§ MUK PUBLICATIONS
Open Access Publisher

International Jr, of Qualitative Theory of Differential Equations and Applications
Vol. 2 No. 1 (June, 2016)
I SSN: 0973-3590

Linearized Oscillation of Odd Order Nonlinear Neutral
Delay Differential Equations (II)

X. H. Tang*

School of Mathematical Sciences and Computing Technology, Central South
University, Changsha, Hunan 410083, P.R.China

Abstract. In this paper, we proved the odd order nonlinear neutral delay differential
equation
[2(t) = p(t)g(x(t = TNI™ + q()h(z(t — o)) =0

has the same oscillatory character as its linearized equation
[2(t) = poa(t — 7)]" + qoz(t — 0) = 0

under some rather relaxed conditions on g(u) and h(u), where 1 < pg = lim;_,o p(t),
qo = limy—00 q(%).
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1. Introduction

In the past 15 years, the linearized oscillation theory for nonlinear neutral delay differ-
ential equations has been extensively developed, for example see [1-14]. Linearization
is an important method dealt with nonlinear mathematical problems. While the lin-
earized oscillation, roughly speaking, it is to find some appropriate hypotheses under
which certain nonlinear equations have the same oscillatory character as their associ-
ated linearized equations.
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Following paper [13], we also consider the nonlinear neutral delay differential
equation
[2(t) = p(t)g(a(t — 7)™ + g(Oh(z(t — ) =0, > to, (1.1)
where n > 1 is an odd integer,

p,q € C([tg,©),R), ¢g,he C(R,R), 7>0, 0>0. (1.2)

For Eq.(1.1), the following two linearized oscillation results were obtained by
Ladas and Qian [7] and Shen, Yu and Qian [9], respectively, (see also [1, 3, 5]):

Theorem A7, Assume that

litm infp(t) =po € (0,1), pt)<Py<1, forlarget, (1.3)
t]iglo Q(t) =qo € (07 OO), (14)
gw) _ 1 g(u)
<Y 2 EA. ,
0< w SRy for w#0, and il_)r% " 1, (1.5)
uh(u) >0, for w#0, |h(u)|>ho>0, forlarge |ul, (1.6)
and L

tim 2 _ (1.7)

u—0 U

Suppose that every solution of the linearized equation
[2(t) — pox(t — 7)™ + qoz(t —0) =0, t>1 (1.8)
oscillates. Then every solution of Eq.(1.1) also oscillates.

Theorem B, Assume that

limsupp(t) =po € (1,00), p(t) > Py >1 for large t, (1.9
t—oo
thm q(t) =qo € (Oa OO), (110)
1
g(u) >— for u#0, and lim g(u) =1, (1.11)
u Py lu| =00 U
h
uh(u) >0, for u#0, and lim hiu) =1 (1.12)

|[u|—oco U

Suppose that every solution of the linearized equation (1.8) oscillates. Then every
solution of Eq.(1.1) also oscillates.

In recent paper [13], Tang established the next theorem which is a converse of
Theorem A,
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Theorem C!'3l. Assume that there exist po, qo € [0,400) such that
0<p(t)<po<1l, 0<q(t)<qo, forlarget, (1.13)

and that the following conditions (Hy) and (Hs) hold:

(Hy) either
p(t) >0, for large t, (1.14)

or
0>0 and gq(s)#0, selt,t+o], forlarget; (1.15)

(Hg) there exist v > 0, § > 0 and K > 0 such that either g(u) and h(u) are
nondecreasing in [0,0) and

0 < min{g(u), h(u)} < max{g(u), h(u)} < u+ K|u[**", u€[0,0), (1.16)
or g(u) and h(u) are nondecreasing in (—4,0] and
0 > max{g(u), h(u)} > min{g(u), h(u)} > u — K|u|'T", w € (=6,0]. (1.17)

Suppose also that Eq.(1.8) has an eventually positive solution. Then FEq.(1.1) has a
nonoscillatory solution.

By combining Theorems A and C, we have the following theorems:
Theorem D3, Assume that (1.6), (1.7) and (Hz) hold, and that
0<p(t)<pyo= tlim p(t) <1, 0<q(t)<q = tlim q(t), forlarget,  (1.18)

and

, for u#0, and lim 9(w) =1. (1.19)

gu) _ 1
Po u—0 U

0<=—<
u

Then every solution of Eq.(1.1) oscillates if and only if every solution of its linearized
equation (1.8) oscillates.

Theorem E!3l.  Assume that (1.6), (1.7), (1.18) and the following (H3) hold:

(Hg) there exist r > 0, 6 > 0 and K > 0 such that either h(u) is nondecreasing in
[0,6) and
0 < h(u) <u+ K", uelo,d),

or h(u) is nondecreasing in (—6,0] and
0> h(u) >u— Klul'™, ue (=60
Then every solution of the following equation

[2(t) - p(t)a(t = D)™ + g(Oh(a(t — o) =0, >ty (1.20)
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oscillates if and only if every solution of its linearized equation (1.8) oscillates.

The above Theorems A-E are the slightly modified versions of the corresponding
results in [7, 9, 13]. In this paper, our main purpose is to prove the following theorem
which is converse of Theorem B.

Theorem 1.1. Assume that there exist pg,qo € [0,00) such that
p(t) >po>1, 0<q(t)<qo, forlarget, (1.21)

and that the following conditions (Hy) holds:

(Hy) there existr € (0,1), M >0 and K > 0 such that either h(0) > g(0) =0, g(u)
is increasing and h(u) is nondecreasing in [0,00) and

u— K™ < g(uw), h(w) Su+ K", weMoo),  (122)
or h(0) < g(0) =0, g(u) is increasing and h(u) is nondecreasing in (—oo,0] and
guw) <u+Kul'"", h(u)>u—Klu*™", ue (—oco,—M]. (1.23)

Suppose also that Eq.(1.8) has an eventually positive solution. Then FEq.(1.1) has a
nonoscillatory solution.

By combining Theorems B and 1.1, we have the following theorems:

Theorem 1.2. Assume that (1.12) and (Hy) hold, and that

p(t) 2 po = lim p(t) > 1, 0<q(t) <qo= lim g(t), for larget, (1.24)
and .
g(u) >—, for u#0, and lim g(w) =1. (1.25)
u Po u—0 U

Then every solution of Eq.(1.1) oscillates if and only if every solution of its linearized
equation (1.8) oscillates.

Theorem 1.3. Assume that (1.12), (1.24) and the following condition (Hs) holds:

(Hs) there existr € (0,1), M > 0 and K > 0 such that either h(u) is nondecreasing
in [0,00) and
h(u) < u+ Klu|'™", e [M,00),

or h(u) is nondecreasing in (—oo, 0] and
h(u) >u— Klul*™", u € (—oo,—M].

Then every solution of Eq.(1.20) oscillates if and only if every solution of its linearized
equation (1.8) oscillates.
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It is a known fact, see [1, 5, 8], that every solution of Eq.(1.8) oscillates if and
only if its characteristic equation

F(A) = A"(1—poe™>7) + goe " =0 (1.26)
has no real roots. Note that

F(A) >0 for A<0, and F(c0)= Alim F(\) = 0.

So, Eq.(1.8) has an eventually positive solution implies two possible cases:

Case (i). there exists a A* € (0,00) such that
F(\*) < 0; (1.27)

Case (ii). there exists a A\g € (0,00) such that
F(A) =0 and F(A\) >0 for A€ [0,\)U (N, 0). (1.28)

As is customary, if Case (ii) holds, we say Eq.(1.8) is in a critical state. if Case
(i) holds, Eq.(1.8) is called in a non-critical state. A solution is called oscillatory if it
has arbitrary large zeros. Otherwise it is called nonoscillatory.

2. Non-Critical Case

Lemma 2.15. Every solution of Eq.(1.8) oscillates if and only if the characteristic
equation (1.26) has no real roots.

Theorem 2.1. Assume that (1.21), Case (i) and the following condition (Hg) hold:
(Hg) either h(0) > g(0) =0, g(u) is increasing and h(u) is nondecreasing in [0, 00)

and L
liminfM >1, limsupﬂ <1, (2.1)
u—oo U u—oo U
or h(0) < g(0) =0, g(u) is increasing and h(u) is nondecreasing in (—oo,0] and
h
liminfM >1, limsupM <1. (2.2)
u

u——00 U U——00

Then Eq.(1.1) has a nonoscillatory solution.

Proof. 'We only consider the case where (2.1) in (Hg) holds. The case where (2.2)
in (Hg) holds can be dealt with by a similar fashion. By Case (i), we can choose an
o € (0,1) such that (1 — go)poe=*" ™ > 1 and that

€0 ()\*"poe_’\*T + qoe_’\*") < —F(X%). (2.3)
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Set
F;g(/\) =)\" [1 -(1- 60)[)067)\7] + (14 €0)goe 7.

Then by (2.3), we have
FEO) = X7 [L= (L= eo)poe™ 7] + (1 +c0)goe ™

= F(\")+e0 ()\*npoe_’\*T + qOe_’\*U)

< 0.
Note that limy_. F.F (X) = oo, it follows that there exists a A\; € (A*,00) such that
FX (A1) =0. By (2.1) in (Hg), we may choose M; > M such that g(u) is increasing
and h(u) is nondecreasing in [M;, c0) and

(I—eo)u<g(u), 0<h(u)<(l+eo)u, u€ [M,c0). (2.4)

Set zo(t) = eMt. Then

1 ' n-1 o A(—0) (o) N~ AL (= to)"
m/to(t—S) J,'Q(S—O')ds = )\1 et — ett\e ;W

It follows from the fact that F\ (A1) = 0 that

1 t
A e to=9) Lag(t) < (1—80)]70&60(15—7‘)—%/ (t—s)"ag(s—o)ds, t>tg.
n—1! Ji

(2.5)
Choose T > t¢ such that (1.21) holds for ¢ > T', and
Io(t—T—U)>M1, t>T, (26)
and
zo(t) > g (i> >g_1< ¢ ) t>T -0 (2.7)
Po/) p(t+7))’ - ,
where a = A "e*1 (=9 Then from (1.21), (2.4), (2.5) and (2.6), we obtain
p(t +7)g(xo(t))
> (1 —co)poxo(t)
1 t+7
> AmeMt=) Lot +7) 4 (A +20)a / (t+7—35)""tag(s —o)ds
(n—=1! Jr
1 t+1
> ApmeMm) Loyt 4 7) + ——— / (t+71—5)""tq(s)h(zo(s — 0))ds
(n—=1!Jr

t+7 .
= a+xo(t+7)+ W/T (t+7—35)""q(s)h(xo(s —0))ds, t>T.
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This is
xo(t) gi1 <m la+xo(t+7)
t+7
bt [ g (s - o] ) 2T e

Define a sequence {x(t)}72, as follows:

g—l (ﬁ [a + J;k—l(t + T)

xp(t)= +ﬁ ;FT(t +7—8)" Lq(s)h(wp_1(s — 0))ds ) , t2>1T,
1 24 (T)— g~ (a/p(T+7)) 1 ( a
9 (p<t+f>) + 20T —g T (a/p(TH7) {xO(t) -9 (p‘<—t+7> } , T—o<t<T,

k=1,2,.... (2.9)
From (2.7), (2.8) and (2.9), by induction, we have

1 a
< t) < xr_q1(t t>T — k=12 ....
g (p(t+T)) _Ik()_.Ik 1()5 e g, )

Then for t > T — o, x(t) = limg_,00 2k (t) exists and

1 a
— ) < zx(t) < t t>1T — 2.1
7 (s ) <o <m0, 270, (2.10)
and
1 1 e 1
z(t)>g~ a+x(t+71)+ / t+7—35)"""q(s)h(x(s—0o ds}),
0207 (s oot 1)+ ot [ (= (et - o)
t>T. (2.11)
That is
1 t
x(t) = —a+pt)glax(t —71)) — ] / (t—s)" q(s)h(z(s — o))ds, t>T+.
- Jr
(2.12)
It is easy to show that z(t) is an eventually positive solution of Eq.(1.1). The proof
is complete. 0

3. Critical Case

Theorem 3.1. Assume that (1.21), Case (i) and (Hy) hold. Then Fq.(1.1) has a
nonoscillatory solution.
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Proof. 'We only consider the case where (1.22) in (Hy) holds. The case where (1.23)
in (Hy) holds is similar and so omit it. It follows from Case (ii) that

F()\()) =0 and FI(/\Q) = 0,

which yields that

)\()T

A = Agpoe™ T — goe~ o7 (3.1)

and
AT = nA0 T poe T — N0pgTe T + gooe 7. (3.2)

From (3.1) and (3.2), it is easy to see that A9 > 0 and that

(n + Xoo) (poe 7 — 1) = AgpoTe 7. (3.3)
Set xo(t) = Vte*ot. Then from (3.1), (3.2) and (3.3), we have
[20(t) = powo(t — 7)™ + gowo(t — o)

(n) n
_ (\/ge’\ot) — ppe o7 (\/Ee)‘ot)( )+q0€_>\00\/m6>\0t

n—1 _ n—2
— ot {qoe—,\oam_i_ [/\g\/g-i- nAg n(n —1)Ag

20vVi  8/B
_Z": (~D*n(n—1)---(n—k+1)-1-3---(2k =3\ *
— Qkk!‘/tQkfl
nAp~! ~n(n— HAG2

—XoT n
—poe AoVE—T+
Po [ 0 2Vt —T1 8/(t — )3

(~D*n(n—1)---(n—k+1)-1-3--(2k = 3)A; "
26K\ /(t — )2k 1
_ qooe o n nAg ! _n(n— HAG2
Vi+t—o 2Vt 813
(—1)*n(n — 1)---(n—k+1)-1-3---(2k—3))\gk]

|
x>
-
w

— e)\()t {

1

M=

P 2kklﬁ /t2k—1
tpge—NoT 0T nAg n(n — HAg—>
Po€

VitV -7 8 Ji—rp
" (—1)kn(n—1)~-~(n—k+1)-1-3--~(2k—3))\8k]}

k1 /(t — r)2h 1

_ { [_ qoo2e 07 ~n(n— HAG2
2V (VE+ VE—0)? 8V13
N (=Dknn—1)---(n—k+1)-1-3---(2k = 3)A7 "
- kzzg 2k /2R T
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= eA“t{ ;\\/_ [(poe™°7 — 1) (\go)? + 2nXopoTe 7 +n(n —1)] +
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Zagr g2 n\y e (n—l))\" 2
NI+ V=T Wi T it vioT) | 8y 1)

+Z": (—Dfn(n—1)--(n—k + 1))-21-? (2K — 3)Ag—’f] }

P 2kENN/(t — T

“+poe

e}\[)t{[_ qoo3e Aoo B (n—l)/\n 2:| +i
2VE(VE+ VE— )2 813 Vs

Y Y n\y T n(n — 1)A; 2
+poe” 7 - +
VE(VE+VE=T)2 2Vt E—T(Vt+VE—T) 8/(t—71)3
1 C
Aot ) 2 _—Xoo n—1 —XoT _ n—2
en? { e [qoo?e™ 7 + 2nAf " 'poTe T + n(n — 1AGT] + o

7)\0

“+poe

QT n (n— DG 2
T

<
E

pgeoT AnT N n(n — 1)AL2
2x/(\f+\/ﬁ 8/ (t—1)°

n—2 7)\07' 2
{ )\ [ 7)\07' _ 1) (AopoTe _ TL> + 27’1)\0])07'67)\07- + TL(TL _ 1)‘|

poe~ T — 1

Aot Ao +n( HAG2
\/_ 2\/(\f+\/m) (t—r7)>

Aoy 2
g )\OpoTe OT) + n2p087)‘°7- _n
\/_ Poe —AoT — 1

_|_

NG

N (n—l))\" 2
\f+\/ﬁ) (t—71)3

2
An 2 ()\opoTe )\OT) C
Aot 0 —AoT —XoT
e — +n(n — 1)pge +n (poe 1) +—=
{ 8V/13 [ poe~ T — 1 (n = Lo (po ) Vs

+ —AoT A n TL( ))\n 2
boc 2VEH(VE+ VT —T)2 8/ (t—71)3
n—2 —XoT
Aot {_ Ao [()\07)2]906)‘07 ( pof A _ 4t )

8V3 poe T =1 (Vi+/T—7)?
gt Vi3 e C
+n(n — 1)poe™> (1 — m) +n (poe " —1)| + ﬁ}

+ )
813 Vo

ot [_ /\87271 (poe’A“T — 1) C
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where C' > 0 is a sufficient large constant. On the other hand, we have

(\/t — Ue)“’(tf")) '
t(l—r)/2e(1—r))\0(t—0')

t(lfr)/Qef)\o [TtJr(lfr)cr]e)\gt,

-Tr

[zo(t — o)]' ™

IN

and for large ¢

{[eo(t =)=}

= o—(=mor [(t -~ 7,)(1—r)/2e(1—r),\0t} (n)

(1—r)Apt

_ (1=r)Xo(t—7) AN A Y (1-7r)/2 S A
_ - {(1 ) S

0
n (_1)k—1n! . (1 + T) . (3 + 7«) .. (Qk — 3+ 7‘)(1 _ r)n—k-‘,—l)\gfk
)/

+kZ:2 SR (n — R)I(t — 1)@ 1-1)/2

2(1 _ ,r)nAvozt(l—r)/Ze(l—r))\o(t—‘r)

IN

— 2(1 _ T‘)n)\gt(l_T)/ze_)\o[Tt+(1_T)T]€)\0t.
Thus, there exists a large T' > to such that (1.21) holds for ¢ > T', and
xot—7—0)>M, t>T, (3.4)
[0(t) — po (wo(t — 7) — Kot — )P )] P <0, i=0,1,....,n, t>T, (3.5)
and
[0(t) = po (ot = 7) = Klao(t = )" ™")]™ + o [0t = 0) + Klzo(t - )|
= [wo(t) — pozo(t — 7)™ + qomo(t — o)

+poK {[wo(t — )Y 4 oK |zo(t — o)
)\6’_2n (poef)‘(”' - 1) C

- 8V v
—|—2p0K(1 _ T)n/\rolt(lfr)/Qef)\g[TtJr(lfr)‘r]e)\ot + t(lfr)/Qef)\o [TtJr(lfr)cr]e)\gt
< 0, 2T,

which yields

{zo(t) — po [zo(t — 7) — K|wo(t — 7)|' "] }(n)
+40 [20(t — 0) + Klzo(t —o)['7] <0, ¢>T. (3.6)
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It follows from (1.21), (1.22), (3.4), (3.5) and (3.6) that

p(t+7)g(xo(t))
> po [wo(t) — Klzo(t)]' "]
do T n—1 1—r

> b—l—xo(t—l—T)—l—(n_l)!/T (t+7—25) [20(s — o) + Klzo(s —0)] "] ds

> btaxo(t+71)+ ! /t+7(t+7'—s)"_1q(s)h(x (s—o))ds, t>T

> 0 CEA 0 ; =1,
where

b= pg (Io(T —7) — K[zo(T — 7')]1*’”) —zo(T) > 0.

This is

zo(t) > g7t (p(ti-T) [b+ zo(t+ 1)

R /HT(t 47— )" Lq(s)h(wo(s — U))ds]) L t>T. (3.7)

(n—1!Jr
Similar to the proof of Theorem 2.1, it is easy to show that Eq.(1.1) has an eventually
positive solution. The proof is complete. O

4. Some Remarks

It is easy to see that Condition (H,4) implies (Hg). Hence, combining Theorems
2.1 and 3.1, we have immediately Theorem 1.1.

In view of the proofs, the main theorems in [7, 9, 13] are slightly modified as
Theorem A-Theorem E, respectively.
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