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ON THE GENERALIZED MIXED FRACTIONAL BROWNIAN
MOTION TIME CHANGED BY INVERSE o-STABLE
SUBORDINATOR

EZZEDINE MLIKI AND MARAM ALWOHAIBI

ABSTRACT. Time-changed stochastic processes have attracted much atten-
tion and wide interest due to their extensive applications, especially in fi-
nancial time series, biology and physics. This paper pays attention to a
fractional stochastic process, defined by taking linear combinations of a finite
number of independent fractional Brownian motions with different Hurst in-
dices called the generalized mixed fractional Brownian motion, which is a
Gaussian process with stationary increments exhibit long range dependence
property controlled by the Hurst indices. We prove that under some condition
on the Hurst indices the generalized mixed fractional Brownian motion time
changed by inverse a-stable subordinator is of a long-range dependence prop-
erty. As application we deduce that the mixed fractional Brownian motion
of Hurst index H has long range dependence property for all H > %

1. Introduction

Fractional Brownian motion introduced by Mandelbrot and Ness [17] is a self-
similar process with stationary increments. The process has long-range dependence
controlled by the Hurst index. Fractional Brownian motion is a subclass of the
fractional stable process (see [19]). Both fractional Brownian motion and fractional
stable process have been applied in areas such as data communication, hydrology,
and finance. In particular, the fractional stable process has been applied to the
modeling of financial time series having long-range dependence (see [20]). The
fractional Brownian motion (fBm) B¥ = {B}? ¢ > 0} with Hirst index H € (0, 1),
is a centered Gaussian process with covariance function

1
Cov(B', B) = S[t*" + " — |t = s|*"], s5,t>0,

where H is a real number in (0,1), called the Hurst index. The case H = %
corresponds to the Brownian motion.

An extension of the fBm was introduced by Cheridito [5], called the mixed frac-
tional Brownian motion (mfBm) which is a linear combination between a Brownian
motion and an independent fractional Brownian motion of Hurst index H, with
stationary increments exhibit a long-range dependent for H > % A mfBm of pa-
rameters ay,az and H is a process M (a1, az) = {M (a1, as3), t > 0}, defined on
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some probability space (2, F, P) by
MtH(ala az) = a1 By + athH, t>0,

where B = {By,t > 0} is a Brownian motion and B¥ = {Bff |t > 0} is an inde-
pendent fractional Brownian motion of Hurst index H € (0,1). We refer also to
[3, 5, 8, 9] for further information on mfBm process.

C. Elnouty [8] propose a generalisation of the mfBm called fractional mixed
fractional Brownian motion (fmfBm) of parameters a1, as and Hirsh index H =
(Hy, Hy). A fmfBm is a process N9 (a1,a2) = {NH(a1,az), t > 0}, defined on
some probability space (2, F, P) by

N(a1,a2) = a1 Bf* + a2Bf"*, ¢ >0,

where Bi = {Bfi| ¢ > 0} are independent fractional Brownian motion of Hurst
index H; € (0,1) for i = 1,2. Also the fmfBm was study by Miao, Y et al. [31].

The fractional mixed fractional Brownian motion has been further general-
ized by Thile in 2009 [38] to the generalized mixed fractional Brownian mo-
tion. A generalized mixed fractional Brownian motion (gmfBm) of parameter
H = (Hy,Hs,...,H,) and a = (a1,a2,....,a,), Hx, € (0,1), ax € R, n € N* is
a stochastic process ZH = {ZtH’a7 t > 0} defined on some probability space
(Q,F,P) by

n

H,a Hy

Zt = E akBt k,
k=1

where BtHi are independent fractional Brownian motions of Hurst indices Hy €
(0,1). The gmfBm is a centered Gaussian process has stationary and independent
increments with long range dependence property when there exists some k£ with
Hy > % The gmfBm can be used in modeling internet traffic using self-similar
processes, see [7] also for an underlying modeled in the gmfBm market, satisfy the
following stochastic differential equation:

dSt = CLStdt + bStdZt

where a and b stand for the standard deviation of the stock return and the volatil-
ity, see [39].

Note that the gmfBm model is a generalization of all the fBm models considered
in the literature. Such a generalized model degenerates to the single fBm model
with n = 1, the Bm model with n =1 and H; = %, the mfBm model with n = 2
and Hi = % and the fmfBm when n = 2. For a detailed survey on the properties
of the gmfBm, we refer to [11, 12, 38].

The time-changed generalized mixed fractional Brownian motion is defined as
H,a H,a H,a
Lg® ={Lg", t >0} ={Z5", t >0},

where the parent process 77+ is a gmfBm with parameters H = (Hy, Ho, ..., H,),
a = (a1,a2,...,a,) and the internal process is the subordinator § = {8;, ¢t > 0}
assumed to be independent of BtH"', for k =1,2,...,n. If H = (%,0,...,0) and
a = (1,0,...,0), the process L?’a is called subordinated Brownian motion, it was

investigated in [26, 32]. Also, the process Lg’a, for H = (Hy,0,...,0) and a =
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(1,0,..,0) is called subordinated fractional Brownian motion it was investigated in
[22, 23].

Time-changed process is constructed by taking superposition of tow indepen-
dent stochastic systems. The evolution of time in external process is replaced
by a non-decreasing stochastic process, called subordinator. The resulting time-
changed process very often retain important properties of the external process,
however certain characteristics might change. This idea of subordination was in-
troduced by Bochner [4] and was explored in many papers (e.g. [1, 2, 33, 37]). In
recent years, the interest in subordinators and their hitting-times has grown fast
and has reached an increasingly large audience also outside the probability com-
munity, involving many areas of mathematics. The importance of Time-changed
processes arise in several applications in very different fields, among others: they
are scaling limit of continuous time random walks, they are useful to model anoma-
lous diffusion and fractional kinetics they appear in economics and mathematical
finance and recently also in neuronal modelling.

In the case H = (%, H,,0...,0) and a = (a1, as,0, ...,0), The time-changed mixed
fractional Brownian motion has been discussed in [10] to present a stochastic model
of the discounted stock price in some arbitrage-free and complete financial markets.
This model is the process

X{tt = Xgh exp{uBy + o Mg},

where p is the rate of the return and o is the volatility and g; is the a-inverse
stable subordinator.

The time-changed processes have found many interesting applications, for ex-
ample in [10, 18, 21, 30, 33, 35].

In this work, our main aim is to discuss the main properties of the time-changed
generalized mixed fractional Brownian motion by inverse a-stable subordinator
paying attention to the long range dependence property. As application we deduce
that (1) the fractional mixed fractional Brownian motion the time-changed by
inverse a-stable subordinator exhibits long range dependence property for each
H, < Hj, considered in [30] (2) the mixed fractional Brownian motion has long
range dependence property for each H > %

The paper is organized as follow. First we review the necessary background
of inverse a-stable subordinator, second we recall some properties of the gmfBm.
Next we study the long-range dependence property of the time changed generalized
mixed fractional Brownian motion by the inverse a-stable subordinator. Finally
we deduce some results of known fractional processes.

2. Preliminaries

In this section we review the necessary background of inverse a-stable subor-
dinator and we recall some properties of the gmfBm. Also we recall briefly the
commonly used definitions of long range dependence, based on the correlation
function of a process.

We begin by defining the inverse a-stable subordinator.
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Definition 2.1. The inverse a-stable subordinator 7% = {T}*, ¢ > 0} is defined
in the following way

TS =inf{r >0, n¥ > t}, (2.1)

where n® = {n%, r > 0} is the a-stable subordinator [34, 36] with Laplace trans-
form

E(e™") =e ™" ae(0,1).

The inverse a-stable subordinator is a non-decreasing Lévy process, starting from
zero, has a stationary and independent increments with a-self similar. Specially,
when o 11, T reduces to the physical time ¢.

Definition 2.2. A generalized mixed fractional Brownian motion of parameter
H = (Hy,H,,...,H,) and a = (a1,a2,...,a,), Hy € (0,1),ar € R,n € N* is a
stochastic process Z7¢ = {ZfH * ¢ >0} defined on some probability space by

z/" =" a B, (2.2)
k=1

where Bf’* are independent fractional Brownian motions of Hurst index Hy, € (0,1)
for k=1,2,...,n and aq, a9, ..., a, are real coefficients.

Below We collect some properties of the gmfBm. For proofs and additional
information on the importance of this process see [38] references therein.

Proposition 2.3. The gmfBm Z1e = {ZtH’a, t > 0} is a centered Gaussian
process with variance ZZ:1 a%tQH’c and covariance function
n
Cou(Bf', B = Zai[tQH’“ + &2 e |t — s|2Hr] st >0, (2.3)
k=1

N =

the gmfBm has stationary increments and they are uncorrelated if and only if
H; = % for all k. ZH:@ is also (cy, ..., cn; Hy, ..., Hy,) self-similar in the sense that

n n

—H H, H,
E :akck kBCk:Iz = E akBt "
k=1 k=1

in law. Z™® is neither a Markov process nor a semi-martingale, unless Hj, =
for all k.

1
2

Proposition 2.4. Z7:® ezhibits a long-range dependence if and only if there exists
k with Hy > %

Lemma 2.5. Let T be an inverse a-stable subordinator with index o € (0,1).
From [25, 27], we know that

e thopl

B(TY) = Tlat1) and E((T{")") = Tna+ 1)
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Lemma 2.6. Let T be an inverse a-stable subordinator with index o € (0,1) and
BH be a fBm. Then, by a-self-similar and non-decreasing sample path of T2, we
have

o 2H
H\2 _
E(Bre)” = <I‘(a + 1)) ’
Proof. See [21, 27]. O

Notation 2.7. Let X and Y be two centered random variables defined on the same
probability space. Let
Cov(X,Y)
E(X2)E(Y?)

denote the correlation coefficient between X and Y.

Corr(X,Y) = (2.4)

Now we discuss the long range dependent behavior of LTI{;H"’ (a,b).

Definition 2.8. A finite variance stationary process {Xy, t > 0} is said to have
long range dependence property [6], if >~ v, = 0o, where
Y = COU(Xk,Xk+1).

In the following definition we give the equivalent definition for a non-stationary
process { Xy, ¢t > 0}.
Definition 2.9. Let s > 0 be fixed and ¢ > s. The process {X, t > 0} is said to
have long range dependence property (LRD) if

Corr(Xs, Xs) ~ c(s)t™%, as t — oo,

where ¢(s) is a constant depending on s and d € (0, 1).

An equivalent definition given in [16].
Let 0 < s < t and s be fixed. Assume a stochastic process {X;, ¢ > 0} has the
correlation function Corr(X,, X;) that satisfies

c1(8)t™1 < Corr(Xs, Xi) < ca(s)t™@
for large t,d > 0,c1(s) > 0 and ca(s) > 0.
That is,
Corr(Xs, Xt)
t—i‘it = ¢(s)

for some ¢(s) > 0 and d > 0. We say {X;, t > 0} has the long-range dependence
property if d € (0,1) and has the short-range dependence property if d € (1,2).

limt%oo

Proposition 2.10. The inverse a-stable subordinator with index o € (0,1) has
long-range dependence property.

Proof. First we compute the covariance function using independent increment
property of subordinator. For 0 < s < ¢, we have

Coo[T&TY] = Cou[Td, (T —TY) — T2
= Co[T (TP —T8)] + Cov[TE, T
= Var[T{]
= c(a)s*
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Thus the correlation function is given by
Cov[Te, TF]
Var[T®]zVar[T®)z
Var[Ta}%
Var[T }%

Corr[T3 T =

Hence,

Corr[T®, T
l?:mt—)oo Orrgi‘; Pt 2 } =S

Therefore, the inverse a-stable subordinator {7, ¢ > 0} has LRD property. [

[e3

3. LRD of gmfBm time changed by inverse a-stable subordinator

In this section we will discuss the long range dependence properties of the
generalized mixed fractional Brownian motion time changed by inverse a-stable
subordinator

Definition 3.1. Let ZF% = {Z/"* t > 0} be a gmfBm of parameters H =
(Hy, Hs,...,H,) and a = (a1, az,...,a,), H; € (0,1), ar € R, n € N*. Let T* be
an inverse a-stable subordinator with index o € (0, 1). The subordinated of Z:¢
by means of T is the process L;I’ = {LTQ , t >0} defined by:

LT“ - T°¢ _Zal Ta, (31)

where the subordinator T is assumed to be independent of BH* for all k.

Remark 3.2. When « 1 1, the processes Bga degenerate to B .

Lemma 3.3. L;I(;a is not a stationary process.
The main result can be stated as follows.

Theorem 3.4. Let ZH: = {ZtH’a, t > 0} be the generalized mized Brownian mo-
tion of parameters H = (Hy, Ha, ..., H,) and a = (a1, a2, ...,a,), Hi € (0,1), ai €
R, n € N* with H, < Hy, fork =1,2,..n—1. Let T* = {Tf, t > 0} be an
inverse a-stable subordinator with index o € (0,1) assumed to be independent of
all fBm’s Bfx with Hurst indices Hy,. Then the time-changed generalized mized
fractional Brownian motion by means of T has long range dependence property
for every Hurst indices satisfying 0 < 2aHy — aH, < 1.

Proof. Let n € N*. Let T* = {T, t > 0} be an inverse a-stable subordinator
with index o € (0,1) assumed to be independent of all fBm’s. Let LZ:" be the
time-changed generalized mixed Brownian motion by means of the inverse a-stable
subordinator 7% with index « € (0,1). The process L?gxa is not stationary hence
Definition 2.9 will be used to establish the long range dependence property.
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. . H Ha .
Step 1: Let s <. The covariance function of Lps" and L7.." is defined by
t s
H,a H,a _ H,a r H,a H,a H,a
COU(LTta s Ly ) = E(LTta Lryé ) - E(LT;* )E(LTS@ )

by observing that E[Lﬁéﬂ =0,t>0. Then

Cov(Lya, L) = BE(LpaLyi)
1
_ §E [(left&a)2 + (Li&a)Q _ (Lg&a _ Li&a)Q
1 H,a H,a H,a H,a
= §E[(ZT{’ )2+ (ZT;‘ )2 — (ZT;y — Zrd )?]

1

- 5E[(Z axBLE)? + (D axBre)’]
k=1 k=1
1 n
S EI an(Bl: — BED)Y
k=1
Since BH* has stationary increments, then we have
1 1o
H,a tH,a H, 2
COU(LT;X s Ly ) = §E[(; akB Z akBTu - §E[(Z akBTt‘llis) ]

1 - H H H
= 5E[(Z apBE)? +2 Z ara Bt B

k£l
SEOakBrE)” +2() araBri BiL)]
k=1 k#l
—7E Z apBpt )*+2) apbiBrt Bih ).
k=1 k#l

By the independence of the fBms’ B,f{k for £k = 1,...,n and their independence of
the T, we get

E[BfBrd] = E[E(BM™ BT
— [ BB B rp (ar)
=0
where fre(.) is the distribution function of T}*.
Thus
B(LpLy) zn: % { (Br&)? + E(BpE)* — E(Bg;;)ﬂ .
=1

Using Lemma 2.6 we get
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n a2 et —g)™
PUELED = 3 Pl e s~ Garn™)
B n Cl tQ(XHk + S2()¢H;c _ (t _ S)QaHk]
- X AP

k=1
Hence for t > s, we have

n ai I:tQOLHk 4 8204Hk _ (t _ S)QaHk]
2|0 (o + 1)]2Hk

E(Lp L) = (3.2)
k=1
Step 2: Let s be fixed. Then by Taylor’s expansion we have for large ¢
ai t2aHk [20[ka + SZaHkt72aHk + O(tiQ)}

2[0 (o + 1)]2Hx t
aitZQHk

2[ (o + 1)]2H

B(Lys'Lyi") ~

M- 1:

[2aH, s + ()M +0(t7?)]
k

3l
-

ajas 20H,—1
2 (Ta + )P
Then for fixed s and large ¢, Lg&a satisfies

2
HayHa apas 2aH),—1
PUEIED ~ L s (39

Step 3: Let Hy < H,, for k =1,2,..,n—1. Using Egs. (2.4), (3.3) and by Taylor’s
expansion we get, as t — 0o

S ajos (2oH—1
k=1

Ha 7H, T(at+1))2"k
Corr(LTaa,L a) ~ - (La+1)) ; :
a; o a L
[Zk Tt aHk} [E(LT*)2]3
n—1 a as 200 a?as 2aH,—1
_ k=1 T Tt
= : :
lan|a2teHn n—1 aj 2¢2aH, —2aHn T 1
e | S0 ey +1] [BET))
a%a%stQ’lH’f_aH"_l |ay |2 steHn—1

fan Do+ D)2 [BLTVEE | ot 1) (BT 2]

Hence, for £k =1,2,...,n, we have
Corr(Lgaa, LH a) ~ ey (s)t2otmatn =1 4 o) (g)pHn =1, (3.4)

Then the correlation function decays like ¢t~ (21— (2eHx—aHn)) L y—(1—aHn)  Then the
time-changed process Lg;a exhibits long range dependence property for all Hurst
indices satisfying 0 < 2aHp — aH, <1 fori=1,...,n. (]
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Remark 3.5. Theorem 3.4 extends our result (2023), [30] for fmfBm to gmfBm and
it gives a sufficient condition for the long-range dependence property depending
on the Hurst indices H, ..., H,,.

4. Applications

As application we deduce the long range dependence properties for some known
fractional models.

Corollary 4.1. Let T® = {T%, t > 0} be an inverse a-stable subordinator with
inder o € (0,1) assumed to be independent of all fBm’s BHr. Let L?&“ be the

time-changed generalized mized Brownian motion by means of the inverse a-stable
subordinator T with index o € (0,1). Let s be fized and let t > s. Then

n a2t2aHk n 2 2aHy,

El(LHEe LH[,a 21 _ k ars
(5 = Ln) = 2 o s 2 o T 7
n ai [tQOLHk + SQOLHk _ (t _ 8)204Hk}

B k=1 [C(a + 1)]2Hx .4

Proof. Let s be fixed and let t > s. We have
E((Ly" = Lpa")? = El(Ly")?) + Bl(Lpa)?) = 2E[Ly" Ly’ (4.2)

Since E[L7:"] =0, t > 0 and
Cov[Lya®, L") = BIL7a L]

Then using Eq. 3.2 and 4.2 Eq. 4.1 holds and we have

( " ) i aitQQHk
Var(L;y) = —_r
T 2 Tla+ 1]
Also if t — 0o, we obtain

H,a H, o) aka 20H a‘ka 20H,
B[(LE — L) Taropmt Z RSV
k=1

n

_ agas 20 H,—1
22 a1 1) :

O

Remark 4.2. If (n=1) i.ea; =1 and ag = ... = a,, = 0 in Egs. (3.3) and (3.4) we
get
HoapHua Hy, pH, ast? i~
E(Lpa Lya ) = E(BTfBTg) ~ CEIESE as t— oo,
3 gpaH1-1
Corr(Le, LIb*) = Corr(BE:, BHY) ~ azs , ast— oo.
o T (Dla+ 1)ty JE(Bf)?

Hence we obtain the following result

57



E. MLIKI AND M. ALWOHAIBI

Corollary 4.3. The fractional Brownian motion time changed by inverse a-stable
subordinator with index o € (0,1) is of long range dependence for all Hurst index
H € (0,1).

Similar result as Corollary 4.3 was obtained in [22] ([23]) in the case of frac-
tional Brownian motion time changed by tempered stable subordinator (gamma
subordinator).

The case n = 2 and H; = 1 we obtain the following result proved in [1]

Corollary 4.4. The mized fractional Brownian motion time-changed by inverse
a-stable subordinator has long range dependence property for every H € (0,1).

The case n = 2 we obtain the following result proved in [30]

Corollary 4.5. The fractional mixed fractional Brownian motion time changed
by inverse a-stable subordinator has long range dependence for every Hy < Hs.

As application to the original process we obtain the following. .
The case of mfBm when n = 2 and H, = % Assume H = H,. Let H > %
When « 11, in Egs. (3.3) and (3.4) we have

limaﬁlCorr(Lg;a,L;If) = ()t 4 eo(s)t1, as t — 0.
Hence using Remark 3.2 and corollary 4 we can see that

Corollary 4.6. The mized fractional Brownian motion of parameters ai,as and
H has long range dependence property for all H > %
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