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Abstract. In this paper, we obtain some oscillation criteria for the odd-order
difference equation with several delays

∆mxn +

N
∑

i=1

pi(n)xn−ki
= 0, n = 0, 1, 2, · · · ,

which include some existing criteria for m = 1 as special cases.
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1. Introduction

In recent years, oscillation of solutions of difference equations has attracted many
researchers, see, for example, [1-14] and the references cited therein. Now, numerous
results exist for first order delay difference equations. However, results dealing with
oscillation of the higher odd-order delay difference equations such as the form

∆mxn +

N
∑

i=1

pi(n)xn−ki
= 0, n = 0, 1, 2, . . . , (1.1)
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are relatively scarce [2-4, 6, 12, 14], where pi(n) ≥ 0, m ≥ 1 is an odd integer, ki

are positive integers, i = 1, 2, . . . , N , ∆ denotes the forward difference operator, i.e.
∆xn = xn+1 − xn, ∆ixn = ∆(∆i−1xn), i = 1, 2, . . . , m and ∆0xn = xn. Furthermore,
even in the mentioned literature, only the oscillation of unbounded solutions was
involved. Few oscillation criteria for the higher odd-order delay difference equations
are founded in the literature. When m = 1, Eq.(1.1) reduces to the first-order delay
difference equation

∆xn +

N
∑

i=1

pi(n)xn−ki
= 0, n = 0, 1, 2, . . . . (1.2)

To the best of our knowledge, the best two oscillation criteria are

lim inf
n→∞

N
∑

i=1

(

ki + 1

ki

)ki+1 n+ki
∑

s=n+1

pi(s) > 1 (1.3)

and

lim sup
n→∞

N
∑

i=1

n+ki
∑

s=n

pi(s) > 1 (1.4)

obtained by Tang and Yu [7] and Tang and Zhang [11], respectively. In this paper,
we are concerned with oscillation of Eq.(1.1) and aim to establish some oscillation
criteria. In particular, as corollaries of our results in present paper, two explicit
oscillation criteria for Eq.(1.1)

lim inf
n→∞

N
∑

i=1

(

ki + 1

ki

)ki+1 n+ki
∑

s=n+1

(s − n)(m−1)pi(s) > (m − 1)! (1.5)

and

lim sup
n→∞

N
∑

i=1

n+ki
∑

s=n

(s − n + 1)(m−1)pi(s) > (m − 1)! (1.6)

are obtained. Obviously, wehn m = 1 conditions (1.5) and (1.6) reduce to (1.3) and
(1.4), respectively.

For t ∈ (−∞,∞) and positive integer n, we define t(n) =
∏n−1

i=0 (t+i) with t(0) = 1;
As usual, when n1 > n2, we define

∑n2

i=n1
xi = 0 and

∏n2

i=n1
xi = 1.

2. Main Results

In this section, we first state a lemma taken from [7] and [11], which is useful in the
proofs of our main results.

Lemma 2.1.[7,11] Assume that (1.3) or (1.4) holds. Then the following delay differ-
ence inequality corresponding to Eq.(1.2)

∆xn +

N
∑

i=1

pi(n)xn−ki
≤ 0, n = 0, 1, 2, . . . (2.1)
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has no eventually positive solutions.

Remark 2.1. In the above condition (1.4), even if ki = 0 for some i ∈ {1, 2, . . .N},
the conclusion of Lemma 2.1 still holds.

Theorem 2.1. Every solution of Eq.(1.1) oscillates if the inequality

∆yn +

N
∑

i=1

∞
∑

s=n

(s − n + 1)(m−2)

(m − 2)!
pi(s)ys−ki

≤ 0, n = 0, 1, 2, . . . (2.2)

has no eventually positive solutions.

Proof. For the sake of contradiction, assume that Eq.(1.1) has an eventually positive
solution {xn}. Then ∆mxn ≤ 0 eventually. By Discrete Kneser’s Theorem [1], there
exist an even integer l ∈ {0, 2, . . . , m − 1} and integer n0 > 0 such that

∆ixn > 0, i = 0, . . . , l, n ≥ n0, (2.3)

and
(−1)l+i∆ixn > 0, i = l + 1, . . . , m − 1, n ≥ n0. (2.4)

Summing (1.1) m − l − 1 times from n to ∞ and using (2.4), we have

−∆l+1xn ≥

N
∑

i=1

∞
∑

s=n

(s − n + 1)(m−l−2)

(m − l − 2)!
pi(s)xs−ki

, n ≥ n0. (2.5)

If l = 0, then it follows from (2.5) that

−∆l+1xn ≥

N
∑

i=1

∞
∑

s=n

(s − n + 1)(m−2)

(m − 2)!
pi(s)∆

lxs−ki
, n ≥ n0. (2.6)

If 2 ≤ l ≤ m − 1, then, in view of the discrete Taylor’s Formula [1], we can obtain

xn =
l−1
∑

j=0

(n + 1 − n1 − j)(j)

j!
∆jxn1 +

1

(l − 1)!

n−l
∑

r=n1

(n + 1− r − l)(l−1)∆lxr, n ≥ n1.

Again by using (2.3), we have

xs−ki
=

l−1
∑

j=0

(s + m − n − j − 1)(j)

j!
∆jxn+2−m−ki

+
1

(l − 1)!

s−ki−l
∑

r=n+2−m−ki

(s + 1 − ki − r − l)(l−1)∆lxr

≥
∆lxs−ki

(l − 1)!

s−ki−l
∑

r=n+2−m−ki

(s + 1 − ki − r − l)(l−1)

=
1

l!
(s + m − n − l − 1)(l)∆lxs−ki

, s ≥ n ≥ n0 + m +

N
∑

i=1

ki.
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Substituting this into (2.5) and using the fact that l!(m − l − 2)! ≤ (m − 2)!, we can
also conclude (2.6). Set yn = ∆lxn. Then yn > 0 for n ≥ n0 and

∆yn +

N
∑

i=1

∞
∑

s=n

(s − n + 1)(m−2)

(m − 2)!
pi(s)ys−ki

≤ 0, n ≥ n0,

which shows that inequality (2.2) has an eventually positive solution {yn}. This
contradiction completes the proof. �

From Theorem 2.1, it is easy to conclude the following corollary.

Corollary 2.1. Every solution of Eq.(1.1) oscillates if the inequality

∆yn +

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!
pi(n + ki − j)yn−j ≤ 0, n = 0, 1, 2, . . . (2.7)

has no eventually positive solutions.

By employing Lemma 2.1 to inequality (2.7) directly, we have

Theorem 2.2. Assume that

lim inf
n→∞

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(

j + 1

j

)j+1 n+j
∑

s=n+1

pi(s + ki − j) > (m − 2)!, (2.8)

or

lim sup
n→∞

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

n+j
∑

s=n

pi(s + ki − j) > (m − 2)!. (2.9)

Then every solution of Eq.(1.1) oscillates.

Note that

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

(

j + 1

j

)j+1 n+j
∑

s=n+1

pi(s + ki − j)

≥

N
∑

i=1

(

ki + 1

ki

)ki+1 ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

n+j
∑

s=n+1

pi(s + ki − j)

=

N
∑

i=1

(

ki + 1

ki

)ki+1 n+ki
∑

s=n+1

pi(s)

s−n
∑

j=1

j(m−2)

(m − 2)!

=
N
∑

i=1

(

ki + 1

ki

)ki+1 n+ki
∑

s=n+1

(s − n)(m−1)

(m − 1)!
pi(s),
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and

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!

n+j
∑

s=n

pi(s + ki − j)

=

n+ki
∑

s=n

pi(s)
s−n+1
∑

j=1

j(m−2)

(m − 2)!

=

N
∑

i=1

n+ki
∑

s=n

(s − n + 1)(m−1)

(m − 1)!
pi(s).

Hence, from Theorem 2.2, we have

Corollary 2.2. Assume that (1.5) or (1.6) holds. Then every solution of Eq.(1.1)
oscillates.

To further improve condition (1.6), we need the following lemma.

Lemma 2.2. Assume that

lim inf
n→∞

pi(n) = pi, i = 1, 2, . . . , N, (2.10)

and

lim inf
n→∞

N
∑

i=1

n+ki
∑

s=n+1

(s − n)(m−1)

(m − 1)!
pi(s) = d. (2.11)

Let {yn} be an eventually positive solution of (2.7). Then

lim inf
n→∞

yn+1

yn

≥
1

2






1 + d −

N
∑

i=1

pik
(m−1)
i

(m − 1)!
−

√

√

√

√

(

1 + d −

N
∑

i=1

pik
(m−1)
i

(m − 1)!

)2

− 4d






.

(2.12)

Proof. Let θ ∈ (0, 1). Choose a positive integer n0 such that

yn−k > 0,

N
∑

i=1

n+ki
∑

s=n+1

(s − n)(m−1)

(m − 1)!
pi(s) ≥ θd, n ≥ n0

and
pi(n) ≥ θpi, i = 1, 2, . . . , N, n ≥ n0,

here and in the sequel, k = max{k1, k2, . . . , kN}. Summing (2.7) from n+1 to ∞, we
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have

yn+1 ≥

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

∞
∑

s=n+1

pi(s + ki − j)ys−j

≥ yn

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

n+j
∑

s=n+1

pi(s + ki − j)

= yn

N
∑

i=1

n+ki
∑

s=n+1

(s − n)(m−1)

(m − 1)!
pi(s)

≥ θdyn, n ≥ n0 + k.

It follows that
yn+1

yn

≥ θd := d1, n ≥ n0 + k.

Again from (2.7) and using the above, we have

yn+1 ≥

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

∞
∑

s=n+1

pi(s + ki − j)ys−j

=

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

[

n+j
∑

s=n+1

pi(s + ki − j)ys−j

+

∞
∑

s=n+j+1

pi(s + ki − j)ys−j





≥ yn

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

n+j
∑

s=n+1

pi(s + ki − j)

+yn+1

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

∞
∑

s=n+j+1

pi(s + ki − j)ds−n−j−1
1

= yn

N
∑

i=1

n+ki
∑

s=n+1

(s − n)(m−1)

(m − 1)!
pi(s)

+yn+1

N
∑

i=1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

∞
∑

s=0

pi(n + s + ki + 1)ds
1

≥ d1yn + yn+1

N
∑

i=1

θpi

1 − d1

ki
∑

j=1

(ki + 1 − j)(m−2)

(m − 2)!

= d1yn +
yn+1

1 − d1

N
∑

i=1

θpik
(m−1)
i

(m − 1)!
, n ≥ n0 + 2k,
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which implies

yn+1

yn

≥ d1

[

1 −
1

1 − d1

N
∑

i=1

θpik
(m−1)
i

(m − 1)!

]−1

:= d2, n ≥ n0 + 2k.

Following this iterative procedure, we have

yn+1

yn

≥ d1

[

1 −
1

1 − dj

N
∑

i=1

θpik
(m−1)
i

(m − 1)!

]−1

:= dj+1, n ≥ n0 + (j + 1)k.

It is easy to see that 0 ≤ d1 ≤ d2 ≤ · · · ≤ 1. Therefore, the limit limj→∞ dj = d∗ =
d∗(θ) exists and

d∗

(

1 −
1

1 − d∗

N
∑

i=1

θpik
(m−1)
i

(m − 1)!

)

= θd. (2.13)

Furthermore,

lim inf
n→∞

yn+1

yn

≥ d∗(θ).

It is easy to see that

µ∗ =
1

2






1 + d −

N
∑

i=1

pik
(m−1)
i

(m − 1)!
−

√

√

√

√

(

1 + d −

N
∑

i=1

pik
(m−1)
i

(m − 1)!

)2

− 4d







is the smaller of two roots of the equation

µ

(

1 −
1

1 − µ

N
∑

i=1

pik
(m−1)
i

(m − 1)!

)

= d. (2.14)

Then from (2.13) and (2.14), it is easy to show that lim infθ→1− d∗(θ) ≥ µ∗. Hence,
lim inf n → ∞(yn+1/yn) ≥ µ∗ and so (2.12) holds and the proof is complete. �

Theorem 2.3. Assume that (2.10) and (2.11) hold, and that

lim sup
n→∞

N
∑

i=1

n+ki
∑

s=n

(s − n + 1)(m−1)pi(s) > (m − 1)! −
N
∑

i=1

pi(ki + 1)(m−1)

×

1 + d −
∑N

i=1
pik

(m−1)
i

(m−1)! −

√

(

1 + d −
∑N

i=1
pik

(m−1)
i

(m−1)!

)2

− 4d

1 +
∑N

i=1
pik

(m−1)
i

(m−1)! − d −

√

(

1 + d −
∑N

i=1
pik

(m−1)
i

(m−1)!

)2

− 4d

. (2.15)

Then every solution of Eq.(1.1) oscillates.
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Proof. By Corollary 2.1, we only need to prove that inequality (2.7) has no eventually
positive solutions. For the sake of contradiction, assume that (2.7) has an eventually
positive solution {yn}. Then there exists a positive integer n0 such that

yn−k > 0 and yn+1 − yn ≤ 0, n ≥ n0.

Summing (2.7) from n to ∞, we have

yn ≥

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!

[

n+j
∑

s=n

pi(s + ki − j)ys−j

+

∞
∑

s=1

pi(n + s + ki)yn+s

]

, n ≥ n0. (2.16)

Let

µ∗ =
1

2






1 + d −

N
∑

i=1

pik
(m−1)
i

(m − 1)!
−

√

√

√

√

(

1 + d −

N
∑

i=1

pik
(m−1)
i

(m − 1)!

)2

− 4d






.

Then from (2.16) and using Lemma 2.2, we have

1 ≥ lim sup
n→∞

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!

[

n+j
∑

s=n

pi(s + ki − j) +

∞
∑

s=1

pi(n + s + ki)
yn+s

yn

]

≥ lim sup
n→∞

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!

n+j
∑

s=n

pi(s + ki − j)

+

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!

∞
∑

s=1

lim inf
n→∞

pi(n + s + ki) lim inf
n→∞

yn+s

yn

≥ lim sup
n→∞

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!

n+j
∑

s=n

pi(s + ki − j)

+

N
∑

i=1

ki
∑

j=0

(ki + 1 − j)(m−2)

(m − 2)!
pi

∞
∑

s=1

µs
∗

=
1

(m − 1)!

[

lim sup
n→∞

N
∑

i=1

n+ki
∑

s=n

(s − n + 1)(m−1)pi(s) +
µ∗

1 − µ∗

N
∑

i=1

pi(ki + 1)(m−1)

]

.

That is

lim sup
n→∞

N
∑

i=1

n+ki
∑

s=n

(s − n + 1)(m−1)pi(s) ≤ (m − 1)! −
µ∗

1 − µ∗

N
∑

i=1

pi(ki + 1)(m−1),

which contradicts (2.15), and so the proof is complete. �
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