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SCHRODINGER OPERATORS ON THE WIENER SPACE

ICHIRO SHIGEKAWA*

ABSTRACT. We discuss a Schrodinger operator on the Wiener space of the
form L — V, L being the Ornstein-Uhlenbeck operator and V' is a potential
function. We determine the domain of L —V and show the spectral gap under
the assumption of exponential integrability of the negative part of V.

Recelved: 03rd March 2017 Revised: 14th April 2017 Accepted: 10th September 2017

1. Introduction

We consider a Schrédinger operator 2l = L — V' on an abstract Wiener space
(B, H, ). Here L is the Ornstein-Uhlenbeck operator and V' is a scalar potential.
Our goal is to determine the domain of L — V. To be precise, we will show that
Dom(2) = Dom(L) N Dom(V') under a suitable condition.

This kind of problem was considered in the context of scalar field of quantum
field theory. Essential self-adjointness was discussed by Segal [5], B. Simon [10] and
others. Issues of determining the domain and the spectral gap was considered by
Glimm and Jaffe [1], Simon and Hgegh-Krohn [11], etc. Their methods depend on
the hypercontractivity but we use logarithcic Sobolev inequality, which is known
to be equivalent with the hypercontractivity. To determine the operator domain
we use the intertwining properties of operators.

The organization of the paper is as follows. In §2, we discuss the essential
self-adjointness of a Schrodinger operator. We use the perturbation theory and
the logarithmic Sobolev inequality. We also give a refinement of the logarithmic
Sobolev inequality in terms of the generator itself. In §3, we determine the domain
of the Schrodinger operator. The intertwining property of operators plays an
important role. Last, in §4, we discuss the spectral gap of the operator.

2. Essential self-adjointness

We first fix notations. Let (B, H,u) be an abstract Wiener space, i.e., B is a
Banach space, H is a Hilbert space imbedded in B, and u is the Wiener measure
with the characteristic function

) 1
/ ez(m,tp>’u(dx) — exp{_ihpﬁ_]*}, p e B*C H*. (21)
B
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Let FCg° be the set of all functions f: B — R such that there exist n € N,
F € C§°(R™) and ¢4, ..., ¢, € B* with

We suppose that a Schrodinger operator L — V' is defined on L?(u), where L is
the Ornstein-Uhlenbeck operator, and V is a scalar potential. We first consider
when L — V is essentially self-adjoin on FC§°. To do this, we use the theory of
positive generalized function (see, e.g., [3]). We denote the L?-norm by || ||z and

the operator norm by || ||op- We divide V into the positive part Vi := max{V,0}
and the negative part V_ := max{—V,0}. We have the following

Proposition 2.1. We assume that V, € L**. For the negative part, we assume
that there exist 0 < a < 1, b > 0 such that

IV-£ll2 < allLfll2 + bl f|2- (2.3)
Then —L 4V is essentially self-adjoint on FCF°.
Proof. From (2.3), we have
V(e = L) fll2 < af| L(c = L) fll2 + bll(c = L) " f]]2-

Further, by using the spectral decomposition, we have ||L(c — L) |lop < 1, ||(c —
L) !|op < 1/c and thereby

b
IV-(e= D)7l < (a+2)I1f1l

Take c to be large so that a + 2 < 1. Since L is symmetric, we also have ||(c —
L)7'V_|lop < 1. From the assumption Vi € L**, we can take p, p’ > 1 so that
Lyl +5=1landV, €LV

c¢—L+V is clearly well-defined on FC§°. To prove the essential self-adjointness,
it suffices to show that

Ker(c— L+ V)" ={0}. (2.4)
Now we take any g € Ker(c — L+ V)*. Then we have, for all f € FC§°,
(c—L+V)f,g) =0, 25)

Let ¢’ be a conjugate exponent of p’. Then Vg € L7, By noting that FCg§°
is dense in Fj,, we can see that (2.5) holds for all f € Fo,. Let {I}} be a
semigroup generated by L — c. Since F3, is invariant under T3, we have, for all
f S fQ,p’;

Tifa) =)= [ EOfods= [(L=oTpgds = [ (s vaas

Recalling that F5 , is dense in L*" and using the continuity, we have

t
(. Tog) — (f.g) = /O (T.f.Veyds, VfeLV.

In particular, taking u € (Fa )4, f =usgng € L', it follows that

(usgng, Tog) — (ug]) = / (T (usgn g), Vg)ds.
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Since the semigroup {7};} preserves the positivity, we have
(u, Telgl) > (u,sgn g Tig)

and therefore
t
(w Tilgl ~ (wlgl) = [ (Tu(usgng), Vo)ds.
0
Dividing the both hand by ¢ and letting ¢ — 0,

(u, (L = ¢)|g]) = (usgng,Vg) = (u, Vl]gl) = —(u, V_|g]).

Here (L — ¢)|g| is regarded a generalized function as an element of F_g .. Since
the identity above holds for all u € (F2 )4, it follows that (L — ¢)|g| + V_|g| €

(-7:—2,q’)+-
On the other hand, for f € F3 2, we have

[(Volgl 1)1 = (gl V=) < llgll2lV-fll2 < llgllz(allLfll2 + Bl fl2)-

Then we can see that V_|g| € F_g5. The same is true for (L — ¢)|g| and hence
we have (L — ¢)|g| + V_|g| € F_2,2. Now, using [3, Proposition 3.5], we can get
(L —¢c)|g| + V_|g| € (F-2,2)+, which means

(c=L)lgl <V_|g| inF_zs.
Since (¢ — L)~! preserves the positivity, we have
9] < (¢ = L)"'V_|g|
and further
lgllz < ll(c = L)~ V_lglll2 < [I(c = L) V_]lopllgll2-

Since ¢ was chosen so that ||(c — L) ~'V_||op < 1, we have g = 0. This shows (2.4)
and the proof is complete. O

We now have to give a sufficient condition for (2.3). To do this, we make use of
the logarithmic Sobolev inequality. It is usually written in terms of bilinear form,
but the generator itself is involved in our case. So we have to rewrite it a bit.

In general setting, the (defective) logarithmic Sobolev inequality for a Dirichlet
form & is written as

/B P log(f1/1fll2) di < aE(F. £) + BILFI- (2.6)

Here (B, 1) is a general measure space. We also denote the associated generator
by L (not specify to the Ornstein-Uhlenbeck operator. For the Dirichlet form &,
we assume the local property and the existence of square field operator, i.e.,

E(f.g) = /B I'(f.9) dp (2.7)

and I' has the derivation property. In the case of an abstract Wiener space,
T(f, f) = |[Vf]?, V being a gradient operator. We have the following theorem.
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Theorem 2.2. Assume that the logarithmic Sobolev (2.6) holds. Then, for any
€ > 0, there exist positive constants Ky, Ko such that

[ #1082 < @2+ LI + Ko+ Kal 13 (28)
B
Proof. Let k be a function on R such that k is a concave and even function of class
C? with k(0) = 0 and

k(z) = zlog*? x, x >e.

Since k' (x) = log"/? z + we have

1
2logl/2 2’
log k(z) = logx + log logl/2 x,

1
K(x)> =logw + —— +1

4logx
Hence
K'(x)? < logk(x) (2.9)
for sufficiently large . We also note that
1
k(z)k' (z) = sr:(§ + log \x|> (2.10)

for |x| > e. By the logarithmic Sobolev inequality (2.6), we have

[ *1oglsldin < ~a [ gLadu+ Blgl} + lglB 1o gl
B B
Set g = k(f). Then, by the local property of &,
Lg =K (f)Lf+E"()T(f, f)-
Hence
| 1oz k() dn
< —Oé/B k(DK (FLF +E" (AT, Y du+ Bk + [R5 1og 1k(f)]l2
< oz/Bk‘(f)lk'(f)HLfldu+ﬂ||k(f)H§ + 1E(NI3 log [[E(f)]]2-

Now, for large x, by using (2.9),
k(x)%log k(x) > k(z)2k ()2
For small x, by taking C; > 0 large enough, we have

k(x)*logk(z) > k(x)%K (z)* — C).
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Combining them gives
[ R an -
B
< [ KPP 1ogk() dn
B

Sa/Bk(f)\k’(f)llLfldquﬁllk(f)H%+ 16113 1og [1E(f)1l2

1 , a?
<5 [ KOG du+ 5 [ 100 d

+BlECHIE + B3 log [[E(S)]l2-

Here, in the last line, we used the inequality ab < $(a? + b?). Thus

/Bk(f)zk’(f)zdu <201+ aQ/B \LfI? dpe + 26| k() + 20Ik()]13 1og [E(Sf) ]2

Recall that k(z)k'(z) = z(3 + log |z|) for large 2. Then, by changing constants,

we have
1 2
/Bf2(§+10g|f|) du
SC2+a2/BILf\Qdqu?ﬁllk(f)H%+2H/€(f)||§10g||k(f)llz.

Again, by changing constant, we have
[ 108t \fldn < Coa® [ LI dut 28 KOIE+2ARDIE oz [ - (210

The essential part has been done. Therefore, it remains to estimate ||k(f)||3 and
&(f)I|3 1og ||k(f)]|2- We first need to compute ||k(f)]|3.

k()13 < E[f*log, |f[] + Ca.

Here we denote the integral with respect to pu by E[ |. We use this convention
from now on. We may assume C4 > 1. If r > 1, then log(z + r) < log, x + log 2r
(x > 0). Therefore

k()13 log [[k(f)ll2 < E[f*1og, || + Ca]log B[f*log | f| + C4]
< E[f*logy |f|+ Cal{log E[f*log, | f]] +log(2C4)}
< 2E[f2 10g+ |fH 10g+ E[f2 10g+ |f|] + Cs.

By the Schwarz inequality,

E[f*log, |f[] = E[f - flog, |f]] < {E[f*E[f*log?. |f[]}'/2.
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Combining this with the inequality zlog, z < %2 leads to
E[f*log, |f[]log, B[f*log |fl]
< {E[f)B[f*10g% | FI}'/*1og {E[f*| E[f*1og | ]}/
< {E[f*)E[f*1og} [ F1}*/*
= B[f*PPIE[f*1og? | £1*/".
Further, by using the inequality

s

vy < T+

Wl

we have, for § > 0,

MFP+#“MﬂmﬁUH

1

E[f2 10g+ | f1] 1og+ E[f2 10g+ If1] <

Then, for any € > 0, there exist constants Cg, C7 such that
k()13 10g [Ik(f)ll2 < eE[f*log} | f[] + Co + C7E[f*].

We can estimate ||k(f)||3 in a similar way. By combining this with (2.11), we can
get the desired inequality. O

Set ®(z) = xlog? x. Then
¢(z) = @' (z) = log” = + 2log, .
Further
o(eV" ) =,
which yields that the inverse function 1 of ¢ is given by
o) = eFHL

From this, we can easily see that i(z) < eV®. Let U be an integral of ¢. @ is
called a complimentary function. ® can be estimated as

mm=£ﬁww<élﬁ@=43wmﬁmy

1
=2/zeV® — / —eVidy < 2y/zeV®.
0o VY

Thus, by the Hausdorff-Young inequality, we have
zy < ®(z) + U(y) < zlog? =+ 2\/yeV? (2.12)

Now we are ready to give a sufficient condition for the inequality (2.3) by means
of the logarithmic Sobolev inequality.

Theorem 2.3. Assume the same conditions in Theorem 2.2. Suppose that a
non-negative function v satisfies

e et =] I (2.13)

p>2«
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Then, there exist positive constant a < 1 and b such that

[vfll2 < allLf[l2 + bllfl2- (2.14)
Proof. Take € > 0 so that ¢¥ € L>(1+29)@ From the inequality (2.12), we have

4(1 +¢)2a?|jof||3 = E[4(1 +)*a®v? f7]

< E[f? 1og2+ A4+ E)av62(1+5)““]

< A4E[f*log? f] + 4(1 + )aE[ve?+e)av],
Now the inequality (2.7) leads to
41+ 2)%a?|[vf(I3 < 40*(L+ ) ILFII3 + 4Ky + AE[|f|§ +4(1 + e)aBlve*Fo)o),
By taking f/||f]|2 instead of f, we have

vf||3 Lfl|?
A1+ epa2 1B L
2

||f|| = ( ) 1 11(2 4(1 + E)a 7.)62(1 ’E)Ot’U
2 E
Ihus

(I4+¢e)2a? (1+¢)a

1
fIZ < ——|LfI2 +{

< Bluct+2 b,

Taking the sqaure and using the inequality /= +y < /2 + /y, we have

1 K1 + Ks 1 ) 12
< L E (14e)av
||Uf||2 = m“ f||2+{(1+8)2a2 (1+€)Oé [U@ } ||fH27
which is the desired result. O

On an abstract Wiener space, it is known that the inequality (2.6) holds for
a =1, =0 (Gross’ inequality):

[ 1reoss1/10t dn < [ 1952 d (215
B B

Now, using the previous result, we have

Theorem 2.4. For a Schrédinger operator L — V' on an abstract Wiener space
(B, H, ), assume that V., "= € L?>T where V, := max{V,0}, V_ := max{-V, 0}.
Then L —V is essentially self-adjoint on FCF°.

3. The domain of a Schrédinger operator

In this section, we consider an issue of the domain of a Schrédinger operator of
the form A =L — V 4+ W. In §2, we have decomposed the potential into positive
part and negative part. Here we decompose the potential as follows:

(A1) V>1and V € L?F.

(A.2) W is non-positive and there exists a constant 0 < a < 1 such that e
LA/,

W e
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Though the way of decomposing the potential is different from the one in previous
section, it is not hard to see that we can apply the result of §2 and so we have
that 2 = L — V + W is essentially self-adjoint on FC§°. We fix the constant « in
(ii) throughout this section. We only remark that « can be chosen as close as 1.

To determine the domain, we use the intertwining property of operators; to be
precise, we make use of an operator A satisfying

VVA = AVV. (3.1)

Let us give a definition of an operator A. Assuming the differentiability, we define

a vector field b by
vv 1
We further define a bilinear form as

Ea(f.9) = (Vf,Vg) +(b-Vfg9) = (f,b- Vo) +((V-W —[b]*)f.9).  (3.3)

Note that this bilinear form is not symmetric. By the following formal computation
an associated generator is given by
A=L—-2b-V+ Vb=V +W+[b?). (3.4)

We remark that this is not a rigorous expression because we do not assume the
differentiability of b and so V*b is not well-defined. (3.4) is merely a formal
expression. A is defined through the bilinear form (3.3).

We now give an sufficient condition so that £4 defines a closed bilinear form
whose symmetric part is bounded from below. The problem is what kind of regu-
larity of b should be imposed. We consider the symmetric part and skew-symmetric
part separately. The symmetric part is given by

and the skew-symmetric part is

Ealf.g) = (b-Vf.g)— (f,b-Vg).
We denote a bilinear form added by A times the inner product of L? by

Ea-n(fr9) = (VL,V9) + (V=W = b]*) f.9) + A(f. 9)-

We first consider the symmetric part (Vf,Vg) + (V. — W — |b]?)f, g). We use
a general theory of perturbation: the KLMN theorem for bilinear form (see, e.g.,
Reed-Simon [4, Theorem X.17]). We regard W +|b|? as a perturbation of a bilinear
form associated to L — V:

E—v(f,9)=(Vf,Vg) + V[ g).

The domain of this bilinear form is Dom(V) N Dom(v/V). Tt is well-known that
this form is a Dirichlet form.

Though there are many ways to give sufficient conditions, we restrict ourselves
to typical ones. One of them is

WHIEI® ¢ p2/e (3.5)
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The other is that there exists a constant C' > 0 such that
|b|2 <aV +C. (3.6)
Then we have the following

Proposition 3.1. In addition to (A.1), (A.2) we assume that either (3.5) or (3.6)
1s fulfilled. Then there exists a constant 3 such that

and hence
(I —a)er—v(f, [) <Ealf. /) +B(f, /) <A+ a)er—v(f, [)+B(f [) (38)

Therefore €4 with the domain Dom(Er_v) = Dom(V) N Dom(vVV) is a closed
bilinear form that is bounded from below.

Proof. First we assume (3.5). By the logarithmic Sobolev inequality (2.15) and
the Housdorff-Young xy < xlogx — = 4 €Y, we have

(2/a)(W +b) £, £) = (2/@)ELW + [b*) )
< E[f*log f°] = E[f*] + B[P/
<2E(VSP]+ 2013 1og 17113 = 7113 + Ble> PO/,
Multiplying the both hand by «/2, we have
(W + )£, ) < aBIV 2] +allf[31og 113 — SI1£13 + 5 Bl 1P/,
Take f/||f|l2 instead of f. Then we get
(W + [b2)f. f) < @BV f[2] + SB[V — 1)) 7|3
< a€pv(f,f) + SR | 7).

Thus we have obtained (3.7) and the rest is easy form the KLMN theorem.
Second we assume (3.6). By the logarithmic Sobolev inequality and the as-
sumption (A.2), we have

(W.5) < aBIVIP]+ B~ 1] £5.

Further, by (3.6),
(161 f. f) < aBVIfP] + ClIf1I3-

By combining them, we can deduce
!
(W + )1 1) < ag v (s, )+ (5

The rest is the same as before. O

B[eW/* — 1]+ C) | £

We can give a sufficient condition which is a mixture of (3.5) and (3.6), but we
do not go into details.

Proposition 3.2. FC§° is dense in Dom(E4).
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Proof. By Proposition 3.1, Dom(€,4) is the same as the domain of the bilinear
form associated with L — V. Recall that L — V is essentially self-adjoint in FCg§®,
ie., FC§° is dense in Dom(L — V). Hence FCg° is dense in the domain of the
bilinear form. This completes the proof. O

Let us proceed to the estimate of skew-symmetric part. Assume the inequality
(3.7). We impose one of the following conditions on b:

eltl ¢ L0+ (3.9)
or there exists a constant C' > 0 such that
b < CV. (3.10)

Proposition 3.3. In addition to (3.7), we assume either (3.9) or (3.10). Then,
for sufficiently large X\, there exists a constant K > 0 such that

Ea(f,9)] < KEa-X(f, ) /*Ea-x(9.9)"%. (3.11)
Therefore €4 satisfies the sector condition.
Proof. We first consider the case that (3.9) is satisfied. We use the logarithmic
Sobolev inequality. We only need to estimate (b - Vf,g). Take ¢ > 0 so that
e e L1, Then, by the Schwarz inequality,

(b V5,9)| < BLZ VAP BLefbg?] 2
Further, by using the Housdorff-Young zy < xlogz — x + e¥, we have

Elelby?) < Elg*log g°) — Elg’] + B[]
< 2E(Vgl?] + |lgl3log lgll3 — lgl3 + Ele=""].

Now replacing g with g/||g|2, we get

BlelbPg?) < 2B( V") + Ele™"" — 1]llgl3.
Hence

[(b-Vf,9)l < %E[IVfV]I/Q{?EHVgF] + Bl —1]|lg[3}'72.

The right hand side can be estimated the norm in £4 by (3.8) and so can obtain
the desired result.

We can also prove it when (3.10) is fulfilled. In fact, it is enough to notice that
in the proof above E[|b?¢?] can be dominated by E[CV g?]. O

In the sequel, we always assume the conditions (A.1), (A.2). Further we assume
either (3.5) or (3.6) so that £4 is well-defined as a closed bilinear form. Establishing
the £4, we proceed to an issue of intertwining property. Our next task is to show
the following intertwining property:

VA = AVYV.

But A in (3.4) is merely a formal expression, we prove this in the following form:

Ea(f,VVg) = Ea(VV £, 9). (3.12)
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Proposition 3.4. (3.12) holds for f,g € FC§°. Moreover, we have, for f €
Dom(2(), g € Dom(A*),
(Af,VVg) = (VV . A%g). (3.13)
Proof. We take any f,g € FC§°. Then

VYIS = VVVF) = VVVf = (WVV)f = %f — Vb,

which means
[V, VVIf = VV fb. (3.14)
Using this, we will investigate the commutation relation between L and v/V.
(V/,V(VV9g)

= (V£,[V,VV]g) + (Vf,VV V)

= (Vi VVgb) + (VVV f,Vg)
(VVVf.gb) + (VVV f,Vg)
(VV,V1f,9b) + (V(VV ), 9b) + (VV, V][, Vg) + (V(VV ), V)
= —(VVfb,gb) + (b-V(VV[),9) = (VV[b,Vg) + (V(VV [),Vg)
= —(b*VVf,9) + (b-V(VV ),9) = (VV[,b-Vg) + (V(VV ), Vg).

It is also clear that vV and V — W are commutative. Let &g be a bilinear form
associated with :

Ealf,9) = (V,Vg) +((V-W)f,9g). (3.15)
Then the commutation relation between v/V and 2 is obtained as
Ea(f,VVg) = (V(VV ), Vg) + (b V(VV ), 9)
— (Vb Vg) = (WPVV9) + (V= W)VV f.g)
= EA(VV f,9).

So far, f and g are assumed to be taken form FC§°. We will show that, by
taking limit, this holds for f € Dom(2(), g € Dom(A*). To do this, we first fix
f e FC§°. Then we have

—(Af,VVg) = Ea(VV £, 9) (3.16)

for g € FC§°. Using Proposition 3.2 and taking limit, we can show that (3.16)
holds for g € Dom(€4). In particular, if g € Dom(A*), then

Af,VVg) = (VV [, A%g) VfeFC.

Now, by noting the essential self-adjointness, we can see that this identity holds
for all f € Dom(2(). This completes the proof. O

We are ready to determine the domain of the Schrodinger operator 2. The
method here is to use the intertwining property of operators, which was developed
in [8, 9]. The main result in this section is as follows:
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Theorem 3.5. We assume the same assumptions as before. Then we have
Dom(2l) = Dom(L) N Dom(V).
Moreover, for sufficiently large X\, there exist positive constants Kq, Ko such that
K[ =) fll2 < ILFll2 + IV fll2 < Kol = A) f]2- (3.17)

Proof. We use the intertwining property among (A, L?(B)), (A, L?>(B)) and V/V.
For f € Dom(2l), we define a linear functional on Dom(€4) as

®(g) = (A=W f,VVy).
Then, by Proposition 3.1, we have
[2(9) < |(A =20 fll2llVV gl < ClI(A = 20) fll2Ea-2(g,9) .
Now, by the Lax-Milgram theorem, there exist k¥ € Dom(€4) such that
®(g) = Ea-a(k, g).
We also note that the norm of k is estimated as
Ean(k, k)'? < CIIA =) 2. (3.18)
Take any g € Dom(A). By using the intertwining property, we have
(VV (A= A%)g) = (A =) f,VVg) = B(g) = Ea-rl(k, g) = (k, (A — A)g).

Since g can run through Dom(A), we can get vV f = k. Now noting Proposi-
tion 3.1 and (3.18), we can deduce that

IVl = IVVEl2 < Epv (k, k)2 < Cr&an(k, k)2 < Caf (A = A) ]2
We also note that, by Theorem 2.3, for o < o/ < 1,
W fll2 < o/[|Lfll2 + Bl fl2- (3.19)
Hence, if we take f € FC§°, we have
[Lfllz <L =V +W =X fll2 + [V ll2 + W2 + Allfll2

<@ =N fll2 + CollX =) fll2 + o[ Lfll2 + Bl ll2 + All£ ]2,
which leads to

(1 =a)Lfllz < 1+ Co)(A =) fll2 + (B + N fl]2-

This, combined with the essential self-adjointness of 2, yields that Dom(2) C
Dom(L). Thus we have obtained that if f € Dom(2), then f € Dom(L)NDom(V).
The reversed inclusion Dom(L) N Dom(V') € Dom(2A) can be seen as

L=V +W =Nflla < [[Lfll2 + [V Fll2 + W Fll2 + M f]l2
<NLfll2 + IV Fllz + & NLE Nl + Bl 2 + Al f 12,

which completes the proof. O
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4. Spectral gap of a Schrédinger oerator

In this section, we investigate the spectrum of a Schéodinger 2 = L — V on an
abstract Wiener space (B, H, ). We first consider the case that V' is bounded. In
this case, L —V is a bounded perturbation of L and so it is essentially self-adjoint
on FC§°. We denote the spectrum of 2 by o(2(). We have the following

Theorem 4.1. [ = sup () is a point spectrum of multiplicity one and the associ-
ated eigenfunction can be chosen to be positive. Moreover, the spectrum is discrete
on (I —1,1], i.e., it consists of point spectrums of finite multiplicity.

Proof. The spectrum of L is well-known: o(L) = {0, -1, —2,...} and the maximal
eigenvalue 0 is a point spectrum of multiplicity one and the associated eigenfunc-
tion is positive. Therefore, if (B, H, i) is of finite dimension, then the spectrum of
L is discrete and the resolvent operators are compact. Moreover 2 = L — V has a
compact resolvent if V' is bounded and so the spectrum of 2l is discrete.

To deal with infinite dimensional case, we use an approximation method. Let
{i}2; € B* be a cons of H*. We set F,, = o(¢1,92,...,¢n) and define
Vi, = E[V|F,]. Then V,, is uniformly bounded and converges to V a.s. as n — oc.
Let {h;}52, be a dual basis of {¢;}, i.e., {h;}5°; is a c.on.s. of H and satisfies
(hi, ;) = d;j where d;; is the Kronecker delta. We set H,, = span{hi,ha,...,hp}
and B, = {z € B; (z,¢;) =0,i = 1,2,...,n}. Then B can be decomposed as a
direct sum B = H,, ® B,,. According to this decomposition, L — V,, can also be
decomposed as follows. On H,, it has of the form L, — V,,, and on B,, it is just
the Ornstein-Uhlenbeck operator on B,,. This reveals that the spectrum of L —V,,
is discrete on (A\(V;,) — 1, A\(V},)] where A(V;,) = supo(L — V).

It remains to show that L — V,, converges to L — V as n — oo in the norm
resolvent sense.

We denote the resolvents of L — V,, and L — V by G™ and G, respectively,
namely, let G = (A~ L+V,) ' and G = (A\— L+V)~'. We take X to be large
enough. Then it holds that

G -G =a"(V -V,)G.
Since \ is large, we may assume that |G ||,, < 1 and so it suffices to show that

[(V=V,)Gllop — 0 as n — oo. By the Hausdorff-Young zy < xlogz —x +e¥ and
the logarithmic Sobolev inequality, we have

IV = Va)GFIl3
= E[(V - Va)*(Gf)?]
1

—FE[N(V — V’I’L)2(Gf>2]
< FELGH) 10g(G)? = (G)* 4 NV

< [2E[IVGf1?] + |Gf|210g |Gf2 — |GfI2 + E[eNV -V,

2lmzl==
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Now replacing f with f/||Gf|2, we get
IV = Va)GSIB < A2EIVGP] + BN —1]jcr]3)
< GA-2BILENGS + BNV ]| |3}
< GBI~ L+ V)GHGS] - MG ~ EV(GFY]

)2
+ B[NV 1)) £113)

IN

RELGH] - AEG)] + EIVIGH]
+ BN 1)) 3}

B+ B + BVI@Y)
+ BN 1)) 13}

IA

< A{E+IVIs)IFIE + BNV =YD — 1)) £lI3}.

Z| =

Hence
1 2
[(V =V)G2, < v 2+ IVl + B[NV 1),

Since V' —V,, is uniformly bounded and converges to 0 a.s., we can use the Lebesgue
dominated convergence theorem and so we obtain

2+ ||V
limsup ||(V — Vn)Gng < 21 Moo L|V ”OO
n—oo
Since N is arbitrary, it follows that

lim [[(V — V,)Gllop = 0.

Thus we have shown that G converges to G in norm sense, which we wanted.
Using the Feynman-Kac formula, we can show that the multiplicity of the maximal
eigenvalue is simple and the associated eigenfunction can be taken to be positive
by a standard argument. This completes the proof. O

Now we proceed to the general case. We consider a operator of the form 2 =
L—V+W. We assume the assumptions of the previous section to use Theorem 3.5.

Theorem 4.2. Assume that V., W satisfy the conditions (A.1), (A.2) in §3. We
also assume that either (3.5) or (3.6) is fulfilled. Then the spectrum is discrete on
(I —1,1], i.e., it consists of point spectrums of finite multiplicity.

Proof. Define functions V,,, W, that approximate V', W as follows. Let ¢,,: R — R
be a function satisfying

n—+1, r>n+2

—n—1 z<-—-n—-2
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and that 0 < ¢, < 1. We set

As in the case of bounded potential, we set G = (A — L + V,, — W,,)~},
G=(\—-L+V—W)~! and note that
G-G"W =GV -V, =W +W,)G™.

We need show the norm convergence of G — G to 0 as n — oo. By taking A
to be large enough, we may assume that ||G(™||,, < 1, |G|lop < 1. Take any f,
g € L?. Then

(€= G)1.6) = (GV = Vo= W+ W) g)
(V =V, =W+ W,)G™ f,Gyg)

V+Ww

=
=

G f(V + W)Gg).

We first estimate the term (V' + W)Gg. By using (3.10) and (3.19), we have

IV +W)Gyll2 < [[VGyll2 + [WGg|l2
< Ko||(% — N)Gyll2 + o' [[LGyll2 + B]|Gyll2
< Kallgllz + K20/ [|(2 = A)Gyll2 + Bl Gyl
< K(1+d)gll2 + Bllgll2-

Further, by the Hausdorff-Young inequality, %G (")  can be estimated
as

G f

V-V, -W+W,
v
E{(anw+wn)2
(V+W)?
1

NE[(G(n)f)Q log(G(n)f)Q 7 (G(n)f)2 + eN(V*‘/;L7W+Wn)2/(V+W)2}

2
2

]

IN

IA

1
SAEIVG™ £2] 4 G 12 1og G £
— — 2 2
G g 4+ B[N Ve WA Ry

Replacing f with f/[|G() f||2, we have

2

Gy

V-V, -W4+W,
V+Ww

2

1 n _V,— 2 2 n
N REIVGM ]+ BN ]| GO £ 3}

IN

1 n v 2 2
N{QE[IVG( VP + B[NV Ve WA/ VAT 1] £13}.
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Further, by using (3.17) again, we get
BIVG 7] = ~(LE™ £.6 )
< LG™ flllIG™ £l
< Ko[(L = Vi + Wy = NG f12 £
< K| f1l3.

Here, we must be careful about that (3.10) holds uniformly in n. To see this, note
that constants in (3.10) depend on the integrability of e"» and the estimate of
2b,, = VV,,/V,,. As for e"W» their LP norm can be easily estimated uniformly since
W, < W. Let us consider b,. Since b, = 0 when V' > n + 2, and b,, = b when
V < n, it is clear that they can be estimated uniformly. When n <V < n + 2,
note that

[bu| = [VVal/ Vi = @IV V|/Ve < (IVVI/V)(V/V) < (IVV]/V)(n + 2)/n.

Then the uniform estimate can be deduced easily.
Thus we have

(G = G™)f,9) < {Ka2(1+ ) + BYgll
X S 2H + BNV Ty g
and hence
16 = G lop < K1+ ) + B} (2K, + BN VoW (V4w _ .
Now we let n — oo and, by the Lebesgue bounded convergence theorem, we obtain

2
limsup |G — G™||op < N{Kﬂl +a) + B} K.

n—oo

Since N is arbitrary, we eventually get
lim |G — G™||op = 0,
n—oo

which is what we wanted. The rest is the same as the previous theorem. The
proof is completed. O
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