (a−, a+) we define the vertices of process
Wn(a) = (Xn(a), Yn(a)) as a point (Xi, Yi) for which Yi − aXi is minimal, where
a− = −π log n

/√
bn , a+ = π log n

/√
bn .

It can be easily shown using the definition that Wn(a) constitutes an unsteady
Markov jump process.

If 0 = a0 < a1 < ... < ak ≤ a are the time points of the process jumps
{Wn(c), 0 ≤ c ≤ a}, then the area of the domain bounded by the lines y =

Yn(0), y = x2

2bn
is denoted by A0. For all 1 ≤ i ≤ k, the area of the domain bounded

by the lines y = ai−1 (x−Xn(ai−1))+Yn(ai−1), y = ai (x−Xn(ai−1))+Yn(ai−1)
is denoted by Ai. Finally, the area of the domain bounded by the lines y =
ak (x−Xn(ak)) +Yn(ak), y = a (x−Xn(ak)) +Yn(ak) is denoted by A[a]. Then,
An(0, a) = A0 + A1 + ... + Ak + A[a] is the area of the domain bounded by the

trajectories of the vertex process {Wn(c), 0 ≤ c ≤ a} and the lines y = x2

2bn
.

The following theorem is true.

Theorem 1.1. If |a| ≤ a0 = c0√
bn
, then there is such τ0 > 0 that

E exp

(
τ
An(0, a)√

bn

)
< c1,

is true for any 0 < τ < τ0.

2. Preliminary lemmas

Before proceeding with the proof of the theorem, we consider two lemmas proved
in [7] (see, for example, Lemmas 3 and 4 in [7]).

Lemma 2.1. Let s = y − ax+ a2bn
/

2. Then
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1)P (Wn(0) ∈ (dx, dy))

=
β

2π
√
bn

exp

{
−y

β+ 1
2

√
2π

B

(
β + 1;

1

2

)}(
y − x2

2bn

)β−1
dxdy;

2)P (Wn(a) ∈ (dx, dy))

=
β

2π
√
bn

exp

{
−s

β+ 1
2

√
2π

B

(
β + 1;

1

2

)}(
y − x2

2bn

)β−1
dxdy;

3)P (Wn(a) = Wn(0)/Wn(0) = (x, y))

= exp

{
− 1

2π
√
bn

∫ √2bns

x−abn

(
s− u2

2bn

)β
du −

∫ √2bny

x

(
y − u2

2bn

)β
dy

]}
.

Assume that

Rn (a) = Xn (a)− abn, Sn (a) = Yn (a)− X2
n (a)

2bn
+
R2
n (a)

2bn
,

Tn (a) = (Rn (a) , Sn (a)) .

Obviously that
Tn(0) = Wn(0) a.s.

and therefore
P (Tn(0) ∈ (dr, ds)) = P (Wn(0) ∈ (dr, ds)) .

Lemma 2.2. Tn(a) is a stationary Markov jump process and
1)P (Tn(a) ∈ (dr, ds))

=
β

2π
√
bn

exp

{
−s

β+ 1
2

√
2π

B

(
β + 1;

1

2

)}(
s− r2

2bn

)β−1
drds;

2)P (Tn(a) = (r1, s1)/Tn(0) = (r0, s0))

= exp

− 1√
2πL (bn)

sβ+ 1
2

1

∫ 1

r1√
2bns1

(
1− t2

)β
dt−

−sβ+
1
2

0

∫ 1

r0√
2bns0

(
1− t2

)β
dt

 ,

where r1 = r0 − abn, s1 = s0 − ar0 + a2bn
2 .

3)P (Tn(a) ∈ (dr1, ds1) /Tn(0) = (r0, s0) ) = P (Tn(a) ∈ (dr1, ds1)) ,
if abn −

√
2bns1 >

√
2bns0.

4)P (Tn(a) ∈ (dr2, ds2) /Tn(0) = (r1, s1) )

=
1

2π
√
bn

exp

− 1√
2π

sβ+ 1
2

2

∫ 1

s1−s2
a
√

2bns2
+ abn√

2bns2

(
1− t2

)β
dt −

−sβ+
1
2

1

∫ 1

s1−s2
a
√

2bns1
+ abn√

2bns1

(
1− t2

)β
dt


(
s2 −

r22
2bn

)β−1
dr2ds2.
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Here assume that

(ri, si) ∈ D =
{

(r, s) : s ≥
(
r2
) /

(2bn)
}
, abn −

√
2bns2 ≤

√
2bns1,

s2 +
(
a2bn

) /
2 + ar2 ≥ s1 ≥ s2 −

(
a2bn

) /
2 + ar1.

3. The proof of the Theorem 1.1

Let Wn(0) = (x0, y0), then it is easy to make sure that

A(0, a) ≤ A0 +A(0, a, x0, y0), (3.1)

where A(0, a, x0, y0) is the area of the domain bounded by lines y = a(x−x0) +y0
and y = x2

2bn
.

On the other hand, it can be easily shown using the definition that

A0 =

∫ √2bny0

−
√
2bny0

(
y0 −

x2

2bn

)
dx = y

3
2
0

√
2bn

∫ 1

−1

(
1− t2

)
dt =

4
√

2bn
3

y
3
2
0 (3.2)

Similarly, if we assume that s0 = y0 − ax0 + a2bn
2 and t = x − abn, then it is

easy to obtain

A(0, a, x0, y0) =

∫ abn+
√
2bns0

abn−
√
2bns0

(
a(x− x0) + y0 −

x2

2bn

)
dx

=

∫ √2bns0

−
√
2bns0

(
s0 −

t2

2bn

)
dt =

4
√

2bn
3

s
3
2
0 . (3.3)

On the other hand, if y0 > c0, then s0 ≤ c1y0 + c2. Hence, and from (3.1) –
(3.3) we obtain

A(0, a) ≤
(
c3y

3
2
0 + c4

)√
2bn

for all y0 > c0. Hence, and from Lemma 2.1 we have

E exp

(
τ
An(0, a)√

bn

)
= E

{
E

(
exp

(
τ
An(0, a)√

bn

)/
Wn(0) = (x0, y0)

)}

≤ c5EE
{

exp
(
c6τy

β+ 1
2

0

)/
Wn(0) = (x0, y0)

}
=

∫∫
exp

(
c6τy

β+ 1
2

0

)
·P (Wn(0) ∈ (dx0, dy0)) =

βc5

2π
√
bn

∫ ∞
0

exp
(
c6τy

β+ 1
2

0

)
· exp

(
−y

β+ 1
2

0√
2π

B

(
β + 1;

1

2

))∫ √2bny0

−
√
2bny0

(
y0 −

x20
2bn

)β−1
dx0dy0

≤ c5
∫ ∞
0

exp

(
c6τy

β+ 1
2

0 − y
β+ 1

2
0√
2π

B

(
β + 1;

1

2

))
d

(
y
β+ 1

2
0√
2π

B

(
β + 1;

1

2

))
<∞

for any 0 < τ < τ0.
The proof of the theorem is complete.
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