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ONE DIMENSIONAL OCTONION FOURIER TRANSFORM

CLAUDIA JIMENEZ HEREDIA':2, EUSEBIO ARIZA GARCIA3,
AND CARMEN VANEGAS ESPINOSA*

ABSTRACT. The main purpose of this paper is to study a one dimensional
octonion Fourier transform. We prove some of its properties, including the
Plancherel’s and Parseval’s theorems and the inversion formula. Applying
these properties we show an important inversion formula for a three dimen-
sional octonion Fourier Transform.

1. Introduction

The classical signal theory deals with real or complex-valued time series (or
images). However, in some practical applications, signals are represented by more
abstract structures, e.g. hypercomplex algebras such as quaternions and octonions
[6, 7,9, 13] . Working with quaternion and Clifford algebras has allowed to gener-
alize concepts of symmetry, phase, analytic signal, holomorphic function and also
the Fourier Transform. The latter is known for its multiple applications to higher
dimensions [5].

In 2011 Hahn and Snopek [8] introduced the Octonion Fourier Transform of a
3—dimensional real signal. They described how analytic signals can alternatively
be defined using inverse Fourier transforms of their spectra. This transform was
presented as a case of the most general hypercomplex Fourier Transform with
imaginary units satisfying the multiplication rules of the Cayley-Dickson algebra
[12]. Then, in 2017, Blaszczyk and Snopek [3], described the main properties
of this transform, such as symmetry properties, and the octonion analogues of
Parseval and Plancherel Theorems. They explain how the last one is true for
the transform of a real-valued function, but is not true, in general, for octonion-
valued functions due to the non-associativity presented in the octonion algebra. In
2020 Blaszczyk [2] proved that the Octonion Fourier Transform is well-defined for
octonion-valued functions and almost all well-known properties of classical (com-
plex) Fourier transform (e.g. argument scaling, modulation and shift theorems)
have their direct equivalents in the octonion setup.

Following these precedents and the fact that the kernel in the transform can
be considered in different ways (in view of the non—commutativity and non-
associativity of octonions), in this paper we defined a 1—dimensional Octonion
Fourier Transform for octonion-valued functions. This transform uses a pure
unit octonion in the exponent of the transform kernel. It allowed us to prove
some properties similar to that given in the complex context, such as a Parseval
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and Plancherel theorems for octonion-valued functions. We show some examples
and give its principal algebraic properties with an application to a given three-
dimensional octonion Fourier transform.

The paper is organized as follows. In section 2 we recall the octonion algebra,
its basic properties and an estimate which will be used in the last part of section
3. In section 3 we focus on to obtain and prove some important properties of
the one-dimensional Octonion Fourier Transform, e.g., convolution, differentiation,
inversion formula, Parseval and Plancherel’s Theorems. Then, in section 4 we
give an application to a 3-dimensional Octonion Fourier Transform, proving its
inversion formula. Finally, in section 5 we give some concluding remarks.

2. Preliminaries and Notation

2.1. Octonions. Most of the properties given in this subsection can be found in
reference [1]. Octonions is a Cayley-Dickson algebra [10]. An elementary way to
construct the octonions is to give their multiplication table. The octonions O are
an 8-dimensional algebra with basis:

eo = 1,e1,e2,€3,¢e4, €5, €6, €7.
An arbitrary element o € O can be represented as
0 = 09 + 01€1 + 02€2 + 03€3 + 04€4 + O5€5 + 0g€g + O7€7

where og, - -+ ,07 € R. The multiplication between two basis elements is given in
the Table 1, which describes the result of multiplying the element in the i—th row
by the element in the j—th column:

1 €1 €9 €3 €4 €5 €6 er
1|1 el es es ey es €g er
€1 | €1 -1 €3 —€9 €5 —€4 | —€7 €6
ey | es | —e3 | —1 el e er | —eyq | —es
€3 | €3 €9 —e1 -1 er —€g €5 —€4
eqg | eqs | —e5 | —eg | —er | —1 e1 es es
€5 | €5 €4 —er €g —€1 -1 —e€3 €9
es | eg | er eq | —e5 | —es | e3 -1 | —e
€7 | €7 | —€p €5 €4 —e€3 | —€2 €1 -1

TABLE 1. Octonion Multiplication Table

In this table we can see some algebraic properties of the octonions:

i) e1,...,e7 are square roots of —1.
ii) e; and e; anticommute when ¢ # j and 4,5 =1,...,7:
€€ = —€;€;.

iii) ep = 1 is the unit element of the algebra.
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iv) the index cycling identity holds:
€;€j = € = €;4+1€j4+1 = €Ck+1,

where we think the indices as living in Z~7, and
v) the index doubling identity holds:

€iej = e = €32;€25; = €2k.

Using the table, it is an easy task to see that this algebra is not associative. In
fact, we have

(e1e2)es = eses = —eg, but  ej(eses) = erer = eq.

We also see that the elements {1, e1,e2,e3} generate the quaternion algebra, i.e.,
H can be seen as a subalgebra of Q.

As we saw in Table 1, the octonions are not associative. However, it’s well
known that O is an alternative algebra. A theorem by Emil Artin [11] establish
that an algebra A is alternative iff for all a,b € A we have

(aa)b = a(ab), (ab)a=a(ba), (ba)a = b(aa). (2.1)

An important property of an alternative algebra is that the subalgebra gener-
ated by any two elements is associative [1].

We will call the part ogeg =: Sc o, the scalar part of 0o and 0 = 0 — 0geg =:
Vec o, the vector part of 0. Vector parts are isomorphic to the seven dimensional
Euclidean vector space R7. The whole algebra of octonions is naturally identified
with the vector space R3.

If 0 = 0 then o is called a pure octonion. The subset of all pure octonions is
denoted by Vec O, while the subset of all scalars will be denoted by Sc @. The
octonion 0 = o9 — o is called the conjugate to 0. The mapping o — 0 is called
conjugation.

The norm or absolute value of a octonion o is defined as

lo| := Voo. (2.2)

If |o| = 1 the octonion o is said to be a unit octonion. The imaginary octonions
of norm one form a 6 — sphere in the 7—dimensional space of imaginary octonions

[4].
Sg={o=eiri+ - +ems| i+ +ri=1}. (2.3)

The dot product in octonions can be obtained from the norm by a process known
as polarization. Polarizing (2.2) we obtain an inner product on R8, namely [4]

1
01002 = o (Jo1 + 02f” = |o1[* — [0s[*) = 0103 + 0207 = 510 + T01.

We need to define now the exponential function of an octonion variable.
The exponential of an octonion is defined through the infinite series [3]: For any
0 € Q,
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It can be shown that if we denote o = Vec o, then

: o .
e® =e%¢° ( coso| + — sin|o| |,
o]
where | - | is the octonion norm.
Due to the fact that octonions are non-commutative, the relation

01102 — 01, ;02

e
is not always true. However, this property holds when o1 - 02 = 05 - 01.
Lemma 2.1. In view of the alternativity property of octonions, we see that, given
any two octonions o1, 02, the subalgebra generated by {1,01,02} is associative.
This means, in particular, that, given o, u € Q, where p is a pure unit octonion,
and a,b,c,d, o, f € R, we have

[0+ (a+bu)] - (c+dp) =o-[(a+bp) - (c+du)
and

[(a+bu) - o] - (e + du) = (a+ bw) - [o - (c+ dp),
which implies

(0-e) . P =0. (e . eP1) and (e -0)-ePF = e . (0-ePH). (2.4)

2.2. An important estimate. By definition, the norm of an octonion o = oy +
7

Z 0;e; is given by

i=1
7
ol = > " losl*.
i=0
This implies that
l0i] <'lo].

On the other hand, given an integrable function f: R — O, since

[ serta = (3 [ ptoris )

o] 3| [ sl
<§(/R|fi<x>|dx)2

< : ([ 1stae)

7

s([ If(:r)ld:r>2-

we see that
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/ f(z)dx
R
A similar argument yields

/_(; f(z)dx

/boo f(z)dz

0 b
The same estimate is true for integrals of the form / and / .
a 0

That is,

< 2\/§/R\f(x)|dx.

< 2\/§/a |f(x)|dz, with a <0 (2.5)

and

< 2\/5/00 |f(x)|dz, with b> 0. (2.6)
b

3. One dimensional Octonion Fourier Transform

Definition 3.1. Let f € L'(R;0). We define the One-dimensional (right)
Octonion Fourier Transform of f (1ID—OFT for short), by

Forr{f()}(t) = F(t) = / fl@)eHtrde, (3.1)
where p € O is a pure unit octonion.

Example 3.2. For a positive real number a, consider f(z) = e—az’ Then,

ForT {6_M2} (t) = / e~ g hte gy
R
2 2
t t
:/Rexp [—a(m—&—ga) _4a] dx
= 6_% / e_“yzdy
R
™ t2
= —e 4a,
a

Particularly, when a = %, we have
22 2
Forr {6_7} (t) =V2me  Z.

Example 3.3. Let f(z) = e~%l*l, for a > 0. Then,

Forr {e I} (t) = / el e dy
R

0 oo
- / ela=nDe gy | / e~ (atut)e gy
—o0 0

1 + 1
a—put  a—+ut
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That is,
2a
Forr {e b (1) = 5=
OFT € ( ) a2 +t2

3.1. Algebraic Properties. In this subsection we prove some algebraic proper-
ties of the 1ID—OFT.

Proposition 3.4. (R—linearity)
The 1D—OFT is R—linear. That is, given a,b € R and f,g € L'(R;0),

~

Forr{(af +bg)(x)} (t) = af(t) + bg(t). (3.2)
Proof.

Forr {(af +bg)(2)} (1) = /]R (af(x) +bg(x))e " du

a/Rf(:E)e_’“”dx—|—b/Rg(x)e_“mdx

~

= af(t) + bg(t).
O

Remark 3.5. Note that, in view of non-associativity, (left) O—linearity is false in
general.

Now, we see the following result.

Proposition 3.6. (Dilation or Scaling Property)
Let a be a positive real number and f € L*(R; Q). Then,

%J—'OFT { f (g)} (t) = flat) (3.3)
or, analogously,
Forr(fla0=F (1) (3.4

Proof.

f(at) — /Rf(x)e—u(at)wdx _ é/Rf (%) e—utydy — é]:OFT {f (g)} (t)

([l
Proposition 3.7. (Shift Property)
Let 29 € R and f € L'(R; Q). Then,
Forr {f (x —x)} (t) = F(t)e . (3.5)
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Proof. In view of (2.4) and the fact that P = 6P if aff = Ba, where a, 8 €
Vec O, we have that

Forr {f(x—m0)} (1) = /Rf (2 — zo) e
— [ fwerrrmay
R
= [ sty ryay
R

o L R
R

~

= f(t)e rio,
([
Proposition 3.8. (Modulation Property)
Lettg € R and f € L*(R; Q). Then,
Forr {f(@)e"""} (1) = F (t — to). (3.6)
Proof. Using (2.4), we have that
Forr {f@e"} ) = [ (faersye o
R
— [ Ha)ereme s
R
= / f(a:)eiﬂ(tft“)mda:
R
= f(t—to).
(I

3.2. Differentiation. In this subsection we will prove some properties of the
1D—OFT related with the derivative.

Proposition 3.9. Let f, f’ € LY(R; Q), with f(x) — 0 as |z| — oo, then

~

Forr {f'(x)} (t) = f(t)ut. (3.7)
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Proof.

Forr {'(x / F@)et dy

0 oo
:/ f'(x)e_”mdx—l—/ f(z)e " dx
—o0 0

= lim ( _‘“5”” ‘b / f(z)(e " ut)dx

b——oco

+1im (f(@)e )| + / Fl) (et ut)d

b— o0

o

— [ (Fla)e ot
R

_ ( /R f(x)e—mdx) .

Induction proves that

Corollary 3.10. If f, f*) € LY(R;Q), for k = 1,...,n, and f*(x) = 0, as
|z| = o0, fork=1,...,n—1, then

Forr {£™ (@)} (t) = Ft)(ut)".
Proposition 3.11. Let zf(x) € L' (R;0), then
Forr{ef@}(t) = 570 n (3

Proof. From the definition of the 1ID—OFT, one see that Forr {f(2)} (¢) is dif-
ferentiable, so

GI0 = [ 4 (@) ds

/f e HtT | px)dx

- [(@h@)- ) pa

_— ( /R . f(:c)e‘“”dx) "

which implies (3.8).
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From the last proposition we also have that

Corollary 3.12. If 2" f(z) € L'(R; Q),
an
Forr{z"f(2)}(t) = o f(OK".

3.3. Convolution. It’s well known that one useful tool related with the Fourier
transform is the convolution. Here we introduce the concept of convolution in this
context and give some of its properties.

Definition 3.13. Let f and g be two integrable, octonion-valued functions. The
convolution of f and g, denoted by (f * g)(x), is defined by

(f*g)(x /fx— )dE. (3.9)

Remark 3.14. In view of the non-commutativity of octonions, in general

(f xg9)(x) # (g% f) ().
However, when f and g commutes, we also have commutativity for the convolution.
This is true, in particular, if either f or g are real—valued functions.

Proposition 3.15. Ifa,b € R, the convolution defined above have the following
properties.
af xh= fxah=a(fx*h),

(af +bg) x h = a(f*h)+b(g=*h),

fx(ag+bh)=a(fxg)+b(f*h),
and, provided f,g,h are octonion-valued functions such that they generate an as-
sociative subalgebra of O,

fx(gxh)=(f*g)x*

Proof. It’s direct from the definition.
O

Proposition 3.16. (Derivative of a convolution)
Consider f a differentiable function and g an integrable function, both octonion-
valued functions, and suppose that f * g and f' * g are well-defined. Then

(f*g) =f*g (3.10)
Proof.

(F+9)@ = 3 [ 1o =00(©)ds = [ £z =a(e)de = (' +9) o).

Remark 3.17. Since, in general, (f x g)(z) # (g * f)(z), we have that
(f' = 9)(x) # (f *g') ().
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3.4. Inversion Formula. In this section we will prove the inversion formula for
the 1D—OFT. In order to do that, we first prove the following theorem.

Theorem 3.18. Let g € L?(R;R) and / g(y)dy = 1. Let
R

0 ')
o= / g(y)dy and B = /0 o(y)dy,

so that a+ 8 =1 and a = = % if g is even. Let f : R — O be a piecewise
continuous function on R and suppose either that f is bounded or that g vanishes
outside a finite interval so that f x g is well-defined for all x. If g.(x) = ég (f) ,
then

lim (£ g2 (2) = of () + Bf () (3.11)
for all z, where f(zt) = li_r>r(1)f(x—|—5) and f(z7) = li_r% flz—e).
FEven more, if f is continuous at x, we have
lim (7 +.0.) (2) = f(). (312)

Proof. Let’s consider the difference
0

(f*ge)(@)— (af () +Bf (7)) = / [f(z—y) — f(@)]g-(y)dy

—00

(3.13)
4 / [f(z—y) - f (a7)] g (v)dy.
0

So, in order to prove (3.11), we need to check that the previous expression goes
to zero as € — 0.

Consider the second integral in (3.13). Let 6 > 0. We can choose ¢ small enough
so that |f(z—y)— f(xz7)] < if 0 < y < c. Breaking up the integral as / —I—/ ,
0 c

we have, first, that

/0 -y - f(x)]ge(y)dy‘ <22 / @ —y) — ()| 19w dy

< 235 / 19:()] dy
1 sy
2 (2) ‘ dy

c/e
— 225 / l9(v)ldy

:2\/55/

c
0

< 2V25 /OOO l9(y)|dy.
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For a suitable chosen §, we can make small enough the last expression.

On the other hand, in order to estimate the integral from ¢ to co we consider
the two following cases:
Case 1: f is bounded, say |f| < M, for some positive M.

In this case,

/w [f(z—y) f(x)]gs(y)dy‘ < m/w\f@—y)—f@w 19:(s)| dy

< 4\f2M/OO |9 ()| dy

<4\fM/ y)|dy.

which goes to zero as € — 0.
Case 2: g vanishes outside a finite interval, say g(z) = 0 for |z| > R.

In this case, g.(x) = 0 for |z| > Re and, in particular, g.(x) = 0 for x > ¢ if
¢> Re,ie,ife < £.

So, we have that

[ =0 - 5@ lat) > 0

as € — 0.

A similar argument is valid when one considers the first integral in (3.13).
Summarizing, we have that

. _ + —
lim (7 +9.) (2) = af (%) + BF (7).
When f is continuous at z, it’s clear from the above result that
lim (f * gc) (x) = f(x).
e—0
O
Remark 3.19. Note that, when g is even, « = 8 = %, and formula (3.11) becomes

equal to

liy (f 92) (@) = 5 (f) + £ (7))

e—0

Theorem 3.20. (Fourier Inversion Formula for the 1D—OFT)
Let f be an integrable and piecewise continuous on R, with values in Q, defined

1
at its points of discontinuity as to satisfy f(x) = §[f(x_) + f(a™)] for all z. Then
_ - e ¢ 2t2 /2 eht
51_13(1) 5 / f(#) dt, zeR. (3.14)
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Moreover, if f € L*(R;Q), then f is continuous and

1 ~
= %/Rf(t)e“mdt, z € R. (3.15)

Proof. Let ¢ > 0 and consider the function et/ 2. which decreases rapidly as

t — +oo. Let f € L*(R;0) and consider the integral

L / Fitye =5 et gt — / / )e HY) =T M gy
™ JRr

By (2.4) and the fact that this double integral is absolutely convergent, we can

write
1 T —e2 it 1 —28 ut(z—y)
— | f)e = Tedt=— [ f(y) e~ T MY ) dy.
e R 27T R R

On the other hand, if a = €%/2, we have that

2 (y—=)?
/ e T ert(T—v) gt = / et e Ht(y=2) gt — ]:OFT{e_atQ}(y —x)= \/Ze_y@l.
R R

So,
/676%2/26“““@/)& = @e_%,
R 9

and

1 ~ 242 1
%/]Rf(t)e’6 Tttt = 6\/ﬂ/Rf(y)eJ = (f* ) (x),

1 _ﬁ 1 T 1 71722
where ¢(z) = \/ﬂ and ¢, (z) = gqb (g) =5

Since f is piecewise continuous, Theorem 3.18 and Remark 3.19 implies that

lim (f  6.) (&) = ~[f(@™) + f(&™)]

e—0 2[

for all z. This proves (3.14). Finally, since |e**”| = 1 and ‘6_#‘ < 1 for small

enough ¢,
I

= 1F@)e="% [|er=] < 1 fo).

If fe L'(R;0), the dominated convergence theorem implies that

o~

/f Ye'trdt = 2i lim (f(t)e*i ’”‘T) dt

rREO
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Since
/R Fityert=dt = Fopr{F(t)}(~2)

and the Fourier transform of an integrable function is continuous, we have that f
is continuous and, thus,

[f@)+f(=7)],

DN | =

flz) =

which proves (3.15).
O

3.5. Plancherel and Parseval’s Theorems. Now, we want to establish the
Plancherel and Parseval’s theorems in this context. We begin with the definition
of inner product and norm in L?(R;0).

Definition 3.21. Let f,g € L?(R;0), we define
() 20y = / f(2)g@)dz (3.16)
and
1/2
1/2 o 2
Iflzsor = 1wy = [ 170 ae) (3.17)

Using the previous definition of inner product, we have the following theorem.

Theorem 3.22. (Plancherel’s Theorem)
Let f,g € L?*(R; Q) such that 1, f,g and p generates an associative sub-algebra
of @. Then,

(fs9) 2 r0) = %(fa 9)L?(R;0)- (3.18)
Proof.
(f9r2mo) = Rf(x)@dx
1 _

_ % A ) ( /R emg(x)daz> dt
_ % [ i ( /R g(x)emdx) dt
_ % [ Fo ( /R g(x)eutwdx) dt
_ 2i Fit00)dt

T JRr
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As a corollary, we have the
Corollary 3.23. (Parseval’s Theorem)
In the previous formula, if f = g, then

1 -
I fllz2®0) = \/T—ﬂ\\fHLZ(R;@)-

Remark 3.24. Note that 1, f and p always generate an associative sub-algebra of
0. So, Parseval’s theorem is always true for all f € L? (R;0).

4. Application to the 3—dimensional Octonion Fourier Transform

Although we can apply the 1D—OFT to other topics, the main motivation to
define it was the use of this transform to obtain an inversion formula for the
3—dimensional octonion Fourier transform defined below.

Definition 4.1. Let f € L! (Rg;@) . The 3—dimensional Octonion Fourier
Transform of f (or 3D—OFT for short) is the function Forr{f} : R® — O
defined by

Forr{f(z)}(w) = f(w) = . f@)e o die, (4.1)
R:
where @ = x1e1 + z2e2 +x3€3, W = wW1€1 +woes +wses, 1 is as before and e H#<®
is called the octonion Fourier kernel.

Theorem 4.2. (Inversion formula for the 3D—OFT)
Suppose that f € L* (R* Q) and Fopr{f} € L' (R%0). Then the 3D—OFT
is invertible with inverse

Fobr Forrifl) @) = f(a) = ﬁ / Forr{f@) @)oo, (42)

Proof. Let
Ty = (11, ws,w3), B2 = (w1, T2,ws), &3 = (w1,w2,T3)
and
@1 = (w1, 29, 23), Wg = (21,ws,23), Wg = (21,22,w3).
Denote the 1ID—OFT with respect to xy, for k =1,2,3, by F,, {f(x)}, that is,

Fo (@)} (@) = / Fl@)e s day.

Denote also, for i,j,k € {1,2,3} ,and i £ 4, i # k, j #k,

and
Fosayaonlf (@) Hw) = Fop ) {Fo, A f (@)} (@)} (Z).

Then, it can be seen that
fzz,I]{f(w)}(ik) = 'Ffvjyﬂfl{f(w)}(fék)a
Fovayaor{ (@) Hw) = Fo, { Fuy L (@) }(@i) } (wi)

and

}—Lx]u {f(@)Hw) = fr]zzrk{f(w)}(w) = ]:mi,mk,rj {f(z)Hw), etc.
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Moreover, we have that

Forr{f(@}w) = [ j@ereia

= [ flm) (e7rtre e hwsts) gig
]RS
:/ (/ f(ac)e_““’”ldm) (e"‘“’?x?e_“%“)dxgdxg
Rz \JR
= [ Fal @) @) (e e ) oy
]RQ
:/ (/ ]:zl{f(m)}(&l)e“‘”“dm) e HBT3 g
R \JR

= / ]:5132,301{f(w)}(iS)e_uwSISd:Eg
R

= Foyaaa {f (@) }Hw).
Now, inversion formula for the 1ID—OFT implies that
1 S w1
fle) =5 [ Fodf(@)}(@1)e" ™ dwn
T JR
1 i~ W2T2 141
= W/R </R]-"z2’w1{f(33)}(w3)e“ v dw2> eI duyy

(2717)3 /R </R frs,zz,zl{f(m)}(w)€“w3m3dw3> (el2 T2 el ) dwoduwy

1 w3 T wo X w1z
= gt [ Frarnin U (@)H) (1575 eh72040) dd

= 7 L, Forrlf@) @i

as we claimed.

5. Concluding Remarks

We have introduced a one dimensional octonion Fourier Transform, proving
some of its properties. We use this theory to prove an inversion formula for a
three—dimensional octonion Fourier Transform (3D—OFT). In future works we
will see that this last inversion formula, together with other properties of the
3D—OFT are important to study a octonion wavelet transform and, in particular,
we will be able to give an admissibility condition for octonion wavelets. The theory
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here developed can be extended and we will present this in some future papers. It
must be noted that it is also possible to consider other multidimensional (4D, 5D,
etc) Octonion Fourier Transforms and use the 1ID—OFT and the same arguments
given here in order to obtain an inversion formula and other properties for these
multidimensional OFT.
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