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COMPUTING THE FIRST REVERSE ZAGREB BETA INDEX
AND THE SECOND REVERSE ZAGREB INDEX OF THE
SUBDIVISION GRAPHS OF TADPOLE, WHEEL, AND LADDER
GRAPHS AND THEIR LINE GRAPHS

MANJULA K. M.

ABSTRACT. The First Reverse Zagreb Beta Index and the Second Reverse Za-
greb Index are important degree-based topological indices in chemical graph
theory that are widely used to characterize the structural properties of molec-
ular graphs. These indices are defined using the reverse vertex degree of a
vertex v in a graph G, given by ¢, = A(G) + 1 — dg(v), where A(G) denotes
the maximum degree of (G). In this paper, we derive closed-form expressions
for the First Reverse Zagreb Beta Index and the Second Reverse Zagreb In-
dex of the subdivision graphs of the tadpole graph, wheel graph, and ladder
graph, as well as the line graphs of their subdivision graphs. The results are
obtained by partitioning the edge sets according to the reverse vertex degrees
of their end vertices, leading to simple and systematic computations of the re-
quired indices. The derived formulae provide efficient methods for evaluating
these indices and contribute to the theoretical development of reverse Zagreb
indices in graph theory and their applications in chemical graph theory.

1. Introduction

Let G = (V(G),E(G)) be a finite, simple, and connected graph, where V(G)
and F(G) denote the vertex set and edge set of G, respectively. The degree of a
vertex v € V(G), denoted by dg(v), is the number of vertices adjacent to v. The

maximum degree of G is denoted by A(G). The reverse vertex degree of a vertex
v is defined by

co = A(G) + 1 —dg(v).

Thus, the reverse degree assigns larger values to vertices having smaller degrees
and vice versa, thereby providing an alternative perspective for analyzing graph
structures. The reverse edge corresponding to an edge uv € E(G) is represented
by the pair (¢, ¢, ), where ¢, and ¢, denote the reverse degrees of the end vertices.
Throughout this paper, we use the standard terminology and notation of graph
theory. For all undefined terms and notation, the reader is referred to [2].
Chemical graph theory is an active area of mathematical chemistry in which
chemical compounds are represented by graphs, with vertices corresponding to
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atoms and edges representing chemical bonds. This graph-theoretical represen-
tation enables the use of mathematical techniques to investigate molecular struc-
tures and their physicochemical properties. One of the most important tools in
chemical graph theory is the concept of topological indices, which are numerical
quantities associated with molecular graphs. These descriptors play a significant
role in Quantitative Structure-Property Relationship (QSPR) and Quantitative
Structure—Activity Relationship (QSAR) studies, where they are employed to pre-
dict physicochemical, biological, and pharmacological properties of chemical com-
pounds without requiring extensive laboratory experiments. Consequently, nu-
merous topological indices have been introduced and extensively studied because
of their theoretical importance and practical applications in chemistry, biology,
material science, and pharmaceutical research; see [2].

Among the various classes of topological descriptors, degree-based indices have
attracted considerable attention due to their simplicity and effectiveness in charac-
terizing molecular structures. The classical Zagreb indices are among the earliest
and most extensively studied degree-based topological indices and have inspired
numerous modifications and generalizations. These indices have been successfully
applied in modeling molecular branching, predicting physicochemical properties,
and investigating structural characteristics of chemical compounds.

Motivated by the concept of reverse vertex degree, Ediz [1,4,5] introduced the
First Reverse Zagreb Beta Index and the Second Reverse Zagreb Index, which are
defined using reverse vertex degrees rather than ordinary vertex degrees. These
indices are given by

CM(G)= Y (cutey)

weE(G)
and
CM>(G) = Z CyCo,
wweE(G)
respectively.

Unlike the classical Zagreb indices, the reverse Zagreb indices emphasize the
contribution of vertices with smaller degrees by assigning them larger reverse de-
gree values. As a result, these indices provide complementary structural informa-
tion and have become useful tools for investigating graph invariants and molecular
descriptors. In recent years, reverse Zagreb indices have received increasing atten-
tion owing to their interesting mathematical properties and potential applications
in chemical graph theory.

The computation of reverse Zagreb indices for standard graph families and
graph operations has become an important direction of research. Explicit formulae
for these indices not only simplify computations but also provide deeper insight
into the structural behavior of different graph classes. In particular, subdivision
and line graph operations significantly modify the degree distribution of a graph
and therefore influence the corresponding reverse degree-based topological indices.
Studying these graph transformations contributes to a better understanding of the
relationship between graph operations and reverse Zagreb descriptors.

In this paper, we investigate the First Reverse Zagreb Beta Index and the Sec-
ond Reverse Zagreb Index for the subdivision graphs of the tadpole graph, wheel
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graph, and ladder graph, together with the line graphs of their subdivision graphs.
The required formulae are obtained by partitioning the edge sets according to the
reverse degrees of their end vertices, leading to systematic and straightforward
computations. The derived closed-form expressions provide efficient methods for
evaluating these indices and enrich the theoretical study of reverse Zagreb indices.
Furthermore, the obtained results may serve as a foundation for investigating re-
verse Zagreb indices of other graph classes and graph operations arising in graph
theory and mathematical chemistry.

1.1. Tadpole Graph. Let C,, be a cycle on n vertices (n > 3) and P be a path
on k vertices (k > 1). The tadpole graph, denoted by T, i, is the graph obtained
by joining one vertex of the cycle C), to an end vertex of the path Py by a single
edge.

Theorem 1.1. For a subdivision tadpole graph S(T, k), (n > 3,k > 1)
Cl(S(Tnyk)) = 8k +8n—2

CQ(S(T7L7]€)) = 8k+8n—4.

Proof. A subdivision graph of a tadpole graph S(7), ) has 2n + 2k vertices and
2n + 2k edges with A(T), ;) = 3. The edge partition of the subdivision graph of a
tadpole graph S(T), ) based on the reverse vertex degree is given in table 2. By
definition of CM;(G), CM3(G) and from table 2, for (n > 3,k > 1) , we get

(Cu, cy) where uv € E(S(Ty 1)) (1, 2) (2, 2) (23)
No. of edges 3 2n+2k-4 1

TABLE 1. Edge partition of S(T}, x) using reverse vertex degree

Ci(SThr) = 3-(1+2)+2n+2k—4)-(24+2)+1-(2+3)
= 8k+8n—2
Co(SThr) = 3-1-2)+2n+2k—-4)-(2-2)+1-(2-3)
8k + 8n — 4.

O

Theorem 1.2. For a line graph of a subdivision graph of a tadpole graph L(T, x),
(n>3k>1)

Cl<L(S(Tn’k>)) = 8]{7 + 8n — 4

CQ(L(S(Tn’k))) = &8k + 8n — 9.
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(cu,cy) where uv € E(L(S(T,k))) (1, 1) (1, 2) (2, 2) (2, 3)

No. of edges 3 3 2n+2k-6 1

TABLE 2. Edge partition of L(T}, 1) using reverse vertex degree

Proof. A line graph of a subdivision graph of a tadpole graph L(S(T, x)) has
2(n + k) vertices and 2n + 2k + 1 edges with A(T,, ;) = 3. The edge partition of
the line graph of a subdivision graph of a tadpole graph L(S(T), x)) based on the
reverse vertex degree is given in table 4. By definition of CM;(G), CM>(G) and
from table 4, for (n > 3,k > 1) , we get

CUL(S(Tur) = 3-0+1)+3-(1+2)+(n+k—6)-(2+2)+1-(2+3)
= 8k+8n—-4
Co(L(S(Tpp)) = 3-(1-1)4+3-(1-2)+(n+k—6)-(2-2)+1-(2-3)
= 8k+8n-09.
0

1.2. Wheel Graph. Let C,_; be a cycle on n — 1 vertices (n > 4). The wheel
graph, denoted by W,,, is the graph obtained by adding a new vertex, called the
hub, and joining it to every vertex of the cycle C),_;1. Equivalently, W,, is formed
by connecting the hub vertex to all vertices of C,,_;.

Theorem 1.3. For a subdivision graph of wheel graph S(W,,), (n > 4)
CM(S(W,)) = 6n?+10n—16

CMy(S(W,)) = 2n°+10n? 4 4n — 16.

Proof. A subdivision graph of wheel graph S(W,,) has 3n — 2 vertices and 4n — 4
edges with A(S(W,,)) = n — 1. The edge partition of the subdivision graph of
wheel graph S(W,,) based on the reverse vertex degree is given in table 6. By
definition of CM;(G), CM2(G) and from table 6, for (n > 4), we get

(cu, ¢v) where uv € E(S(W,)) (1, n+2) (n+3, n+2)
No. of edges 2(n-1) 2(n-1)

TABLE 3. Edge partition of W,, using reverse vertex degree

Ci(SWyn)) = (n=1)-1+(n=3)+Mn-1) ((n—-3)+(n-23))
= 6n2+10n—16

Co(SWR)) = (n—=1)-1-(n=3)+(n—-1)-((n—=3)-(n—3))
= 2n% +10n2 + 4n — 16.
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O

Theorem 1.4. For a line graph of subdivision graph of wheel graph L(S(W,)),
(n=>4)

CMy(L(S(W,))) = 10n® —38n + 28
2
1
OMy(LS(W.) = an®— 20 4 105

Proof. A line graph of subdivision graph of wheel graph L(S(W;,)) has 4n — 4
vertices and %2("%) edges with A(L(S(W,))) = n — 1. The edge partition of
the line graph of subdivision graph of wheel graph L(S(W,,)) based on the reverse
vertex degree is given in table 8. By definition of CM;(G), CM2(G) and from
table 8, for (n > 4), we get

(cu, €y) where wv € E(L(S(W,,))) (1, 1) (1, n-3) (n-3, n-3)
No. of edges w (n-1) (4n-4)

TABLE 4. Edge partition of L(S(W,,)) using reverse vertex degree

(n—1)(n-2)

cupsw)) = PRI G ) (0 - 3) + (n - 4) (0 8) + (1 3)
= 10n® — 38n + 28

L) = PTG ) (1 (- 8) 4 U 4) - (- 8)- (0 - 3))
= 4n37¥+%732.

O

1.3. Ladder Graph. Let P, be a path on n vertices (n > 2). The ladder graph,
denoted by L, is the graph obtained by joining the corresponding vertices of two
disjoint copies of the path P, by edges. Equivalently, the ladder graph L, is the
Cartesian product of the path graphs P, and Ps, that is,

L, = P,00P,.
Theorem 1.5. For a subdivision graph of ladder graph S(L,), (n > 2)
CM(L,) = 18n—4

CMy(L,) = 12n+8.

Proof. A subdivision graph of ladder graph S(L,,) has 5n — 2 vertices and 6n — 4
edges with A(L,) = 3. The edge partition of the subdivision graph of ladder
graph S(L,,) based on the reverse vertex degree is given in table 10. By definition
of CM;(G), CM3(G) and from table 10, for (n > 2), we get
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(Cus €y) where uv € E(S(Ly,)) (2, 2) (1, 2)
No. of edges 8 6n-12

TABLE 5. Edge partition of S(L,,) using reverse vertex degree

Ci(S(L,)) = 8- (2+2)+(6n—12)-(1+2)
= 18n—4

Co(S(Ly)) = 8-(2-2)+ (6n—12)-(1-2)
= 12n+38.

O

Theorem 1.6. For a line graph of subdivision graph of ladder graph L(S(L,)),
(n>2)

CM,(L(S(Ly))) = 18n—4

CM3(L(S(Ly))) = 9n+12.

Proof. A line graph of subdivision graph of ladder graph L(S(L,)) has 6n — 4
vertices and 9n — 10 edges with A(L(S(Ly,))) = 3. The edge partition of the line
graph of subdivision graph of ladder graph L(S(L,,)) based on the reverse vertex
degree is given in table 12. By definition of CM;(G), CM>(G) and from table 12,
for (n > 2), we get

(cu, Cy) where uv € E(L(S(Ly)) (3, 2) (2, 1) (1, 1)
No. of edges 4 8 6n-20

TABLE 6. Edge partition of L(S(L,,)) using reverse vertex degree

Ci(L(S(Lyp))) = 6-(2+2)4+4-2+1)+(9n—20)-(1+1)
= 18n—4
Co(S(Lyp)) = 6-(2-2)4+4-(2-1)+(9n—20)-(1-1)
= 9n+412.
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2. Conclusion

In this paper, we derived explicit formulae for the First Reverse Zagreb Beta
Index and the Second Reverse Zagreb Index of the tadpole graph, wheel graph,
ladder graph, and their subdivision graphs. The computations were carried out by
partitioning the edge sets according to the reverse vertex degrees of their end ver-
tices, resulting in simple and systematic derivations of these indices. The obtained
formulae provide an efficient method for computing the First Reverse Zagreb Beta
Index and the Second Reverse Zagreb Index and contribute to the study of reverse
Zagreb indices in graph theory and mathematical chemistry. Furthermore, the
results presented in this work may serve as a foundation for investigating these
indices for other graph families and graph operations in future research.
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