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A NOTE ON DEDEKIND »-FUNCTION IDENTITIES OF LEVEL
14 GIVEN BY SOMOS

D. ANU RADHA, B. R. SRIVATSA KUMAR, AND N. V. SAYINATH UDUPA*

ABSTRACT. Recently Vasuki and Veeresha were able to prove Dedekind 7-
function identities of level 14 conjectured by Somos. In this paper, we show
how these Somos’s identities are the consequence of Ramanujan’s modular
equations of degree 7. Also, in their paper authors are using a known mul-
tiplier to prove Somos’s identities and we explained the method of obtaining
that multiplier in this paper.

1. Introduction

We always assume |g| < 1 throughout this paper and recall the g-series notation

as follows:

(@)n = (@;0)n = [J (1 —2d"") n>1.
k=0

The theta function f(z,y) in Ramanujan’s notation is

fo,y) = D ariD/zynn=b/z, jzy| < L.

The Jacobi’s triple-product identity [6, p. 35] is given by
f(a,y) = (=@ 2Y) oo (=¥ 2Y) oo (2Y; 2Y) o0 -
Two primary results on f(x,y) [6, p. 36] are:

oo

F=0) = f(=a.=a*) = D (=1)"¢® 7 = (g:0)w
o) =)= Y ¢ = (~4¢*)%0% ).

n=—oo

Observe that, for ¢ = €™ then f(—q) = e~™7/125(7) and 7(7) is the Dedekind
eta-function defined as

n(r) =g JJ(1-q") Im(r) >0,
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and 7 is a complex number. Together with, next to Ramanujan define
X(9) = (=¢;¢*) oo
For comfort we address f(—¢"™) = fn. Also one can deduce the following easily:

f3 f3 h
Y\q) = ) xX\q) = =
@ 111z @ fifa f2
A theta-function identity, which relates f; to f, is known as nt" level theta func-

tion identity. Ramanujan [10, 11] documented many identities which associates
quotients of the function f; at various arguments. For instance [7], let

and  x(—q) (1.1)

/i f3
P = W and Q = Fi%l
then
9  (Q\ .. P (P\’

Thereafter the publication of [7], many authors along with C. Adiga et al. [1, 2, 3],
N. D. Baruah [4, 5], M. S. M. Naika [9], K. R. Vasuki et al. [17, 18] and numerous
mathematicians constructed supplementary modular equations of the type (1.2) of
various levels to evaluate Weber-class invariants, several continued fractions, two-
parameter evaluation of theta functions and many more. Inspired by the above,
M. Somos [12] employed a computer to explore allover 6200 new classic Dedekind
n-function identities of assorted levels and left out contributing the proof. He
runs GP/PARI writing to check every identity to verify whether it is correlative
to an identity in P-Q) forms. He executes GP/PARI manuscripts and it functions
as a sophisticated calculator but could not offer any proof for them. Further-
more, Yuttanan [20] demonstrated some of Somos’s identities from the well-known
Ramanujan modular equations and obtained some fascinating results on colored
partitions. Furthermore, Somos discovered nearly 26 identities of level 14 and
these identities have been proved by Vasuki and Veeresha [17]. Srivatsa Kumar
and Veeresha [13] attained partition identities for the same. Further, Srivatsa Ku-
mar et al. [15] achieved the arguments for the level 6 by employing 37¢ degree
modular equations of Ramanujan. In the proofs [19] authors multiplied a polyno-
mial in ¢ and b into a known modular equation. In other words, authors succeeded
in illustrating the fact that all the theorems “modulo some polynomials in a and
b are essentially equivalent. In [19], authors have not discussed how the various
polynomials appeared in their proofs. This is important because it will help the
readers to fully understand their method.

Before pursuing to prove the above Somos’s identities, we have chosen initially to
review modular equation. A modular equation [6] of n'® degree is an equation
describing « and 8 which is stated by
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where

> (@) (b)n n
oF1(a,b;¢;2) Z%z |z| < 1,

()

n=0

denotes an ordinary hypergeometric series with
(a)n :=ala+1)(a+2)...(a+n—1).

Then, we say that 3 is of degree n over « and call the ratio

21
-
Zn

3

the multiplier, where z1 := oF} (%, %; 1;a) and z, := oI} (%, %; 1;5).

2. Proof of Dedekind 7-function identities of level 14
Theorem 2.1. We have
P 12 Fla + afi fo f1 fla + 8P FLfa 7 fly — @ FUfis — £3f71 = 0.

Proof. From [17, Theorem 3.2], we have if

A L J7
e
then
8 A\* /B\*

On dividing (2.1) throughout by f1 f8 7 f3,, we find that

fif2 fa ofla s fifia o

7w P8 — g~ me s =

f3 f R f5hii

Employing A, B, P and @ as defined as in (2.1) and (1.2), the above equation
reduces to

1+g¢

which is equivalent to

s PA(P?—8Q° - QY
QP - Q)

Using (2.2) in (2.1), fact that (A/B)? = P/Q, and then factorizing the resulting

identity, we obtain

(AB)

(2.2)

R(P,Q)S(P,Q) =0,
allowing that

R(P,Q) = Q6 — 49PQQ2 — 8P2Q4 _ 8P4Q2 _ P4Q4 4 ps
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and
S(P,Q) =1561P*Q"* + 75P* Q" + 837P°Q" + 826 P°Q'? — 837P*Q®

—113P3Q1° — 339P19Q5 4 84PBQ'? — 327P0Q® + 294P12Q*
+ 19P8Q14 _ 76P10Q10 + 111P12Q6 _ 54P14Q2 + P8Q16
—5P1°Q2 4 10P2Q®% — 9PMQ* +195P5Q™ + 13P5Q'F
+ Q18P4 + QZO + 744P2Q14 + 694P4Q14 + 5P2Q18
+ 166 P2Q'6 + 192Q'6 + 3P6 + 24Q8.

However R(P, Q) is same as (1.2) in another form, it confirms (2.1). O

Theorem 2.2. We have

FLE3 17+ af{ f3 iy +49° [ 15 f7 Fia — fi°0 7 Fua = 8af>° fr fiy = O, (2.3)

Proof. On dividing throughout by fi 7 f#, we have

RTINS R 6 VRN 7

2 f7 3 fif iR

Employing A, B, P and @ as defined in (2.1) and (1.2), the above equation reduces

to

1+4+4¢ + 494>

— 8¢

P? 49  A3B3PpP? 8
I+ 5+ 43— -
Q2 Q2 Q? A3B3

=0,
which is equivalent to

PS(AB)S — (P? + Q* +49)(AB)® + 8Q* = 0.
On solving the above quadratic equation for (AB)?3, we obtain

p? 2 4494 /P* — 30P2Q)? P2 2 4 42401
(AB)? — +Q?+49+ 4/ 30 2?32+98 +98Q2 + Q1 + 01 (2.4)
Using (1.1) in (2.1) and using the fact that (4/B)? = P/Q and then factorising
the resulting identity, we obtain
P2Q2(P6 _ 49P2Q2 _ 8P4Q2 _ 8P2Q4 _ P4Q4 + Qﬁ) =0.

However the second factor is same as (1.2) in another form, it confirms (2.3).

O

2.1. Remark. Since the proof of the other identities are same, we neglect the
proof. Now we write down some of n-function identities of level 14 which are due
to Somos [12] and proved by Vasuki and Veeresha [19]:

FTIS R+ 49a 2 fa 12 fos + T fofd = Ta* 1 f1s — 83 frf24 = O,
P f2 fia + TafT T — FHALE — 4947 £ 3 12 iy — 566° fufS iy = 0,
FLIR Fra+ Taf L f3 13 Fla + TP £3 17 fila — 13 17 — 564" fLf5 f1i = 0,
RERR A+ afs i+ R — R =8¢ f1f3 fi) =0,
T faft + af T = T I L = TS 17 fo = 8afs ff2 = 0,
P2 A 8fa Y2 — 49 f7 3 12 fra — 4962 FT 13 Fo fo0 — OFT f2 frfra = O,

and many more identities of the similar type.
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3. Method of getting the multiplier

Now we explain the concept of obtaining the multiplier used in the proofs of
[19]. On dividing (2.3) throughout by f3fa f7 and using (1.1), we obtain

x'(=a) o (fua)' X'(=9) 8¢
ETE R (fz) TN T e (31)
Also from (1.1), we observe that
fo _ X*(d") ¢lg)
fie X)) wl@™)
For convenience, set a(q) := ¢~ /?**x(q) = a and b(q) := ¢~ 7/**x(¢") = b, letting ¢
to —q in (3.1) and making use of (3.2), we obtain

— §+49a78@4(q7) — a77_|_i
bt B oi(q) b a3b3
2 F1(5,4:11—2)

Fory=m TP Lo and z = 2Fi(3,%;1;2), then we have from Entries 10(i)
3350

and 12(v) [6, pp.122-124], we observe that
e ) =z (3.4)

(3.2)

1 —0. (3.3)

and
x(e™) =20 Lz(1 - x)e_y}_1/24 . (3.5)

From [6, Entry 19(ix), p.314-324] we have, if 3 is of 7!" degree in o and m is the
multiplier then

L (Fa=p) 1/24 L (aT—a) 1/24
! 4 (%) g ot 4 (575)
{(1-a)(1 - B)Y8 — (aB)'/5} m {1 —a)d - B/~ (aB)/®
(3.6)
which readily gives
B7(1-B)7 1/24
m271_4(a51—a§) 3.7
2 a7 (1—a)7 1/24° (3.7)
1-4 ( =

Now, on transcribing (3.7) into theta functions by employing (3.4) and (3.5), we

obtain
4 _ 8
ole) 17 (3.8)
Totq") -1

On employing (3.8) in (3.3), we obtain

7a® [ 8b a’ 8 a* 8a
(i) = (e —1) (1= ). .
w (G- (G- (%) e

Also, from [6, Entry 19(ix), p.314-324] we have, if

B 1/6
Pi={16aB(1—a)(1-pB)}"/% and Q:= <B85>>
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then
1 1
—+T7=2V2(P+—=]. 3.10
Qt+g+ V2 ( + P) (3.10)
On transcribing (3.10) into theta functions by employing (3.4) and (3.5), we obtain
at bt 8 3,3
b74+¥+7zﬁ+ab (3.11)

On factorizing (3.9), we obtain a known modular equation (3.11) and the multiplier
a=3b7 1 (a®b® +8) and this multiplier is not unique. If we change the dividing term
in the Somos’s identity, we obtain a new multiplier. In [19], authors are using
this technique to obtain a multiplier. Since the proofs of Somos’s identities are
monotonous, we proved only one of his identity and the remaining identities can
be proved by the same technique. Also, the similar technique can be applied to
get the multipliers in [14, 15] with modular equations of degree 3 and 5.

Conclusion

From the above observation, we conclude that all the Somos’s 6200 n-function
identities of various levels are the alternative forms of Ramanujan’s modular equa-
tions and one can prove these identities from the known modular equations of
various degrees given by Ramanujan.
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