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A BOUNDARY VALUE PROBLEM FOR A CLASS OF MIXED
TYPE EQUATIONS

MENGLIBAY KH. RUZIEV

ABSTRACT. In this paper we study a problem with conditions given on inner
characteristics in hyperbolic part of considered domain and on some parts
of the line of parabolic degeneracy. With the help of the method of integral
equations and the principle of extremum we prove the unique solvability of
the investigated problem.

1. Introduction and formulation of a problem

Sweden mathematician Gellerstedt [1] was investigated boundary value problem
for the equation y™uzq + tyy = 0, (m is odd number), in which values of sought
function are given on two pieces of characteristics and on curve 22 + 4/(m +
2)2y™*t2 = 1(y > 0) the value of its derivative is given. This problem has ap-
plications in transonic gas dynamics [2]. The work [3] is devoted to the studying
Gellerstedt problem with data on one family of characteristics and with nonlocal
gluing conditions. The unique solvability of the Gellerstedt problem for parabolic-
hyperbolic equation of the second kind was investigated in [4]. Due to applications
in gas dynamics the interest on studying boundary-value problems for degenerate
elliptic and mixed type equations with singular coefficients is growing. Note latest
work [5] on this topic, where the Dirichlet problem for three-dimensional elliptic
equation with singular coefficients was considered. Nonlocal boundary-value prob-
lems for the degenerate elliptic equation and mixed type equations in unbounded
domains were studied in the works [6], [7], [8], [9]-

Consider the equation

U ($ig1Y) + Uyy + (Bo/y)uy = 0 (1.1)
in the domain D = DYUD~ U I of complex plane z = x + iy, where D% is a
first quadrant of the plane, D™ is a finite domain in the fourth quadrant of the
plane bounded by characteristics OC' and BC of Equation (1.1) issuing from points
0(0,0), B(1,0), and by the segment OB of the straight line y = 0, I = {(z,y) :
0 <z < 1,y =0}. In Equation (1.1) 8y is some real number such that 0 < 8y < 1.
Introduce the following denotations: Iy = {(z,y) : 0 < y < oo,z = 0}, [ =
{(z,y) : 1 <z < 00,y =0}, Cy and C} are, correspondingly, points of intersection
of characteristics OC and BC with the characteristic issuing from the point E(c, 0),
where ¢ € I is an arbitrary fixed number.
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Let p(x) € C0, ] be a diffeomorphism from the set of points of the segment
[0, ] to the set of points of the segment [c, 1] such that p’(z) < 0, p(0) = 1, p(c) = c.
As an example of such a function consider the linear function p(x) = 1 — kx, where
k= 1=

Prgblem G In the domain D find a function u(x,y) with the properties:

Du(z,y) € C(D) where D = D~ U DV U, U I;

(z,y) € C?(D7) and satisfies Equation (1.1) in this domain;
(x,y) is a generalized solution from the class Ry [10] in the domain D~;
the following relations hold:

2) u
3) u
4)

Rlim u(z,y) =0,R* =2 +y* >0, y >0; (1.2)
— o0

5) u(z,y) satisfies the boundary conditions

u(0,y) = ¢(y), y > 0, (1.3)
u(z,0) = 7y (z), = €I, (1.4)
w(@,y)lec, =¥(x), (¢/2) <z <ec, (1.5)
u(p(z),0) = pu(z,0) + f(x), 0 <z <cg, (1.6)
and the transmission condition
i yPu, = i (<), € T\ {ch (1.7)

moreover, for x = 0, x = 1 and z = ¢ these limits can have singularities of order
less than 1 — 23, where 8 = %, (z) € C[0,c] N CYLo1(0,¢), £(0) =0, f(c) =0,
Y(z) € ClE, N CY2(£,¢), (c) = 0, 71 (z) € C(I1), moreover, the function 7 (x)
near the point z = 1 is representable in the form 7 (z) = (1—2)7 (), 71(z) € C(I1)
and for sufficiently large x it satisfies the inequality |7 (z)| < 24, &, M are positive
constants, 7 (z) satisfies the Holder condition on any segment [1, N], N > 1,
o(y) € C(l), y%ogo(y) € L(0,00), p(y) satisfies the Holder condition on any
segment [0, N], N > 0, p(c0) =0, ¢(0) = 0.

Note, in the Gellerstedt problem [1], the values of sought function in the hyper-
bolic part of mixed domain D are given on the characteristics ECy and ECj :

ulpc, = Y1(x), ulpe, = V¥2(x).

In the present work we study new boundary-value problem where characteristics
EC] is free from the conditions and needed condition of Gellerstedt is replaced by
inner boundary condition with local shifting on the parabolic line of degeneracy.

2. Main results

Theorem 2.1. Let ¢(y) =0, ¢¥(z) =0, f(z) =0, m(z) =0, 0 < pp < 1. Then
Problem G can have only the trivial solution.
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Proof. 1t is known that the solution of the modified Cauchy problem u(z,0) =
T(z), x € I, limo(fy)ﬁf’uy =v(z), € I, has the form
y——

w(z,y) = m /1 (@ — y(2t— 1) 511 — )Pt
0 (2.1)

1
_72(_y)17/30 /0 viz—y(2t—1)) t*B(l - t)*Bdt,

where v = ggg(gg, Yo = ?gtig% I'(z) is gamma function [10]. By virtue of the

formula (2.1), from the boundary condition (1.5), after simple calculations, we
obtain

V(X) =Dy 2r(X) + ¥(X), X € (0,¢), (2.2)
(e=X)P DY P (EEe) 2 (1—B)T (28 28 .
VX)) = - w(%)l‘%m—;) .7 = Tareasy (3) . X =20 —¢ Dy isa

fractional differentiation operator in the sense of Riemann-Liouville [10]. The
equality (2.2) is the first functional relation between the unknown functions 7(x)
and v(z), brought to the interval (0,c) of the axis y = 0 from the hyperbolic
part D~ mixed domain D. Now let us prove that if ¢(y) = 0, ¢¥(z) =0, f(z) =
0, 11(z) = 0, 0 < p < 1, then the solution of the problem G in the domain
D*Uly U IUI; by virtue of (1.2), is identically equal to zero. Let (zg,y0) be a
point of positive maximum of the function u(z,y) in the domain D}.

Let DE be a finite domain cut out of the domain DT by the arc ArBg of the
circle 2 + y2 =R20<z<R,0< y < R, where Ar and Bp are points with
coordinates (0, R) and (R,0) correspondingly. In view of formula (1.2) for any
€ > 0 there exists Ry = Ry(¢), such that for R > Ry(e) the inequality

\u(m,y)| < g, (l’,y) € ARBR~ (23)

By virtue of the notation u(x,0) = 7(z), = € I, the condition (1.6) rewritten in
the form

7(p(2)) = pr(x) + f(2), = €0, (2.4)
Hence, for = ¢ (where f(z) = 0) we have 7(p(c)) = p7(c). Then by virtue of the
equality p(c) = c it follows that 7(c)(1 — p) =0, i.e. 7(c) = 0.

According to the Hopf principle [11], the function u(x,y) does not attain its
positive maximum and negative minimum at the inner points of the domain DE.
Let (x0,0) (where zo € (0,¢)) be the point of positive maximum (negativ mini-
mum) of the function u(x,0) = 7(z). Then at this point in the case of a positive
maximum (negativ minimum) [7]

v(zg) <0 (v(xo) > 0). (2.5)

It is well known that at the point of the positive maximum (negative minimum)
of the function 7(z) the fractional differentiation operators satisfy the inequality
DL 2P7(2)|g=ao7(x) > 0 (DifﬁT(x)h:IOT(x) < 0). Then by virtue of (where
U(z) =0), we have

v(0) = YD1 27 (2) o=y > 0(W(@0) = 7D; 20 7(2) 0=sy < 0).  (2.6)
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Inequalities (2.5) and (2.6) contradict the conjugation condition (1.7), whence
we deduce that zg & (0,c¢). By virtue of 0 < p < 1 from (2.4) (where f(z) =
0) it follows that they are also absent in the interval (c,1) of the axis y = 0.
Consequently, there are no points of positive maximum (negative minimum) of
the function u(x,y) on the interval AB. Let R > Ry. From the Hopf principle
and the previous reasoning, if (xg,y9) € ArBg, then by virtue of (2.3) we have
lu(o,yo)| < €. Therefore, |u(z,y)| < ¢ for any (x,y) € Df.

Since € > 0 is arbitrary, with R — 400 we conclude that u(z,y) = 0 in the
domain DtUIy U TUI;. Hence,

: _ T 1 Bo _
ygrilou(x,y) =0, z € I,yl_lmoy uy =0,2 € 1. (2.7)
Taking into account (2.7), due to the continuity of the solution in the domain
D}, and the conjugation condition (1.7),restoring the sought function u(z,y) in

the domain D™ as a solution of the modified Cauchy problem with homogeneous
data, we obtain u(z,y) = 0 in the domain D~. O

Theorem 2.2. Let the conditions k= 3*sin(am) < 1, where a = (1 — 28)/4,
Bo > %, p(x) =1 — ka. Then the solution of the problem G exists.

Proof. The solution of the Dirichlet problem in the domain D+ satisfying the
conditions (1.2)-(1.4) and the condition u(x,0) = 7(z), x € I, can be represented
in the form

1
u(z,y) = kay' ™ /0 (1) (=22 +52) " = (t+2)?+4)" ") at

o /100 71(t) (((t — )%+ yQ)ﬁ_l —(t+z)*+ yQ)ﬂ_1> dt (2.8)

—I—yl;ﬂo/ t#qgo(t)dt/ se” % J1ap (st)J1-25 (sy)ds,
0 0 2 2

where ky = %%W, 8= %, J,(z) is the Bessel function of the first kind.

From the formula (2.8), after some calculations, we obtain

v(w) = —ks [y 7 (t) [(x — t)]z — t1*72 4 (t +2)* 1] dt + @ (2),
(2.9)
z € (0,1),

where

Bole) = Jim 1 3L (Fy(e) + Fao) = kel = o) [ (0

x [(t—2)?P72 = (t+2)*72] at

2 /OC 1+Bg o0 3—28
t— p(t)t 2 dt/ s 2 e T Ji—2s(s)ds.
(2)=°T(5 - 5) Jo 0 :
Equality (2.9) is a functional relation between unknown functions 7(x) and v(x),
brought to I from the elliptic part DV of the mixed domain D. Note that the
relation (2.9) is valid for the entire interval I. Further, dividing the integration
interval (0,1) into intervals (0,¢) and (¢, 1), and then in the integrals with the
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limit (¢, 1) making the change of variable integration ¢ = p(s) = 1 — ks and taking
into account the equality (2.4), the relation (2.9) is reduced to the form

viw) =~k </TT (t)(x — t)*"~'dt — /ﬂc ()t — m)w_ldt)
</0 ' (t)(t + x)?P~ 1dt+u/oc '(s) [(p(s) - 2)%1 — (p(s) +x)2671] ds>

(2.10)

z) = ks /OC F'(5) [(p(s) = @)%~ = (p(s) +2)* 7] ds + P (2).

By virtue of (1.7), excluding the function v(z) from (2.2) and (2.10), we obtain

VDL P 7(z) + U(z) = —ks (/Ow ' (t)(x — t)* 7 dt — /; ' () (t — x)w_ldt)

o ([ PO+ [ ) (06 - 02— 0ls) 40 )

+®1(z), = € (0,¢).
(2.11)
Equality (2.11) can be rewritten in the form

—%D;;%T(x) + Bo(z) = /Ox () — 020t — /w )t — )2 dt

+ /0 7 (8)(t + @)* Nt + /0 7'(5) [(p(s) = 2)*° 71 = (p(s) +2)* "] ds,

€ (0,0),

(2.12)
where ®y(z) = —ky (¥(z) — ®1(z)). Applying the operator I'(1 — 23)D257* to
both sides of the equality (2.12) and taking into account that D25 'D1 27 (z) =
7(x), we have

—LD(1 = 28)7(2) + T(1 — 28) D2 o) = D(L - 28) D!
2

y (/Ox ()@ — 120t /x ()t - x)w—ldt) +T(1-28)D%"

([ o [ 76 (060 - 027 = 0l + 0 )

€ (0,¢).
(2.13)
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It is easy to see that

(1 - QB)Dififl /01’ ' (t)(z — )P dt = —T(26)L(1 — 28)cos(2nB8)7(z)

+/C c—z\'" T(t)dt
0o \c—t t—a’

(2.14)
I'(1-28)D25! / 7 (t)(t — x)?P7dt = —T(26)0(1 — 28)7(x), (2.15)
¢ ¢le—a\'7¥ 7
(1 — 2B)fo;1/0 7 (t)(t + x)*P 7 dt = /0 (C - t) t(i)f, (2.16)
T - 202 [ 9)0s) - 02 s
Cos (2.17)
_ M/C ( c—x ) 7(s)p'(s)ds
o \p(s)—c¢ p(s) =z’
pl (1 =28 D250 7' (s)(p(s) + )0~ ds
(2.18)

B M/C ( c—x )1_2’6 7(s)p'(s)ds
o \p(s)+c ps)+z
Due to (2.14)-(2.18), equality (2.13) can be written in the form

I'(1—28)D25 1@y (x) — u/oc (pé)—fc)l‘w T;S(LZ;/SS);IS

ol Gse) e ()T
(i
t+u

- e [ (55 () o

(2.19)

Equality (2.19) can be rewritten in the form

c 1-28
c—x 1 1
A t)dt
(@) + /0 (c—t) <t—x+t+x)7()
/C < c—= )1_2’8 7(s)p'(s)ds
o \p(s) —¢ p(s) —x

(2.20)

o[ (Gr) T

(=207 () H s mio et
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where \ = %, P3(x) = AT(1 — 28) D271 ®5(x). Bquality (2.20) can be

written in the form

T(w)-i-)\/oc <i_f>l_26 (tlx + tix> (t)dt

c 1-28
o [ T s
B /\u/o (p(S)—c) p(s) — + R[r] 4+ ®3(x), x € [0, ],

o [ ()

(&

c—z\'" A 7(t)dt
+A —

c—1 c+t t+x

0
is a regular operator. The first integral operator in the right-hand side of (2.21)
is not regular, because the integrand with x = ¢ and s = ¢ has an isolated first-
order singularity, so this term in (2.21) is separated. For a time being we assume

the right-hand side of (2.21) to be a known function and rewrite the equation as
follows

r(x)+A/OC<C_x>1_26< 2 )T(t)dt:go(x),ace[Qc], (2.22)

c—t t—zx t+x

(2.21)

where

where

= [ () o TS | R+ a). (229

Putting (¢ — )?~17(z) = p( ), (¢ —2)?P71go(z) = g1(z), we write Equation
(2.22) in the form

po) 43 [ (25 + 45 )P0t =) e 0 (220

t—x t+x
In Equation (2.24) changing variables t? = s, 22 = &, p(z) = p(vVE) = p1(€),
g1(x) = g1(v/€) = g2(€), we obtain the following singular integral equation

n©+x [ PR g, e, (2.25)

We will seek solution of Equation (2.25) in the class of functions satisfying Holder
condition on (0, c?) and bounded at & = 0, such that at & = ¢? they can tend to
infinity of order less than 1 — 23. The only solution of the Equation (2.25) in the
class h(0) is expressed by the formula

sin(Bw cos(Bm 1(1-26)
() = T gy - P (€ )
X]z salt)dt | (2.26)
0 (25)" -9
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Returning to the previous variables and functions from (2.26), we have

sin(2ma)
2m

cran2e e+t \* fe—a\** 1 1
— t)dt
></0 (t) <c+x> (c—t) (t—x+t+x>go() ’
where o = (1 — 23) /4. Substituting (2.23) to (2.27), we obtain

T(z) = —Aucos®(Ar) /OC (p(cs)_fc>4a p;gz;'(_s);ls

) [ (5 (1) (55) " e

(i) (pé)—tc)w o = b ),

where

s Y NN

1 1
dt
X (t—.’L‘+t+.T>R[T]

7(z) = cos*(ma)go(x) —
(2.27)

is a regular operator,

v =m0 [ () (=)

x< L )@d@ﬁ

t—x t+x
is a known function. We write Equation (2.28) in the form

7(z) = —Apcos® (Ar) /C (pc —x )40‘ p'(s)7(s)ds

o \p(s)—¢ p(s) —

+Au%im) /OCT(s)p/(s)ds/Oc (%)2“ <Cc:f)3a (2.29)
x(c_t)m( L1 ) B Rolr] + ®a(a),x € (0, ),

p(s) — ¢ t—x t+z)p(s)—t

where

Ry[7] = Ry[7] + Ap%ﬁra) /OCT(s)p’(s)ds

S E) G ()

« 1 n 1 dt
t—x t+x)p(s)—t
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is a regular operator. Since p(x) =1 — kz, from Equation (2.29) we have

(2) = A pl—da 2()\ )/c c—a\* 7(s)ds
7(x) = At cos®(\w o T ks — 2

kit sin(2ra) /c (s) ds /C (£)2a <c - x)ga (2.30)
27 0 (c—s)t> Jy \t c—t
x(c—t)te (t—lx + t—|1—x> T Zi—t + Rao[1] + ®4(z),x € (0,¢).

It is easy to verify that the value of the inner integral in (2.30) has the form
o= [ (5)" e (2 ) i
A (o e
—;r(lrzl%‘)ar)(a) F(1-2a,—a,1—a; x)) + (Cl__“’;)ja_x;a (2.31)

<1Cl_25 F(lpzfa)ar)(a)F(l — 20, 1,1 — o %)
“I(a)l(1 — a)W) + By(z,3),
where 2o 20
Boes) = TR
1-a _
(an(cc—F x)l-2e a F?;)—FS)—F a)F(l —al-e2-o c —ic- x))
_ \3a,2a / l-a _ _
=R
“r(r( - ) ).

here By(x,s) is a continuously differentiable function in the square [0, ¢] x [0, ¢].
Substituting (2.31) to (2.30), we get

7(x) = k!> cos(ma) /0 (Z_iz)m (1 xks>2a 1 i(Zdj T (2.32)

+R3[T} + (1)4(33), T e (O,C),

where

(C )304 (e
do(1 — ks — x)

B 140 5M(21a) T(1 = 2a)l(a) (¢ 7(s)
R3[7] = Rao[7] + k'~ o I'(l-a) / (c—s)

_ -«
x| c*F 17204,701,1704;6 ) g2
c 1—ks

; k(c— :c)) ds> kit sin(2ma) / Bo(z,s)7(s)ds
1—-k 2 0

xF(lQa,l,la
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is a regular operator. Equality (2.32) can be written in the form

1 ‘ e T(s)ds
7(x) = Auk'=3%cos(na) [ (C_‘”) oo + Ra[1] + $y(x),
0

o (2.33)
z € (0,¢),

where

Rulr] = Rslr] + Ak~ cos(ma) /0 (Z:ij)?’a 1 _T;S)_ . [(1 _wksfa _ 11 ds

is a regular operator. The Equation (2.33) can be rewritten as

c 1eY
7(x) = Akt 3%cos(ra e %—FRT—F@ x),
() = M o [ () g R+ )
z € (0,¢).

After changing the variables + = ¢ —ce ¢, s = ¢ — ce™*

notation
p(&) = 7(c — ce=¢)e(B*=2)¢ Bquation (2.34) takes the form

_3a > T(t)dt
&) = Mk cos(ma) [T — O Ryl +05(6). € € (0,00, (29)
0o kez +e 7z

where Rs[7] = Ry[r]e(3*~2)¢ is a regular operator, ®5(&) = ®4(c — ce ¢)eBo2)E,
Note that by virtue of the condition £y > %, the inequality 6c — 1 < 0. Let us
introduce the notation

and introducing the

_ ApktT3%cos(ar)

N(¢) ¢
kez +e 2
Then the equation (2.35) can be written as
pO) = [ N(E=Dplt)dt+ Relr] + Bs(e). € € 00). (230)

Equation (2.36) is an integral Wiener-Hopf equation [12], the Fourier transfor-
mation turns it into the Riemann boundary -value problem which is solvable in
quadratures. Functions N (&), ®5(£) have exponential decreasing order at infinity,
moreover N(§) € C(0,00), ®5(&) € Hy, (0, 00). Therefore, N(§), ®5(£) € LaNH,, -
The Fredholm theorems for integral equations of convolution type are valid only in
a particular case, when their index equals zero. The index of the Equation (2.36)
is the index of the expression 1 — N”(£) with the opposite sign, where

Sl oo i€t
N (&) :/ eI N(t)dt = )\pkk?’acos(om)/ ctdt

x _t
oo —oo kez +e72

(2.37)

With the help of the residue theory, calculating the Fourier integral [6], we obtain

o ikt —iglnk
/ e T . (2.38)
ke +e 2 Vkeh(n€)
Substituting (2.38) to (2.37), by virtue of A = %, a=(1-28)/4, we
have
o—itlnk

NME) = pk? 3 sin(ar)

ch(me)
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So far as k2 3%sin(ra) < 1 and since

) o—iklnk
Re(N"(£)) = Re (ukj?‘go‘sin(aﬂ')ch(ﬂg)) =

Ink 1
cos(Elnk) < pkz3%sin(ra) < 1,

ch(w§)

= uk%_?’o‘ sin(ma)

we have Re(1 — N”(£)) > 0. Therefore, the Equation index (2.36) x = —Jnd(1 —
N™(€) = 0, i.e., the variation of the argument 1 — N”(£)) on the real axis ex-
pressed via complete revolutions is zero [12]. Consequently, the Equation (2.36)
is uniquely reduced to a Fredholm integral equation of the second kind, whose
unique solvability follows from the uniqueness of the solution to problem G. O
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