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A CENTRAL LIMIT TYPE THEOREM FOR A CLASS OF
PARTICLE FILTERS

DAN CRISAN AND JIE XIONG*

ABSTRACT. The optimal filter m = {m¢,t > 0} for a general observation model
is approximated by a probability measure valued process 7" = {n}*,t > 0}.
The process 7™ is the empirical measure of a system of weighted particles that
at time O consists of n particles. The particles branch at equally spaced time
instances jn 2% where j = 1,2,... and 0 < o < 1. We prove the convergence
of the process 7™ to m and derive sharp upper bounds for the mean square
error. We also prove a central limit theorem to characterize the convergence
rate of the approximate filter. A similar result is obtained for the unweighted,
unnormalized version introduced in [8]. As a corollary, we show that o = %
is the optimal exponent for that version.
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1. Introduction

The approximation of the optimal nonlinear filter by means of particle approx-
imations has been studied extensively in last ten years (see, for example, [5], [7],
[10], [12] and the references therein). The use of particle approximations stems
from the fact that the unnormalized filter can be approximated by a weighted
particle system. Since the weights have variances which grow exponentially fast,
the particle system needs to be corrected after small time steps to control the
error. At each time step, the particles will be replaced by a random number of
“offsprings”. The expected number of offsprings is the weight of the corresponding
particle decided according to its path during the period prior to that time step.

In the following, we will work within a very general filtering framework. Namely,
we will assume that the observation process takes values in a space of measures
(rather than the usual k-dimensional Euclidean space). In particular, the observa-
tion process can be given by a random measure in space and time. Moreover, we
will allow the observation and signal noises to be correlated. Let us now introduce
the filtering model in more detail.

Let (0, F, (Ft);>q» Fo) be a filtered probability space and (H, (,-) ), respec-
tively (Hl, (-, >H1) be two real separable Hilbert spaces such that H C H; and
the injection from H to H; is a Hilbert-Schmidt operator. On (Q, F, (F),~¢ ; Fo)
we define an F;-adapted d-dimensional Brownian motion B = { By, F, t > 6} and
an Fi-adapted H-cylindrical Brownian motion (H-c.B.m.) W = {W,, F;, t > 0}
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independent of B. We also introduce a d—dimensional stochastic process X =
{X¢, Fi, t > 0} (the signal process) which is the unique solution of the stochastic
differential equation

X, = Xo+ /Ota(Xs)st + /Ot b(X,)ds + /Ot o(X,)dW, (1.1)

and an Hp-valued stochastic process Y = {Y;, F;, ¢t > 0} (the observation process)
defined by the formula

Yt:/o h(X,)ds + W, (1.2)

where the coefficients ¢ : R4 — R¥4 p: RY - R? ¢: RY - R?® H and
h: R* — H are Lipschitz continuous maps. We are interested in approximating
the optimal filter 7, = Py(-|G¢), that is the conditional distribution of X; given
the observation o-field G; = o(Ys : s < t) (the information available at time ¢).

Particular cases of the above framework are the finite dimensional case (H =
H; =R™) and the filtering model

t
Xt:XO—I—/ O'(Xs)st-l-/ ds+/ / (Xs,u)W duds)
0

with observation
t
V(A1) :/ / (X, wp(du)ds + W (A1), ¥ AeBU)
A

where (U, B(U)) is a measurable space, y is a o-finite measure on U and W is a
Gaussian random measure on U x R, with intensity measure u. We can convert
this model to (1.1-1.2) by defining H = L2(U, i) and

w/ _/ /f W(duds),  VfeH.

Then W; is an H-c.B.M and the filtering problem is given by (1.1-1.2). In this
example, H; is the completion of H with respect to the norm || - |1 given by

115 =D )i
J
where {h;} is a complete orthonormal basis of H.
Let P be a probability measure given by

dP, T I
01— exp (/ h(X,)dY, — 5/ h(XS)|§,ds> , t>0.
F 0 0

dP
Using Girsanov theorem we see that Y becomes an H-c.B.m. under P which is
independent of B. The signal can be rewritten as

t t t
Xt:X0+/ o—(XS)dBS—i—/ b(Xs)ds—i—/ (X,)dY,
0 0 0

where
b(z) =b(x) — (¢, h) gy (x) and (¢, h) y (x) = (c(@), h(z)) 5 -
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By Kallianpur-Striebel formula, the optimal filter can be written as

_mwho _ <Vt7f>
(me, [) = B2 (f(X4)|Ge) = L1y Vfe Cb(Rd)
where
(Vi, [) = E(M (@) f(X¢)|Ge)
and

dM(t) = M (t)h(X}:)dY;.
As in the classical framework (cf, for example, [1]) one can show that V is the
unique solution of the following linear equation, called the Zakai equation

<v;,f>=<vo,f>+/0 <V8,Lf>ds+/ol<Vs,V*fc+hf>dYs- (1.3)

Next, we introduce the branching interacting particle system to be used to ap-
proximate the optimal filter. We start with n particles of weight % each at
al, i = 1,2,--- ,n (the initial position of the particles may be random). We
define V' = %Z?:l dzr and asume that, Pp-almost surely, lim, o, V' = mo in
Mp(RY), where Mp(R?) is the set of finite measures over the Borel o-field on R?
and the above convergence is taken in the weak topology.

Let § =6, =n"2%,0 < a < 1. At time t = 56, there are m7 particles alive. Dur-
ing the time interval (54, (j + 1)d), the particles move according to the following
diffusions: For ¢ =1,2,--- ,m7,

t t

xi)ds + [ c(xiav.,

t
Xi=X]s +/ o(X:)dB; +/
jé J jé

s
where B = {Bg, Fi, t > 0} are F;-adapted d-dimensional Brownian motions in-
dependent of Y.

At the end of the interval, the i-th particle (i =1,2,---,m) branches (indepen-

dent of others) into a random number f;» 41 of offsprings such that

E (&1l Fyens-) = My (X7
Var (5;+1|}—(j+1)6*) = 7 (X,
where
rn 7 MTL(XZ)
MF(XT) = 1 ”Z?—l n(ye
mr_, Lat=1 Mj (X°)
, 36 _ 1 99 -
M7 (X') = exp / h(XZ)dY;:—i/ |h(X{)|zdt |
(j—1)8 (j—1)8

To minimize 7', we take
oo { (317 (X°)] with probability 1 — {M}"(X")}
J [M}(X")]+1 with probability {M}'(X")}
where {z} = = — [z] is the fraction of . In this case
(XY = (M7 (XML~ {M(XD)}).
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The approximation to the optimal filter is then given by the process 7" = {n}",t >
0} defined by

1 .
= MIX ok, G5 <t < (G415,

i=1

where
. S . 1 s .
ap(xts) e ([ a5 [ nexia).
3o 3o

In the analysis that follows we will make use of an additional process V™ =
{V{*,;t > 0} defined by V;"» = ni'nf*, t > 0, where

M7 (X9, if ko <t < (k+1)6.

We will show that V™ converges to V.

In [6], the optimal filter is approximated by a particle filter 7™ consisting of
particles without weights but with the same motion law and branching mechanism
as those used to construct 7™, namely

R . .
= D Oxiry, S t<(j+1)8, (1.4)
i=1

In [8], another unweighed particle approximation V" = {V;",t > 0} was intro-
duced, an approximation not to the optimal filter but to the unnormalised filter
V. To obtain it, the conditional expectation of {; given F;s_ was chosen to be

M} (X") instead of M 7(X*) and the approximation was given by

N . .
v — EZ;(SX“”’ §o <t < (j+1)8. (1.5)

We would like to differentiate between unweighed particle filters such as 7™ and v
and the above weighted approximation 7. Since the particles that form 7™ have
both weights as in [18] and [19] and branching mechnisms as in [8] and [6], we will
call 7™ a hybrid filter. The approximation introduced in [5] is also a hybrid filter.
It differs from «™ through the choice of the branching mechanism (the number of
offsprings of the particles are no longer mutually independent so the total number
of particles stays constant) and the fact that the weights are normalised so that the
approximation is a probability measure. We have yet to understand the asymptotic
behaviour of the branching mechanism used in [5]. That is why we use here the
independent branching mechanism instead.

In the following we will prove the convergence of 7™ (and 7™) to 7 as n — oo
and study the corresponding convergence rate. It turns out that the best rate
cannot be achieved for 7', while it is achieved for ;" when o = %. Nevertheless,
the convergence rate for nj* when a < % is better than the optimal rate for 7.
We will prove this fact via a central limit type theorem in a modification of the
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Schwartz distribution space. Hence attaching weights to particles is certainly
advantageous.

As mentioned above, the limiting behavior of 7™ is shown via the convergence
of V™ to V. In particular, we prove that

lim E[ sup d(V;",V;)?] =0, (1.6)

n—0 ‘o<¢<T
where d(-,-) is a suitable distance defined on Mp(R9). This result is stronger
than, for example, the corresponding result in [8] where only the convergence of
E[d(V;", V})] to 0 is proved (supplemented with the tightness of the sequence {V"}
in D([0,7T], Mp(R%))). Also the model presented here is more general than in
any of the existing papers. The central limit theorem presented below is the first
result of this type for any of the particle filters enumerated above. In [10], [11]
and [12], similar results are proved for a class of unweighted particle filter which
uses a multinomial branching mechanism. See also [2] and [17] for central limit
theorems in the discrete time framework.

This paper is organized as follows: In Section 2 we prove the convergence of
the approximating filter V;"* to the optimal filter V;, for arbitrary, but fixed, ¢t > 0.
This preliminary convergence result is used in Section 3 to prove the stronger
version (1.6). Finally, in Section 4, we establish a central limit type theorem to
characterize the convergence rate of the approximating filter. The corresponding
results for 77 and V; are also briefly discussed.

Throughout this paper, we shall use K with a subscript to denote a constant
whose value might be different in different proofs.

2. Preliminary results

Hereafter we will denote by C}" (Rd, X ) to be the set of all bounded continuous
maps from R? to X with bounded partial derivatives up to order m, where X is a
Hilbert space. We endow C}" (Rd, X ) with the following norm

1llnoe = D sup [Dap(z)]y, ¢ €C (R X),

d
laj<m *€F

where o = (al, v ad) is a multi-index and D, p = 8?‘1 ...(%ldgo. Also let W (Rd, X)
be the set of all functions with generalized partial derivatives up to order m with
both the function and all its partial derivatives being p-integrable. We endow
wpr (Rd) with the following Sobolev norm

P

6l = | X [ 1Dap@P da

la<m

When X is clear from the context or X = R, we will drop it from the notation for
simplicity. The main tool for showing the convergence of V,* to V; for fixed ¢ is
the dual ¢ = {45, s € [0,t]} of the process V. The dual of V is the solution of the
backward SPDE.

{ dipy = —Lipeds — (V*hse + hips) dYs,  0<s<t

Yy = ¢ @1)
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where d denotes the backward Itd’s integral. Namely, we take the right point in
the Riemann sum when defining the stochastic integral. The same idea has been
used in previous papers ([5], [8], [6], etc.). The dificulty here is that the backward
SPDE (2.1) is driven by an H-c.B.m hence all classical estimates (such as those
that appear in Rozovskii [21]) are no longer available. We need to prove them
ourselves and we do so shortly. Further, because the correlation of the noises
(observation and signal), some of the estimates have to be carefully refined. Let
us define

)75 =Y, —-Y; 5 and f&s = s

Then {ts,s € [0,]} satisfies the following forward SPDE, written here in weak
form

d <w <p> = <1ﬁs, L*s0> ds + <1ﬁs, V* (pc) + h<p> dy (2.2)

with 1/;0 having density ¢ with respect to the Lebesgue measure and L* being the
adjoint of L. Using Theorem 3.4 from [18], provided a;; € CZ(R%), b;, c € CL(RY),
h € CP(RY) and ¢ € WP (R?), the SPDE (2.2) has a solution which is a measure
valued process with square integrable density for all t > 0. In particular ¥; belongs
to W3 (R?) for all s > 0. However we need here the solution of (2.1) to be a process
with values in CZ (R?). To achieve this, we show that v, € W3" (R?) where m is
chosen so that 2(m—2) > d and then use a standard Sobolev imbedding argument.
To fix the ideas, in the following we will choose m = [£]+3. We have the following

Lemma 2.1. Suppose that the following condition on boundedness of the deriva-
tives holds:

(BD): a, b, ¢, h, ¢€CPT2(R?) and ¢ € Wi (RY).
Then there exists a constant Ky independent of ¢ and s € [0,t] such that

Ell¢sll7 2] < K160, (2.3)

As a consequence s € C? (Rd) and there exists a constant K independent of ¢
and s € [0,t] such that

Ef¢s]13 0] < K1lll17, 2.

Proof. The bound on E[[[1)s]|3 5] follows from the same arguments as in [18]. Next,
we differentiate (smoothing out by a Brownian semigroup as in [18] if necessary)
both sides of (2.2). For simplicity of notations, we assume d = 1. Then 77!71 = Vi,
satisfies the following SPDE

A} = Lidlds + (V*dle+ exdl + e dY,

with initial V¢, where L; is a second order differential operator with bounded
coefficients, ¢; are bounded functions. Similar to the arguments as in [18] we can
prove that

Eflv: 113 2] < Kallgllf 5

The higher derivative estimates follow by induction. The last inequality follows
from the Sobolev’s imbedding theorem. O
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Let k6 <t < (k+1)d. Note that
<V;.n7¢> - <V0n7¢0> < tn7¢t> - <Vkrzbivz/}k5>

((Vi5,is) — E ((Vi5, je ) [ Fis— V Gjsr))

+

Mw

I
—

J

+

'M?

Il
N

( (< 36?1/’J6> ‘}-15 Vv G, t) - <V(?71)6>"/1(j71)6>)
J

= IM Iy +17, (2.4)
where G5 =0 (Ys —Y:: jo < s <t). Then

n
my

Mo > (MECC00X) — bra (X))

i=1

Iy

Iy = Z%a Z%a 5)(& — M} (X))

n n

k mj 1 1 m;_q .
Iy = Z Z Vjs(X ]5 ( )*77@_1)55 Z 1/’(3’—1)5()%_1)5)
j=1 i=1 i=1
k 1 mji_y _
= ZU@-Q&E Z (1/135( s)M ( ) Y(i-1)s (ij—l)é))-
j=1 i=1

The following lemma can be proved by adapting the argument in [4]. We leave
the details to the reader.

Lemma 2.2.
_ _ , (G+1)8 , _ ,
B8 (XE 15 M (XF) — 155X ) = / M)V o (X)dB,
J
(2.5)

By replacing (j + 1) and jd by ¢t and 0 respectively, in (2.5) i.e., take j =0
and § = t, we also get that

e (sxe [ noxgave— 4 [ moxas) 6.
(W0 (X0)60) = (7o, o)

The following theorem establishes the rates of convergence of the approximating
filter to the optimal one. For this we need to assume the following initial condition
of V™ (valid, for example, if V" consists of n independent samples from 7).

Vi, d)

(1): B[V, ¢) — (mo0,6) [* < Kan™!|¢]|f o and ¢ € CP(RY).

Theorem 2.3. Suppose that ¢ € C;"*(RY) N Wi (R?) with m = [2] +3, and the
conditions (BD) and (I) hold. Then there exists a constant K3, independent of ¢,
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such that
B[V}, 0) = (Vi 0) | < Kan™ = ||g]]2, o

Proof. First let us note that
(Vi",0) = Vi, 0) = I + I3 + I3 + ((V§", o) — (70, %0))

Since the control of the last term is immediate from (BD) and (I) it only remains
to control I7, I3 and I}. Via a straightforward argument similar to the one in [5],
one shows that there exists a constant K5, independent of ¢ such that

E((I3)?) < Kan™*E (m] (nj5)?) 16112, 2-
B () = BB ((n}0?) |7 )
= E (m?_l(nﬁs)z)
= E (m}ll(ﬂ@m)% <(77?5/77@1)5)2 |7:(j—1)5>>

2
"R (m?q(n(njfn&)z)

where the last inequality follows from

Note that

IN

1 mi_y 2
Efl = > MPXR) | 1 FG-ns
=1 k=1
R .
< o D B Fays) <€
=1 =1

By induction, we have E (m?(n%ﬁ) < KT, Hence, there exists a constant K,
independent of ¢ such that

E((15)?) < Kn Y[ |m,2. (2.6)

One also shows that

k
B(()?) <3 5 D wis(Xs) ) (X))

which implies, similarly as in [5], that there exists a constant K, independent of
¢ such that
E((13)%) < Kn~"=[@]|m,o-

The result follows after estimating I7* in a similar manner as 5. g
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In a similar manner one can treat the approximation 7" as defined in (1.4). We
define V;* = 7'ny* and can write that

(o) () = £S5 ot - st

+— Zfi)t ) (1= MP(X, 1)) ngs-

It can be proved that the second moment of the second term is bounded by
Kn=2%||¢[|2, 5. Therefore, we have

Bl < V76> — < Viyo > P <K (0707 va=2) g3,

The same inequality holds for the approximation V™ as defined in (1.5).

3. Convergence of V"

In this section, we study the convergence of V", regarding as a sequence of
stochastic processes. More specifically, we derive the convergence rate uniformly
for ¢ in an interval. First we observe that

t t
ViLn = (Ve )+ / (VI Lf)ds + / (V.Y fe + hf) dY,
0 0
+NM 4 N (3.1)
where

[L/3] - ™5 ((+1)8)AL
V*fo

n 1
Nl = Z;Z (X2)dBings
j=0 '~ i=1"30
[t/3] m7 1
Ntn’f = 27736 Z ]— j( NI ja)-
=1

N™f and N™f are uncorrelated martingales with quadratic variation processes

/o] . my

f 1 ((G+1)8)At ,
(N, = S [T e sty
=0 "= Jae
/9] myy ’
(FI) = SSE| | D6 - MO | 1 Fiee | ()
j=1 i=1
[t/9] 1 mi_a 4 ,
= Y D XD ) (3:2)
j=1 i=1

We need the following technical estimate.
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Lemma 3.1. For any f € CZ2(RY) with ||f||2,00 < 1, there exists a constant Ky,
independent of f such that

E (41 (X)L (X y08) s /1352 Fis )

~VERNX]) ~ sl PGV < K
where h, = ,,%;l Z;cn; Mf(Xk,r)h(Xff).

Proof. Let M?(t) = # Yoy MJ(XFR,t). Then )5 /nfs = MP((j + 1)8) and
by (20) in [9],
t
MMX't) =1+ /5 MMX'r) (MX})) = by, dYy — hydr) -
J
Similarly, we can prove that
AMP(t)? = 2M P (t)2hed Yy + M (t)?|he|dt.
By It6’s formula, we get
d (N @PPAXD) = MO (Rl P2 + LX) + 29 f2chy) dt
M () (2 (XD he + V" f2e(X])) dY;
+MP()?V* f2o(X})dB,.
Now we adapt the argument in the proof of Proposition 6 in [3]. Let F(z) =
{z}(1 — {z}). By It&’s formula, we have
7511(Xi)(77(73+1)5/77§%)2f2(ij+1)5)
(G+1)8 5 19 i - . - )
= [ R P D RO (L) (.
J
X (h(X}) = hy, dY; — hydt)

G5 o
[N @R PN (ORI ~ ufs

+QZ/

(j+1)8
E>1739

M (1) £ (X{)d Ly (k)
(G+1)8 R ) N _ ) ) _
+/ F(MMX )M} (t)? (|hel* £2 (X)) + LEA(X]) + 2V* f2chy) di
jo

](j+1)6 5 . . o .
[ RO 0R (2 XD+ V(X)) d;

jo

G+1)5 , . ,
+ / F(MMX' )M} ()*V* f2o(X])dB;
j6

(G+1)s ) B ) B )
+ / DD P (X )N (X )
J
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X (M(X}) = he, 2f(X )by + V¥ f2e(X})) , di

i=1
where D™ F is the left derivative which is bounded by 1, and Ly(k) is the local
time at k for the semimartingale M]T‘(Xi, t), 70 <t < (j+1)d. Note that

(G+1)8 ) N )
E(L|F) = E( [ oo FaL )
)

(G+1)s oo - , )
< B( [ M OPI o N X D2
J

X MPMX ) (W(X]) = hy, —Tydt)

fj5> < K.

Similarly, we can prove that E (I + I7|F;5) < K§. Further, we have that I <0
and that E (I5 + Is|F;s) = 0. Thus, we only need to deal with I3. Similar to the
proof of Proposition 6 in [3], we can show that

(G+1)s '
E Z/ M7 () f2(X)dLy (k)| Fjs | < K6.
k>2739

Thus we only need to deal with the first term in the sum for I3. Note that

G+1s , ,
[ @RI = Lians (DX
J

(G+1)6 , ) )

- /.5 (Mf(t)QfQ(Xé) - f2(X;5)) dLy(1).
j

It is easy to prove that

. . 2

u«:( swp [N ORRCK) - O \fﬁs> < Ko
Jo<t<(j+1)s

and that EL(;41y5(1)* < K6.. Hence,

G+ , ,
E ( [ @R PODIL) - LD (X
J

fjg) < K.

By Ito’s formula, we have

(G+1)8 ‘ L _
/ M]”(Xl,r) <h(X},) — h.,dY, — hrdr>H
I

- M;(XZ)A‘

(+1)3 o o L ,
/ sgn (Mj”(X",t) - 1) M (X ) (W(XE) = oy, dYy — Bypdr)
I

+2L(]+1)5(1)
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Thus,
E (2L(j+1)5(1)|Fj5)

“

(G+1)8 _
= E \/27r1\// |h(XE) — he|%dr| Fis | + O(6)
jo

(G+1)6 )
/ NI (X ) (A(XTE) — By, dY, — h(X,)dE)
3o

75> + 0(5)

= V2r1h(Xls) — hyjs|r Ve + O(6).
Here O(9) represents a term which is bounded by K¢ for K being a deterministic
constant. ]

We define now the following distance on the space of finite measures
d(vi,v2) 22 P = v, i) [ A )

where fo = 1 and for k > 1, fi € O;”H(Rd) N W H2(RY) with || fillmra.co < 1
and also || fx||2,m+2 < L.

Theorem 3.2. Suppose that the conditions (BD) and (I) hold true and, addi-
tionaly, that h € C;""?(R%) N W (R?). Then, there exists a constant K5 such
that
Esup d(Vy", Vi)? < Kn 0=,
t<T

Proof. Note that

Esupd(V;", V)2 <> 2° (Esup (V" = Ve, i) A >+Esup<v ~ Vi, 1)? (3.3)

t<T k—1 t<T t<T

and
Baup (V7' Vi /) < KE(F = V0.) +K/ VL) d
t

+K/ E (V) — Vi, V* fe+ hf) 2, dt

[T/35] (G+1)6)At '
HRE S o Z / IV o) Pds(y)?

T/5 mn 1

+KE Z Z (X F(Xs) (nf5)*. (3.4)

Following condition (I), the first term is bounded by Kn~!. Next, by Theorem
2.3, we see that the following two terms are bounded by Kn~(1~%) Note that
(T/4]
4th term < K Z ﬁE (m}L(n%)Q) < Kn!

Jj=1
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By Lemma 3.1, we have

mn

[T/6] j—1

5th term = KEZ ZE( F2( ;5)(77;5)2'?@_1)5)

T/a]
< K \[E( (n;gf)gKn—(l—@).

3=0
To complete the proof we consider the last term in (3.3). Taking f = 1 in (3.4),
we get

T
Esup (V" - V;,1)? < K/ E (V)" — Vi, h) [ dt
t<T

n

[T/5] . ™

+KE Z Z 7i (X 77J5 . (3.5)

It is clear that Lemma 3.1 remains true Wlth f =1, and hence, the second term
of (3.5) is bounded by Kn~(1=®), By Theorem 2.3, we get that the first term of
(3.5) is bounded by Kn~1~%)., The conclusion then follows by plugging all the
above estimates back into (3.3). O

Remark 3.3. For the case of 7}, the jump at (j + 1)d is

n

n 1 < i n;ﬂ(s
n(j+1)55 Z (534,_1 6X€j+1)5'

i=1 (J+1)
Write
) 777?5 n i M”(XZ) —
§j+1 - nJ = ( J+1 M (X )) + 1 ]m’.‘_l & .
MG+1)6 mT_leil MJTL(X )

Then the new N™/ can be written as two terms. A careful estimate of the second
term leads to the bound Kn 2. Thus, we have

Esupd(V;",V;)? < K (n*%‘ Y n*(lf‘)‘)) .
t<T
The same inequality holds for Vt"

4. A central limit type theorem

In this section, we prove the exact rate of convergence by a central limit type
theorem. For « € (0,1), let

Ur=n=(V"-V,), t>0.
By (3.1) and Zakai equation, we have
t t
UE ) = U8 +/ W2, Lfyds+ [ U2V feth)ay.
0 0

SN N (4.1)



116 DAN CRISAN AND JIE XIONG*

Let &' = U2 ,®@_j be the dual of the nuclear space ® defined on page 333 in
[20].

Theorem 4.1. There exists k such that {U™} is tight in Dg_, [0, 00).

Proof. For u < €, we have

E (U, - UF, f)° ]ft) <E (i C}’"(e))

where (" (e) = [/ (U, Lf)* ds, (7" (e) = [T (UR, V* fe+ hf)? ds and

T (GEDAL

G = altr Y V" fo(X0)[Pds(n)s)*

SM‘H

Cj?’n(e) = n'™® Z ) V(X A (XEs) (nfs)?.

t<jé<te i=1

Similar to the previous section, we can show that

4
Ao E (Z <}’”<e>) =o0.

i=1
As in the proof of Theorem 3.2 there exists a constant K such that

Esup (U — U, f)? < K,
t<T
which implies the compact containment for {(U]", f) : n > 1, ¢ > 0}. By Remark
8.7 (p138) in Ethier and Kurtz [13], we get the tightness of (U™, f) in Dg[0, 00). As
in the proof of Theorem 3.1 in Kurtz and Xiong [20], applying Mitoma’s theorem,
we get the tightness of U™ in Dg_, [0, 00). O

It is easy to show that nkTaNZL’f — 0. On the other hand,

[t/9] j—1
—« rn —a 1 n 1 % n
<n(1 )/2N 7f>t = nl m E 'Yj(X )f2( jé)(njé)Q
Jj= i=1

n
mj7

;1 E <'7§L(Xi)f2( ;5)(77?5)2‘7:(3'—1)6)

§

. [t/d] 1
= n ﬁ
7j=1
- [t/d] 1
+n F
Jj=1 i=1

“E <7§L(Xi)f2( }a)(n?g)Q‘}“(j_l)g)). (4.2)

n
mj_l

(ﬁ(Xf)f% £ ()
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By Lemma 3.1, the first term satisfies

[t/s] . my

nlinéonl “Z Z \/7h (X{5195) — i sl r Vo f? (X{-15) (5 _1ys)”

[t/d]-1
= lim \/7 (Vis,|h = hys|m £2) 6 (Vj3,1)

\f/ (Vo |l = bl 1) (Vs 1 dis
Note that 7(X*)* < 4}(X*) and

AMP(t)* = AN () hed Yy + 6M 7 (t)* | he[*dt.

Similar to Lemma 3.1, we have

n \2 n n 4
E (’Yj'(X ) (77]‘5/77@71)5) ‘f(jl)é) < KVs.
Hence, the second moment of the second term on the right hand side of (4.2) is

bounded by

[t/4] mj 2

n?t= ‘”ZE Z VXD LX) (nfs)?

IN

[t/d] n 2 my_
o mj-1 1
LAl n20 ZE ( ) - Zvj ()

mj— =1
< K ?T°E (< P s)*) -
Finally, we estimate E ((m}’)Q(n}%)‘L) recursively as follows

E(mm2(5)") = E (]E ((m}‘)Q(nﬁs)“ fj&))

n 2

j—1
= E|()'E| Y ¢
=1

Fis-

IN

E 77]5 m;l 1 Z E ( fj )
< E((nf5)"(mj_1)*(1+ K9))

< (1 K0 E ()2 (1))
Thus, by induction, we have

E ((m?)2(n}5)") < (1+ K8y K902 < Kn?.
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Combining the estimates above, we get
Lemma 4.2. As n — oo, we have
nlfTaNt”’f — 0 and nlfTaNt”f — M/

which is a martingale uncorrelated to W and Y such that

Mtf>t = \/g/o (Vi, |h = msh|g f2) (Vi, 1) ds

Further, there exists a space-time white noise B(dtdzx) (independent of W and Y
such that

f_4z t ) —T S, T x sSax
M= {2 [ [ R R G e Ve T ) B,

where V (s, x) is the density of the measure V.

Summarizing, we get

Theorem 4.3. U™ = U which is the unique solution to
t

t
U f) = <Uo,f>+/0 <Us,Lf>ds+/O (U, V* fe+ hf) Y,

J2 [
+\/;/0 g V@) — msh| gV (s,2) (Vi, 1) f (z) B(dsdz). (4.3)

Proof. By Theorem 4.1, we can take U being a limit point. Without loss of
generality, we assume that U" = U. By Lemma 4.2, it is easy to show that U
satisfies (4.3). To prove the uniqueness, we take another solution U of (4.3) and
define Ut U; — Ut. Then Ut satisfies the following homogeneous linear equation

(O 1) = /Ot (O, Lf)ds+ /Ot (00, V" fe+nf ) dYs.
Similar to Lemma 4.2 in [20] we get U = 0. O

Now we give some details on how to deal with the branching particle filter f/t"

In this case, there is an extra term S7/ = Zl 1 J7(t) where

(5+1)8 _ _ _ _
S / MOX XX - F(Xig))aYe

j=1 11

(J+1)5

t/8]—
Z X', 8) — 1)Lf(X0)ds
[t/d]

[t

,5) = 1)V* fodBy,

/(J+1)5

-
bl (G+1)8 , 4
Z Z [ O~ ) ey,

i=1
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[t/0]-1

i r(+1)6
B0 = % S [ M) e (X

i=1 g

//V"Vfch>>

and
[£/8 1 | ™5 1) . , , ¢

B =3 23 [ M X Y. ~ [ b ay
=1 i=1J

To deal with this term, we need the following

Lemma 4.4. Let
W, () /\/25 vk - %(S))dyf() k6 =1,2,

where Y*(t) = (Y (t), ex); and {ex} is a CONS of H. Then, as§ — 0, W2, — Wi,
and Wiy, k, € > 1 are independent Brownian motions which are independent of Y.

Proof. We adapt the proof of Lemma 5.2 in Kurtz and Xiong [20]. It is clear that
ngea k,f > 1 are uncorrelated martingales and

t 2
Wil = [t (vEvk) s

[t/5] 1 Yk Yk 2
— 25~ /&— (%) sds — t.
S

For g € H, we have
(WR,Y (9)] = V20— 1/ vl — (s)) ds{(g,ee)y — 0
and the lemma follows by the martingale central limit theorem. O

We can define an H ® H-c.B.m W, by
WeROee(t) = Wie(2).
Note that
O =) = [ Lraar+ [ v folxii;
J J

+/ V* fe(X1)dY,.
jo
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Approximate X}, jo <r < (j+1)d, by X}, we have

[t/91— m (J+1)6 . ) s )
n'/? Z Z / M (X", s)h(X) / V* fe(XD)dY,dY,
|, s

0

[t/tﬂ*l mj'

© Y LSS e, (T (X e,

j=1 i=1 k=1

x\/g (W2 (G + 1)8) — Wiy (§6))

1 t
— Vs, h @ V* fc) dW,
- 5/ o

Similarly, we can prove

/ [t/‘s]_ll (G+1)8 s
nl/3 - / Mﬂ(Xivs)h(Xg)/ f/f(Xi)drdYs —0
jz::l n; Jé ! jé
and
[t/8]—1 m" (j+1)5 . ‘ . | |
n'/? Z Z/ M}L(Xz,s)h(X;)/ V* fo(XD)dBidY, — 0.
i=1736 jo
Hence
n B () / (Vi h @ V* fc) dW,

By the same arguments, we can prove that
1 t * T e
nl/BJin(t)—) ﬁfo <V5,h®v fC>dWS, 1f7,_4, 6a
0, ifi =2, 3, 5.
,From the discussion above, we get

Proposition 4.5.

t
ns sl 8f = %/0 Vo, h @ V* fc) dW,

Now we state the central limit theorem for a = %

Theorem 4.6. For a = %, we have n3 (V" - V) — U which is the unique

solution to
t

UL f) = (Uof)+ / (Us Lf)ds + / (U V" fe + hf) dY,
0 0
t
+i/ (Vs h @ V* fe) dW,
// 2 Y4/ (@) gV (s, z) f (x) B(dsdz).
Rd
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Remark 4.7. If a > %, then n =" (V" — V;) converges to a non-trivial limit char-

acterized by an equation above without the term next to last; if a < %, then
n"‘(f/;" — V;) converges to a non-trivial limit characterized by an equation above
without the last term. Same result holds for V.

Finally, we convert the convergence result to that for the optimal filter.

Theorem 4.8. n'=* (m}r —mt) converges weakly to a process (¢ which is the unique
solution to the following evolution equation:

d¢; = (G, Lf — (m(V*fe+ hf) —mifmeh) h) dt
+ <<t, V*fc + hf — fﬂ'th — h7th> dl/t

o /Rd(f )@ = mhl e (t, ) B(dtdz)

where dvy = dYy — my(h)dt and w(t,z) is the density of the probability measure .
Proof. 1t is easy to show that
2 (= m) = (Vi) Op — (V) T UR Y

which converges to ¢, = (V;1)™! (U, — (Vi1)"'U1V,) . Let n, = (V;1)7'U;. By
1t6’s formula, we have

d(m, f) = (e, Lf)dt+ (e, V" fe+ hf — freh) dvy
+V 27T*1/ L\/‘h(x)fﬂthV(t,x) (Vi, 1) f () B(dtdz).
Rrd Vi1

By applying It6’s formula again, we get the equation for (. (Il
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