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Abstract

A stochastic Boussinesq model for the Bénard problem is considered
as a system of stochastic Navier-Stokes equations and transport equation
in R9! x [0,1], d = 2,3. The existence of a martingale solution is
proved. The construction of the solution is based on the Faedo-Galerkin
approximation and the compactness method.
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1. Introduction

We consider the Boussinesq model for the Bénard problem with random influ-
ences in R4 x [0, 1], where d = 2, 3,

% + (u-Vu—vAu—deq+Vp = fi(t) + Gi(u, ) dWi(t), t€0,T] (1.1)
%+(u-V)ﬂ—/{Aﬁ—udez(t)+G2(ua19) dWs(t), (1.2)
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with the incompressibility condition
divu = 0, (1.3)
with the boundary conditions in the vertical direction

u=0 when z;3=0 or z4=1, (1.4)

9=0 when z4=0 or z4=1. (1.5

and the periodic conditions in the horizontal directions:

ou 09

, —, —— are periodic in the z; directions, 1 <7 <d — 1. (1.6)

p;u, ¥
The last condition means that for some [ > 0 (when d = 2) or [, L > 0 (when
d=3)

Ple1=0 = Plo1=1; ifd=2,3,
¢|Z2:0 = (10|:E2=L5 lf d = 3

for the corresponding functions (.

The functions v = wu(t,z) and p = p(t,z) are interpreted as the velocity
and pressure of the fluid. Function ¢ = ¥(¢,x) represents the temperature
of the fluid (see [11]), here fi, fo stand for the deterministic external forces
and Gy (u, ) dWi(t), Ga(u, ) dWs(t), where Wy, Wy are independent Wiener
processes, are the random forces. This model has been studied by Foiasg,
Manley and Temam [11] and Ghidaglia [12] in the deterministic case. The
stochastic case is considered by Duan and Millet [8] and Ferrario [9] in 2D
domains of the form R x [0,1]. In [9], the semigroup approach is used. The
existence and uniqueness results and the existence of an invariant measure
are proven for the model with an additive noise. In [8], large deviations are
considered. In particular, the existence and uniqueness theorems in 2D case
with a multiplicative noise term which may depend on the gradient of (u, )
are proven. We generalize the existence result to the 3D case using a different
approach which is independent of the method developed in [8].

The above problem can be written in an abstract form as the following initial-
value problem in appropriate Hilbert space which is a Cartesian product of
spaces used for the Navier-Stokes equations and spaces used in the theory of
the transport equation, i.e.

do + [Ap + B(¢) + Ro| dt = f(t)dt + G(¢)dW (t),  t€[0,T],

with the initial condition

¢(0) = ¢07
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whete /() = (Wi(t), Wa(t)), £ = (Fi(t), £o(8)), & = (u,9) and 6o = (o, 0o)
Here, A and R are linear operators and B is a bilinear mapping. We im-
pose rather general conditions on the noise G(¢)dW (t) = Gy(u,d)dW;(t) +
Go(u, ) dWy(t), see Section 3 for details. These assumptions cover the follow-
ing special case

[e.9]

G(o(t)dW(t) ==Y _[(b(z) - V)o(t,x) + ) (z)(t, 2)|dBY (¢),

i=1
where {3} ;en are independent standard Brownian motions, see Section 5.

We prove the existence of a martingale solution. The construction of the
solution is based on the Faedo-Galerkin approximation, i.e.

Aoy (t) = — [PoAgy(t) + Bu(dn) + PuR(¢n(t) — Pof(t)] dt
+P,G(¢,) dW(t), t€]0,T],

The solutions ¢,, to the Galerkin equations generate a sequence of laws {L(¢p,);
n € N} on appropriate functional spaces. To prove that this sequence of
probability measures is weakly compact we need appropriate tightness criteria.

Our approach is closely related to the method used by Flandoli and Gatarek
[10] to the stochastic Navier-Stokes equations in a bounded domain, where
also the Faedo-Galerkin approximation is used. In [10] the tightness of an
appropriate sequence of measures is proven by means of some compactness
results in fractional Sobolev spaces. In the present paper we prove the tightness

of {L(¢,); n € N} using a different criterion of the compactness than used in
[10].

Thus we first concentrate on another tightness criterion which we formulate in
an abstract setting. More precisely, let H and V be two real separable Hilbert
spaces such that V < H], the embedding being dense and compact. Moreover,
we assume that there exists a third real separable Hilbert space such that the
embedding U — V is dense and continuous. Using the classical Dubinsky
Theorem, [23| and some ideas of Mikulevicius and Rozovskii [17], we prove a
certain criterion for relative compactness of a set IC in the intersection space

Z:=C([0,T);U)YNLL0,T;V)N L0, T;H) N C([0, T]; Hy,).
To be precise we show that the following three conditions, see Lemma 2.3,

(a) SUP,ex SupsE[O,T} |U’(S)|H < o0,
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T
(b)  supyex Jy w5 ds < oo,

(c) 1m0 Sup,eic SUDsieror [ult) — u(s)|y =0,
[t—s| <5

are sufficient for the relative compactness of K in Z. Let us notice that as-
sumption (c) is, in fact, the assumption on the modulus of continuity.

Mikulevicius and Rozovskii [17] proved the existence of a martingale solution
of the stochastic Navier-Stokes equations in R¢, d > 2. Note that in this case
the embedding H'(R?) — L?*(R?) is not compact. In their approach the space
L?(R?) is compactly embedded in the Fréchet space H;,*(R?) for sufficiently
large ky. Then, they proved a compactness criterion in the intersection space

C([0,T1; Hyt»(R)NC([0, T); L2 (RY) N L2 (0, T; H'(RY) N L*(0, T; L, (RY)).

loc loc

(The letter w indicates the weak topology.) The main difference between our
paper and [17] is that we formulate this criterion in an abstract Hilbert spaces
setting. However, since we assume compactness of the embedding V < H in
the proof Lemma 2.3 we can use the Dubinsky Theorem.

Using the deterministic compactness criterion formulated in Lemma 2.3 and
the Aldous condition in the form given by Métivier [15], we find a certain
tightness criterion for the laws on the space Z, see Corollary 2.6. Assump-
tions in this tightness criterion are expressed in terms of uniform estimates on
expected values of the norms in (a) and (b). The assumption corresponding to
the modulus of continuity is given by the Aldous condition, see Métivier [15]
and Section 2.

Furthermore, the construction of a martingale solution differs from the ap-
proach by Mikulevicius and Rozovskii. We apply the method used by Da
Prato and Zabczyk in [7], Section 8. This method is based on the Skorokhod
Theorem and the martingale representation Theorem. This is also the method
used in [10].

The paper is organized as follows. In Section 2 we are concerned with the
compactness result. In Section 3, we formulate the Boussinesq problem as
an abstract stochastic evolution equation in appropriate Sobolev spaces. The
main theorem concerning existence and construction of the martingale solu-
tions is in Section 4. Some auxilliary results connected with the proof are given
in Appendices A and B. In Section 5, we consider an example of the noise.

2. Compactness result

Using the classical Dubinsky Theorem, see [23], we will prove a certain com-
pactness criterion analogous to that contained in Lemma 2.7 in [17|. However,
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we put it into the abstract framework in Hilbert spaces. Using the Aldous
condition in the form given by Métivier, [15], we obtain a certain tightness
criterion.

2.1 Compactness criterion

Let (H, (-|-)) and (V, ((:]-))) be abstract real separable Hilbert spaces such that
the embedding V «— H is dense and compact. Identifying H with its dual H’,
we have the following embeddings

Ve HeH — V.

Assume that there exists a real separable Hilbert space U such that U — V,
the embedding being dense and continuous. Thus we have

U—=VosH2H -V < U (2.1)
Then in particular, H <— U’ is compact.
Let g € (1,00). Let us consider the following three functional spaces

C([0,T],U’) :=the space of continuous functions w : [0, 7] — U’ with the to-
pology 71 induced by the norm [|ul[¢o 7.0 = S[up] lw(®) g
te[0,T

Li(0,T;V) := the space L(0,7;V) with the weak topology 75,

L0, T;H) := the space L(0,7;H) with the topology 73 induced
by the norm.

Let H,, denote the Hilbert space H endowed with the weak topology. Consider
the ball
B:={zeH, |z|g<r}.

It is well-known that the weak topology induced on B is metrizable, see [4]. Let
q denote the metric compatible with the weak topology on B. Let us consider
the following space

C([0,T];B,,) = the space of weakly continuous functions w : [0,7] — H
and such that sup |u(t)|g <.

te[0,7)
(2.2)
The space C([0,T];B,,) is metrizable with
o(u,v) = sup q(u(t), v(t)). (2.3)

t€[0,T
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Since by the Banach-Alaoglu Theorem B, is compact, (C([0,7];B,), 0) is a
complete metric space. Moreover, u,, — w in C([0,7];B,,) iff for all A € H:

lim sup |(un(t) — u(t)|h)y| = 0.
N0 ¢€[0,T]

The following lemma says that any sequence (u,) C C([0,7]; B) convergent in
C([0,T);U’") is also convergent in the space C([0,T];B,,). It is closely related
to the lemma due to Strauss, see [19], that says:

L>(0,T;H) nC([0,T);U,,) C C([0,T]; H,), (2.4)
where C([0, T]; U/)) denotes the space of U’-valued weakly continuous functions.
Lemma 2.1. Let u, : [0,7] — H, n € N be functions such that
(1) sup,en SUPse(o,1) |un ()l <7,

(ii) w, — uw in C([0,T);U").
Then u,u, € C([0,T];By,) and u, — u in C([0,T];B,,) as n — oo.

Proof. By (2.4) we infer that u,, € C([0,T]; H,). We claim that
u, —u in C([0,T];B,) as n — oo,
i.e. that for all h € H
lim sup |(u,(s) —u(s)|h)y| = 0. (2.5)

N0 5¢00,T]
Indeed, first let us fix h € U. Then for all s € [0, 7] we have
|(n(s) = u(s)[A)y| = | (un(s) — u(s)|h) | < Junls) = uls)ly - [l
Since u, — u in C([0,T]; U’"),

sup |(un(s) — u(s)|h)a| < sup fun(s) —u(s)ly - 1Al — 0
s€[0,T] s€[0,T]

as n — OQ.

To show that condition (2.5) holds for all h € H let us fix h € H and € > 0.
Since U is dense in H, there exists h. € U such that |h — h.|g < e. Using (i),
we infer that for all s € [0,7] the following estimates hold

|(un(s) = u(s)[P)g| < |(un(s) = u(s)lh = he)y| + [ (un(s) = u(s)|he)y|
< lun(s) = u(s)lulh = eli + [(un(s) — u(s)|he )]
<e-flun — UHLOO(O,T;H) + ‘(un(s) - U<S)|hs)H|
< 2¢ 5D [Jun | e o g+ [ (4 () — () )|
< 2er + sup |(un(s) — u(s)|he )yl

s€[0,7T
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Thus

sup [(un(s) — u(s) )| < 27+ sup |(un(s) — uls)lh)g].
s€[0,T] s€[0,T]

Passing to the upper limit as n — oo, we obtain

limsup sup |(un(s) — u(s)|h)y| < 2re.
n—oo  s€(0,T]

Since ¢ is arbitrary,

lim sup |(un(s) — u(s)|h)y| = 0.

00 50,7
Since C([0,T];B,,) is a complete metric space, we infer that v € C([0,T]; B,,)

as well. The proof is thus complete. ]

Let us recall the classical compactness criterion due to Dubinsky, [23], Theorem
IV.4.1, see also [14].

Theorem 2.2. (Dubinsky) Let Ey, E and E; be reflexive Banach spaces such
that the embeddings Ey — E — E; are continuous and the embedding Ey — E
is compact. Letq € (1,00) and let K be a bounded set in L1(0,T; Ey) consisting

of functions equicontinuous in C([0,T]; E1). Then K is relatively compact in
L9(0,T; E) and C([0,T); Ey).

Using Theorem 2.2 and Lemma 2.1, we obtain compactness criterion analogous

to the result due to Mikulevicius and Rozovskii, see [17].

Lemma 2.3. (sece Lemma 2.7 in [17]) Let g € (1,00) and let
Z:=C([0,T;U") N LY, (0, T3 V) N L0, T H) N C([0, TT; H) (2.6)

and let T be the supremum of the corresponding topologies. Then a set KK C Z
is T -relatively compact if the following three conditions hold

(a) for allu e K and for all t € [0,T], u(t) € H and

SUPyek SupsG[O,T] ‘U(S)|H < o0,
(b) sup,ex fOT lu(s)||% ds < 00, i.e. K is bounded in L9(0,T;V),

(c) lim s Sup,cx supT,tE[O,T] lu(t) —u(s)|, = 0.

t—s|<d
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Proof. Without loss of generality we can assume that K is a closed subset
of Z. Because of the assumption (a) we may consider the metric subspace
C([0,7);B,) C C(]0,T]; H,) defined by (2.2) and (2.3) with

T = SUD,ex SUD,e(o7) |U(8)|. By assumption (b) the restriction to the set K
of the weak topology in L%(0,7;V) is metrizable. Since the restrictions to I
of the four topologies considered in Z are metrizable, compactness of a subset
of Z is equivalent to its sequential compactness.

Let (u,) be a sequence in K. By the Banach-Alaoglu Theorem condition
(b) yields that IC is compact in L% (0,7;V). Condition (c) implies that the
functions (u,) are equicontinuous. By Theorem 2.2 assumptions (b) and (c)
imply that K is compact in C([0,T];U’) N L9(0,T;H). Hence in particular,
there exists a subsequence, still denoted by (u,), convergent in C([0,T]; U’).
Therefore by Lemma 2.1 (u,) is convergent in C([0,7];B,). This completes
the proof of the statement. O]

2.2 The Aldous condition and tightness

Let (S, o) be a separable and complete metric space.

Definition 1. Let u € C([0,77],S). The modulus of continuity of u on [0, T
is defined by

m(u,d) := sup o(u(t), u(s)), 5> 0.
5,t€[0,T],|t—s|<8

Let (2, F,P,) be a probability space with filtration F := (Ft)te[O,T] satisfying
the usual conditions, see [16], and let (X,) _y be a sequence of continuous
F-adapted and S-valued processes.

neN

Definition 2. We say that a sequence (X,) of S-valued random variables
satifies condition [T iff

[T] Ve>0 Vyp>0 3§>0:
sup P{m(X,,d) >n} <e. (2.7)

neN

Remark. Let P, denote the law of X,, on C([0,77],S). For fixed n > 0 and
0 > 0 we denote

Cps ={ueC(0,T],S): m(u,d)>n}.

Then condition
P{m(X,,8) >n} <e

is equivalent to the following one

]P’n(Cny(;) S g.
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Lemma 2.4. Assume that (X,,) satifies condition [T]. Let P, be the law
of X, on C([0,T],S), n € N. Then for every ¢ > 0 there exists a subset
A. C C([0,T1,S) such that

supP,(A;) >1—¢

neN

and

lim sup m(u, ) = 0. (2.8)
0—0 uEAe

Proof. Let us fix ¢ > 0. By condition [T] for each k € N there exists 8, > 0
such that

sup P{m(X,, 6) > }<

i 2k+1
Then
€
ilég[?{m Xy 0p) < — } >1— )

or equivalently

€
 Qk+1”

sup P, {u € C([0,T],S) : m(u,d;) < %} >1

neN

Let By := {u € C([0,T],S) : m(u,d;) < £} and let A, := (2, By. We assert
that for each n € N one has

Pn(Ag) >1—c.

Indeed, we have the following estimates

P, (C([0,T],S)\ A:) < P,(C (}& D S)\ Bx))

siPw@T S)\ By) <

k=1 =1

Thus P, (A.) > 1 —e¢.

To prove (2.8), let us fix € > 0. Directly from the definition of A., we infer
that sup,c 4. m(u, o) < % for each k € N. Choose ky € N such that é < € and
let dp := dx,. Then for every 6 < dp we obtain the following estimate

m(”? 5) < m(”? 6160) < ga

which completes the proof of (2.8) and of the Lemma. O
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Now, we recall the Aldous condition which is connected with condition [T] (see
[15] and [2]). This condition allows to investigate the modulus of continuity
for the sequence of stochastic processes by means of stopped processes.

Definition 3. A sequence (X)), . satisfies condition [A] iff

[A] Ve >0 Vn >0 30 > 0 such that for every sequence (7,), .y of
F-stopping times with 7,, < T one has

sup sup P{o(X,(7, +0), X,(2)) = n} <e.
neN 0<6<s

Lemma 2.5. (See [15], Th. 3.2 p. 29) Conditions [A] and [T] are equivalent

Using the compactness criterion formulated in Lemma 2.3 we obtain the fol-
lowing corollary which we will use to prove tightness of the laws defined by
the Galerkin approximations.

Let us recall that H, V, U are separable Hilbert spaces such that
U—V—H,
where the embedding V <— H is dense and compact and the embedding U — V

is dense and continuous.

Corollary 2.6. (tightness criterion) Let ¢ € (1,00) and let (X,,) be a

sequence of continuous F-adapted U'-valued processes such that

neN

(a) there exists a positive constant Cy such that

SupE[ sup [ X, (s)ls] < Ci.

neN  s€[0,T]

(b) there exists a positive constant Cy such that

T
| [0 i8] <
0

neN

(c) (Xn),en satisfies the Aldous condition [A] in U’

Let P, be the law of X, on Z. Then for every € > 0 there exist a compact
subset K. of Z such that .
P, (K.) >1—¢.
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Proof. Let € > 0. By the Chebyshev inequality and (a) we infer that for any
r >0

) < E[SuPse[o,T] |Xn(5)’H} < Cy
r r

IP’( sup | X, (s)|lm >

s€[0,T]

Let Ry be such that &+ < £. Then

Wl M

IP’( sup | X, (s)|m > Rl) <

s€[0,T7]
Let By :={u€ Z: SUPseo.r) [u(8)|m < Ri}.

By the Chebyshev inequality and (b) we infer that for any r > 0

[HX ||Lq(0TV} < %

rd - /r‘q.

P(HXnHLq(o,T;V) >r) <

Let Ry be such that q § £. Then

£
P(”XNHLQ(O,T;V) > Ry) < 3

Let By :={u€ Z: lull ooy < Ry}.
By Lemmas 2.5 and 2.4 there exists a subset A C C([0, 7], U’) such that
P,(A:s) >1— < and

lim sup sup |u(t) — u(s)|gr = 0.
6—0 ucAg s5,t€[0,T]
[t—s|<é

It is sufficient to define K. as the closure of the set By N By N Ag in Z. Since
by Lemma 2.3 K, is compact in Z, the proof is thus complete. O

3. Functional setting

Let D = (0,1) x (0,1)ifd=2o0r D = (0,{) x (0,L) x (0,1) if d = 3. Consider
Hilbert spaces

Vi={ve HY(D,RY): divo =0, vj,—0=Vz,=1 =0,
and v is periodic in the direction z; with period [ if d = 2,3

and in direction xo with period L if d = 3}
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with the scalar product ((u|v)) = [, Vu(z) - Vu(z)dz, wu,v € V; and

={fe H(D,R): Jiza=0 = flzu=1 = 0, and f is periodic in the direction
x1 with period [ if d = 2,3 and in direction xs with period L if d = 3}

with the scalar product ((f|g)) = [, V.f(2)-Vg(z)dz, f, g € Va. The boundary
conditions are understood in the sense of traces; see [22], Section 2. Let V =
Vi x V5 be the product Hilbert space with the scalar product

(61) - /w V@) de, beV
and the norm

I3 = (@lo) = lully, + I£1I5,, = (u,f) eV
Let H = H; X Hy, where

={u € L*(D,RY) : divu =0, and u is periodic in the direction z;
with period [ if d = 2,3 and in direction x5 with period L if d = 3},
Hy ={g € L*(D,R) : and g is periodic in the direction z; with period [
if d = 2,3 and in direction x5 with period L if d = 3}.

The incompressibility condition and the periodic conditions present in the
definition of the space H; are to be understood in the distributional sense.
It is Well known that H is a Hilbert space with the scalar product (gblw) =
I o ) dz and the norm |¢[3;, = (¢|¢), where ¢,¢ € H. Moreover, the
embeddmg V — H is well defined, compact and dense.

With the scalar products in V; and V5, we can associate unbounded linear
operators A; : H; D D(A;) — H;, i = 1,2 with domains D(A4;) = V1 N
H?(D,R%) and D(Ay) = Vo N H*(D,R) by the following formulae

(Arufv) = ((ul),  w,ve DA,
(A9)0) = (9]0)). 0.0 € D(Ay).

Operators A; and A, are selfadjoint, positive with compact inverses. Let
D(A) = D(Al) X D(AQ) and

A= I/Al X HAQ,
ie. Ap = (vAiu, kAD), ¢ = (u,9) € D(A).

Moreover, we can define the fractional power operators A% « € R. The do-
mains D(A®) of these operators correspond to the Sobolev spaces H?*(D, R4*!)
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equipped with the suitable boundary conditions. In particular, V = D(A%).
The embedding of D(A®) into D(A%~¢) is compact for every a € R and € > 0,
see [21], Chapter II. We will also use the notation V,, := D(A?).

Let us consider the following three-linear form

by (u, w,v) = /D(u -Vw)vde. (3.1)

Using the Hélder inequality and the Sobolev embedding Theorem, it is easy
to prove the following inequalities

b1 (u, w, )| < fulpaflvlly, [l

< dlully, lwliyllolly,: — wwven (3.2)

for some constant ¢ > 0. Thus the form b, is continuous on V3, see [22], Section
2. Moreover, if we define a bilinear map By by Bj(u,w) := by(u,w,-), then
by inequality (3.2) we infer that B;(u,w) € V{ for all u,w € V; and that the
following inequality holds

|Bi(w, w)lyy < cllully, [lwlly,,  uwweVi. (3.3)

Moreover, the mapping By : V; x V; — V/ is bilinear and continuous. Fur-
thermore, since divu = 0 for u € V4,

i %(Uzw) _ (Z (9%) I Zul ' = (divu)w + u - Vw = u - V.
i=1 i

Hence by the integration by parts formula, see [20],

= 0 = v
bl(u,w,v)—/D(U.Vw)vda:_;/[)a—%(uiw)vdx——;/Duiwﬁ—%dx
_/(Zuiav)wdaﬁ:—/(u-Vv)wd:U:—bl(u,v,w).
D\ Ox; D

In the integration by parts formula, the integral over the boundary
Z?Zl f op Wvun; do = 0, where n stands for the unit outward normal on oD.

This follows from the periodicity conditions and the homogeneous condition
on DN{xy =0} and DN {xy=1}. Thus

by (u, w,v) = —by(u, v, w), u,w,v € Vj. (3.4)
In particular, see [22], Section 2,

by (u,v,v) =0 u,v € Vp. (3.5)
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Moreover, there exists a constant ¢ > 0 such that if u,w € V; and v € D(A?)
with ¢ > 2+ 1, then

b1 (u, w,v)| = |by(u,v,w)| =

Z/ uiw@ dx
i1 D 31’1

< lullallwll 2l Vol e < elfull o [wllallvll 5 5

Thus b; can be extented to the three-linear form (denoted by the same letter)
by: Hy x Hy x D(A?) > R

and |by(u, w,v)| < cllul| 2wl 2|V 3 for u,w € Hy and v € D(AI%). At

D(A2
the same time operator B; can be extended to

Bl : Hl X Hl — D(Al_%)
and satisfies the estimate

]Bl(u,w)\D(A;%) < clul g, [wl g, u,w € Hy. (3.6)

Next, let us consider the following three-linear form
ba(u,v,0) = /(u . Vﬁ)de, u€ V. (3.7)
Q

As before, by the Hélder inequality and the Sobolev embedding Theorem we
have

[b2(u, 0, 0)| < ul a9}, 10] 4
< dully; [0, 10]ly,, 0,0 € V2 (3.8)
for some constant ¢ > 0. Thus the form by is continuous on V; x V5 x V5.
Moreover, if we define a bilinear map By by Bs(u,d) := by(u,¥,-), then by
inequality (3.8) we infer that By(u, ) € Vj for all u € Vi, 9 € V, and that the
following estimate holds
Bau. Dy < cllully 9]y, weVi, VeV (39)

Moreover, the mapping Bs : Vi x Vo — V4 is bilinear continuous and

bo(u,9,0) = —by(u,0,9), uw€Vi, 0,0€ Vs (3.10)
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In particular,
bo(u,9,9) =0 ueVy, vel. (3.11)

Analogously, if § > g + 1, operator By can be extended to a bounded bilinear
map

Bo: Hy x Hy — D(A,?).
In particular, the following inequality holds

\Bg(u,ﬁ)|D(A e < cluly [y, uw € Hy, ¥ € H,y (3.12)

2 %)
for some constant ¢ > 0.

Using the above notation, the Boussinesq problem can be written in the fol-
lowing form

du+ [vAvu+ By(u,u) — deq] dt = fi(t) dt + Gy (u, 9) dW,(2), (3.13)
dY + [kA20 + Ba(u, V) — ug] dt = fo(t) dt + Go(u, V) dWa(t). (3.14)

with the initial conditions
u(0) = uy, 9(0) = . (3.15)
Thus for ¢ := (u,v), we have the following equation
do + [Ad + B(¢) + Ro| dt = f(t)dt + G(¢) dW (t), (3.16)

with the initial condition
¢(0) = ¢o, (3.17)
where W(t) = (Wl(t), Wg(t)), f = (fl(t), fz(t)), ¢0 = (UO,QQQ) and
Ap = (VAju, KAD),

(
B(¢) = (Bl u), Ba(u, 19))
R(b ( 19€d, —ud)

G() = (G1(9), Ga()).

Let us introduce also the following bilinear map

B(p,v) = (Bl(u,v),Bg(u,G)),
where ¢ = (u,?) and 1 = (v, ), with the notation B(¢) := B(¢, ¢).
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Lemma 3.1.

(1) There exists a constant ¢, > 0 such that
B, ¥)lv: < arllly el ¢deV. (3.18)

(2) If § > %+ 1, then B can be extended to the bilinear map from H x H to
D(A™z). Moreover, there exists a constant ¢y > 0 such that

|B(¢,¢)’D(A7%) < ca| Bl v g ¢, € H. (3.19)

(8) The map B is locally Lipschitz continuous, i.e. for every r > 0 there
exists a constant L, such that

|B(¢)— B()

v < Ll — Slly, 6,0 €V, ol Il <r. (3.20)

Proof. Ad. (1) Let ¢ = (u,¥) € V and ¢ = (v,0) € V. By inequalities (3.3)
and (3.9) we obtain the following estimates
B(6, )} = |(Bi(u,v), Ba(u,0))],

2 2 2
< Ellullyy llvlly; + e llully, 16115, = Ellully, (10l + 1915,)

2 2
< alellvlivly

for some constant ¢; > 0. This completes the proof of inequality (3.18).

‘Bl U, v }V{ - |Bg(u,0)|3/2,

Ad. (2) Let ¢ = (u,9) € H and ¢ = (v,0) € H. Then by inequalities (3.6)
and (3.12) we have the following estimates
2 2
B0 gy = B0y + B0y

2 1012 20 12
< Cz’“‘HJU’HI + C2’“‘H1’9|H2 < 2|l Y]

for some constant c; > 0. The proof of inequality (3.19) is thus complete.

Ad. (3) Let us fix r > 0 and let ¢ = (u,7),¢ = (@, ) € V be such that
&l |2l < r. We have

1B(¢) — B(&)|;, = | (Bi(u,u), Ba(u,

9) o
= | Bi(u,u) — By(a, 1)

) (Bi(@, @), B(11, 7))
1, + | Ba(u, ) — By(@i, V)

2
\%8
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We will estimate each term of the right-hand side of the above equality. By
inequality (3.3) we have the following estimates

|Bi(u,u) — By (a, )

v < | By (u,u— @) vt |Bi(u — a, f‘)|v1/
< cllully, llu = ally, + cllu —ally, 1,

< 2re- flu—lly, < 2rc- |6 — 9l
By inequality (3.9) we obtain the following estimates
| Bs(u,9) — Bs(, 9

< ‘32(%19—15 +|B2(U_ﬂﬂ§)

)}v,; )}vg Vi

< cllully; [10 = Dlly, + ellu = ally, 191y,
<2rc- ¢ —olly.

Hence
|B(6) - B@)[2, < 8r2 — 3

Thus the Lipschitz condition holds with L, = 2v/2rc. The proof of Lemma is
thus complete. O

Lemma 3.2. Operator R has the following properties:

(1) For every ¢ € H, Rp € V' and there ezists a constant ¢ > 0 such that
|Rolv: < cld]n (3.21)

(2) For every ¢ € V:
(Rolo) > —|¢l- (3.22)

Proof. To prove the first part of the statement let ¢ = (u,¥) € H and ¢ =
(v,0) € V. Since

|Ro|* = |(—Veq, —ua)|* = 9 + uj < |¢]%,

we have the following estimates

[ o) sl < [ \Rollutae < [ 161 vl de

< ( / |¢|2das)2( / |w|2dx)2 — |8llbla < oLl ]y

for some constant ¢ > 0. Thus R¢ € V' and inequality (3.21) holds.
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Let us move to the second part of the statement. Let ¢ = (u, ) € V. Since
(R9) - ¢ = (—Veq, —uq) - (u,¥) = —2uq?

and 2uqd < |¢|?, thus

(Ro|o) = /D<R¢> pdr > —/D|¢|2dx SPTE

This completes the proof of inequality (3.22) and the proof of Lemma. O

Assumptions. We assume that

(A.1) W(t) is a cylindrical Wiener process in a separable Hilbert space Y
defined on the stochastic basis (Q, FAFt} 0 IP’),

(A.2) ¢ge H, feLl*0,T;V),
(A.3) The mapping G : V — Lys(Y, H) is Lipschitz continuous and

2(A0|8) — IG()1Z, . = My — Xoll5 —p.  6EV  (G)

for some constants Ao, p and 7 € (%, 2].

Moreover, G extends to a Lipschitz continuous mapping G : H —
Lpus(Y,V_,) for some v > 1 and

2 2
1GOzsvyy SCA+0E), o€ H. (Gx)
for some C > 0.
Remark. The assumption that G : V — Lpgg(Y, H) is Lipschitz continuous
we use only in the construction of solutions of the Galerkin equations. Since
in the finite dimensional space every continuous map can be approximated by

a sequence of Lipschitz continuous maps, it is sufficient to assume that G is
continuous.

Furthermore, the Lipschitz continuity of the mapping G : H — Lyg(Y,V_,)
can be replaced by the following one

for every ¢ € V the map H 5> u — (G(u)|y) € Y is continuous

with a slight modification of the proof of Lemma 4.6.
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Definition 4. We say that there exists a martingale solution of the problem
(3.16)-(3.17) iff there exist

e a stochastic basis (Q,]:", {ﬁt}tzo,@),
e a cylindrical Wiener process W on the space Y,

e and a progressively measurable process ¢ : [0, 7] x QO — H with P - a.e.
paths
¢(-,w) € C([0,T], Hy) NL*(0,T;V)

such that for all ¢ € [0,7] and all ¢ € D(A):
(6(0)1) + / (6(s)| A ds + / (B(o(s)) ds + / (Ré(s)|) ds

= (¢olv) + /Ot (f(s)[¥) ds + </OtG(¢(3))dW(s)W> (3.23)

the identity holds P- as.

Here C([0,T; H,,) denotes the space of H - valued weakly continuous functions
on [0, 7.

4 Existence of solutions

Theorem 4.1. There exists a martingale solution of the problem (3.16)-(3.17)
provided assumptions (A.1)-(A.3), are satisfied.

4.1 Faedo-Galerkin approximation

Let {tn},cn be the orthonormal basis in H composed of eigenvectors of A.
Then {4}, o form also an orthogonal system in V. Let H,, :=span{t1, ..., 1, }
with the norm inherited from H and V, := span{vy,...,1,} with the norm
inherited from V. Let us fix a > max{y,d + 2} and let P, be the linear
operator from V_, to V,, defined by

Pv* = Z <v*|¢,>¢z, vt eV ,.

i=1

Then the restriction of P, to H is the (:|-) orthogonal projection onto H,, and
the restriction P,y : V' — V;, is the ((|)) orthogonal projection. These restric-
tions will be also denoted by P,. Moreover, in the subspace span{ty, ..., ¥, }
all norms are equivalent. Consider the following mapping

Bn(¢) = PnB(Xn<¢)>¢)a ¢ € Hy,
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where x,, : span{iy, ..., ¥, } — span{ty, ..., 1, } is defined by
Xn (@) = 0,(|0|v_, )¢ with 6, : R — [0, 1] is of class C* such that

1 if r<
Hn(r):{ it r<n

0 if »r>n+1.

Since H,, C H, B,, is well defined. Let us notice that

B(@:ZJ%BW) if |olv., <n
" 0 if |y, >n+ 1.

Moreover, by Lemma 3.1 B,, : H, — H, is globally Lipschitz continuous.

Consider next the classical Faedo-Galerkin approximation in the space P, H =
H,

dﬁbn(t) - [PnAan(t) + By (¢n) + PnR(an(t)) - Pnf(t)} dt
+P,G(¢,) dW(t), te0,T], (4.1)
¢n(0) = Pacbo.

Lemma 4.2. For each n € N, there exists a solution of the Galerkin equation
(4.1). Moreover, ¢, € C([0,T]; Hy,), P-a.s. and E[f0T|q§n(s)|§{ ds] < oo for
any q € [2,00).

The proof is standard and thus omitted.

Using the It6 formula and the Burkholder-Davis-Gundy inequality, see |7]
Lemma 7.2 or [18], we will prove the following lemma about a priori estimates
for the solutions ¢,, of (4.1). Let us assume

(4.2)

pe2,2+5%) if 1e(0,2)
pe2,00) if np=2

Let us notice that in (A.3) we assume that 7 € (3,2]. However, the following
lemma holds for n € (0,2]. The restriction 1 > 3 is related to the nonlinear
term B and it is crucial in the forthcomming passing to the limit as n — oo
considered in the next section.

Lemma 4.3. The processes (¢n),cy Satisfy the following estimates.
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(1) For every p satisfying (4.2) there exist positive constants C1(p) and Cy(p)

such that
supE( sup |pn(s)[) < Ci(p). (4.3)
neN 0<s<T
and .
sup[ [ 10,15 16(5) 1} 5] < Calp) (4.4)
(ii) In particular, with Cy := Cy(2)
T 2
supE[/ I6n(s)[13 ds] < C. (4.5)
neN 0
Proof. See Appendix A. O]

4.2 Tightness

Let H := H and V := V and let U := D(A?) with o > max{y,d + 2}.
For each n € N, the solution ¢, of the Galerkin equation defines a measure
L(¢yn) on (Z,7T), where Z is the space defined by (2.6) with ¢ = 2. Using
the tigthness criterion contained in Corollary 2.6 we will prove that the set
of measures {£(¢,),n € N} is tight. The main difficulty lies in checking the
Aldous condition which corresponds to the modulus of continuity. To this end
we need suitable estimates.

The idea of our approach is similar to that used by Flandoli and Gatarek
[10], where the tightness is proven by means of some compactness results in
fractional Sobolev spaces. In this way, instead of the estimates on the modulus
of continuity there are estimates in suitable fractional Sobolev spaces. Because
the tightness criterion we used is different from the one than used in [10], we
are forced to find different a’priori estimates on the sequence of approximating
solutions.

Lemma 4.4. The set of measures {E((bn), n e N} 15 relatively weakly compact
on (Z,7T).

Proof. We use Corollary 2.6 with H := H and V := V. By estimates (4.3) and
(4.5) conditions (a), (b) are satisfied. Thus it is sufficient to prove that the

@

sequence (¢y), oy satisfies the Aldous condition [A] in U = D(A7z) = V_,,.
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Let (7,),cn be a sequence of stopping times such that 0 < 7,, < T. Let us
write (4.1) in the following form

0u(t) = Puo — | " Agu(s) ds - / PB(6a(s),60(9)) ds - / PRou(s) ds

0 0
t t
+ / Puf(s)ds + / PuGl(én(s)) AW (s)
0 0
= JL )+ T2 + Ji) + 2 + I8 (), te0,T). (4.6)
Let 6 > 0. First, we make some estimates for each term of the above equality.

Ad. J2. Since A:V — V" and |A(d)|y < [|¢]l;; and V' < U’, then by the
Holder inequality and (4.5) we have the following estimates

Tn+0
=K Ao, (s)d }
2 { / u(s)ds|
Tn+0 Tn+60
[ asis)as }SE[ JRe d}
Tn 174 Tn

<o / oty as] < cE[o [ honto o

S CCQ -0 =: Cy 0. (47)

E[[ 3 (70 +0) = J5(7a)

SCE{

Ad. J3. Similarly, since B : H x H — U’ is bilinear and continuous, then by
(4.3) we have the following estimates
|

[ Bt as
<[ 1Bl o] <e[ [ 181 onto o

<11B1-B[ sup [on()[3] -0 < IBICI) -0 =656, (49

s€[0,T

where ||B]| stands for the norm of B:HxH—U.

E[[J2(7 + 6) = 72 ] —]E[

Ad. J!. By Lemma 3.2 and (4.3) we have the following estimates
Tn+0
o] = E[ / P,Ron(s)ds 1
Tutb " T[i;e
<c]E[/ | R (s) ds} SC]E[/ |(bn(s)|Hds]

Tn+9 %
{( ‘¢n ds) }<0]E[sup |¢n | }

€[0,7]

2)0 = (4.9)

E[}Jé(m +0) — Ji(1,)

MM—A

| /\
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Ad. J°. Since f € L*(0,T; V"),

(1230 + 0) — Sl || [ Puf(s) ds }
ch[leZ%ﬂ@dsw}chLl?wLﬂgn@%

S(%Q-ELATLK@

o

Ad. J. Since U' = D(A2) = V_, and a > v, then V_, — U’. By the
continuity of the embedding Lys(Y,V_,) — L(Y,V_,), (Gx) and (4.3) we
have the following estimates

o]

/0 " PoG(dn(s)) dW (s) — /0 K PG(¢n(s)) dW (s)

2 2
Lds| =0 1y = o
(4.10)

E[|J5 (7 +6) = J5(7)

:ﬂ
_ﬂ

SCE{

2

|

2

|

2

.

Tn+0
ScE{/ HG@A@WZwmwwd%

/ " PaG6a(s)) AW (s)

/ " PG (6a(s)) AW (s)

Tn+0
< const-E{/ (14 |pnl(s)|3) ds]

2

< const -0 - E[ sup ‘Cbn(S)‘H

| <const-Ci(2)-0=:c-6.  (4.11)
s€[0,7T

Let us fix n > 0 and € > 0. By the Chebyshev inequality and estimates
(4.7)-(4.10) we obtain

P({[ /5 (70 +0) = J1(7)

L)< %E[\J,im +0)— Ji(n)

a

>

C; -

U]

<

, n € N,
where i = 1,2,3,4,5. Let 6; := L -¢. Then

sup sup P{|J£(Tn +6) — J(72)

neN 1<6<4;

s} e i=1,2,3,45
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For the noise term, by (4.11) we have

P8 +0) = Sl 2 ) < B[+ 6) = )

-0
< 662 , n € N.
U
Let d¢ := g -¢. Then
sup sup P{|JS(7, +0) — J3(7)|,, > n} <e.

neN 1<0<3g
Since condition [A] holds for each term J, i = 1,2,3,4, 5,6, we infer that it
holds also for (¢, ). This completes the proof of lemma. O

4.3 Proof of Theorem 4.1

We will construct a martingale solution using the method used by Da Prato
and Zabczyk in [7], Section 8.

By Lemma 4.4 the set of measures { £(¢,,),n € N} is relatively weakly compact
on (Z,7). Thus we can find a subsequence, still denoted by (¢,) such that

L(¢,) converges weakly on Z  as n — oc.

Thus
L(¢,) converges weakly on C([0,T];U") N L*(0,T; H).

as n — 0o.
By the Skorokhod Theorem, see |7], there exist

e a stochastic basis (Q, F, {ft}te[QT],I@) and, on this basis,

e C([0,T];U") N L2(0,T; H) - valued random variables ¢, ¢,, n > 1
such that

¢n has the same law as ¢, on C([0,T]; U") N L*(0,T; H),
and ¢, — ¢ in C([0,T];U")YN L*(0,T; H), P - as.

Since, by Lemma 4.2, ¢,, € C([0,T]; P, H), b, and ¢, have the same laws, and
C([0,T]; P,H) is a Borel subset of C([0,T];U’) N L*(0,T; H), then we have

L(¢,)(C(0,T);P,H)) =1, n>1
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Since ¢, and ¢, have the same laws, and C([0,7T]; P,H) is a Borel subset
of C([0,T);U") N L*(0,T; H), thus by (4.3) and (4.5) we have the following
estimates

E( sup [9u(s)[?) < Ca(p) (4.12)

0<s<T

T 2
EU [6n(s)])\, dS} < Ch. (4.13)
0
for all n € N and all p satisfying condition (4.2).

For each n > 1, let us consider a process M, with trajectories in C([0,T]; H)
defined by

M, (t) =¢n(t) — P, (0) + /0 Ady(s)ds + /0 B, (¢n(s)) ds
+/0 PnR(én(s))ds—/o P.f(s)ds, tel0,T].

M, is a 'square integrable martingale with respect to the filtration F, = = (Fut)s
where F,; = 0{¢n(s), s <t}, with the quadratic variation

(M), —/ P.G(dn(3)) (C(n(s))) Pu ds. (4.14)

Indeed, since ¢, and ¢n, have the same laws, for all s <t € [0,7] all functions
h bounded continuous on L2(0,s; H) N C([0,s]; U’) and all 1, € D(A?), we

have

E[(M,(t) — Mu(8)|¥0) h(njjo.g)] = 0 (4.15)

and

E[(<Mn<t>w><m<t>|<> — (T () (M (s)[C)

/:< (6n(0)) Puth| G (o nc> da)-h(ggn|[075])} —0.

We will pass to the limit in (4.15) and (4.16) as n — oo. All terms in (4.15)
and (4.16) are uniformly integrable in w, and converge P - a.s. The main diffi-
culties in (4.16) occur in terms containing the nonlinearity B and in the term
corresponding to the quadratic variation of the martingale M,. We consider
these problems in the following two lemmas. In Lemma 4.5 the assumption
that n € (3,2] will be of crucial importance.

(4.16)

199



Lemma 4.5. If 1) € (3,2] then for any ¢,¢ € D(A%):
JLI&]E{/ <Bn($n(g))|w> do - / <Bn(q~5n<0>)|<> do - h(@gn[o,s]):|
:E{/ (B(9(o))]¢) da'/ (B(6(0))I¢) da-h(ﬂguo,sl)]-

Proof. Let us denote

gn(w) ::/ <Bn(§5n(07w))|¢> da'/ <Bn<§gn(aaw))|<> do"h(ﬁgm[o,s}(‘*}))
o) = [ (Bl do - [ (BGo.9)IC) do (Bpae), w e

We will prove that the functions {gn}, .y are uniformly integrable and
lim,, o0 gn(w) = g(w) for P-almost all w € Q.

Uniform integrability. It is sufficient to show that

supE[|gn|"] < o0 (4.17)

n>1

for some r > 1. In fact, we will prove that the above condition holds with
every

r e (1, % + 4(27117)) if % < n < 2 (notice that because of the assumption on 7
this interval is nonempty), and with arbitrary r» > 1 if n = 2.

By Lemma 3.1,(2) we have the following inequality

[ (BNt} ldo < ex [ ooy do [0l 021

Thus
t B 2r
|gn ()" < ATl <y, (/ |6n (0, w) |5 dd)

¢
< C’/ | (0, w) gda < C sup |o,(o,w) ‘}}", n>1,

c€[0,T]

where C' stands for some constant. Since 4r satisfies condition (4.2), then by
(4.12)

supE[|g.|"] < CE[ sup | (0, w) ] < CCi(4r),

n>1 o€[0,T)
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which completes the proof of (4.17).

Pointwise convergence in w. Let us fix w € Q such that g?)n(-,w) —
¢(-,w) in L*(0,T,H) N C([0,T);U’). By the continuity of & it follows that
limy, .00 h(¢n|[0,~s}(w)) = h(¢|[0,s}(w)> Since qbn('?w) - gb(-,w) in C([OvT]a Ul)?
the sequence (¢, (-,w)), ey is bounded in C([0,77; U’). Suppose that

‘&n(.’w)‘C([O,T];U’) < N, n>1
for some N> 0. Then Xn(én('aw)) = an(',w) for n > N and
Bn(ggn("w)) - P"B(X”(q;”("w))’ qgn(ﬂ'”)) = PnB(Q;n('vw»: n > N.

On the other hand, since (5”(, w) — q3(~,w) in L2(0,T, H), then by Lemma 7.1
in Appendix B we infer that lim, . ¢g,(w) = g(w). The proof of Lemma is
thus complete. O

Lemma 4.6. (Convergence in quadratic variation). For any ¢,( €

[e3

D(Az):

lim E K/t <G(g?>n(a))*Pn¢\G(gf?n(a))*Pn<> do) -h(én[o,sl)}

n—oo

—e[( [ (6o vl6) ) do ) b))

Proof. Let us put

her=( [ t (Glnlo.0) Pab|Gln(:0)) P ) do )h(Guoa), €

(4.18)
We will prove that these functions are uniformly integrable and convergent
P-a.s.

Uniform integrability. It is sufficient to prove that
sup E[|fa|"] < 00
n>1

for some r > 1. We will prove that the above condition holds with every
T e (1,1+ﬁ) if 0 <7 < 2 and with arbitrary » > 1 if n = 2.

Since Lys(Y, V') — L(Y, V'), then by (Gx) we have
|G(§Z~5n(0a W))*Pndy < HG(QETL(O»“}))HL(KV') [1EaClly
< \JC(In(, ) + 1) 1IC]ly-
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Hence we have the following estimates

T

= | ([ (60t Putl (o) Poc ) ) (B

< il ( [ [6tnio) P, - \G(énw,w))*myda)
< Ol NI - I ( [ Wttt 1) da) .

Using the Hélder inequality, we obtain the following estimates

(/:(’&n(a,w)!?{ +1) dO>T <(t—s) " /:(!&n(a,w)ﬁq 1) do

<C- sup (\&n(a, w)|3 + 1)
c€[0,71]

for some C' > 0. Thus

[fally < C - sup (|on(0,w)[5 +1)
c€[0,T]

for some C'. Hence by (4.12)

E[lfuly] < C-E[ sup |¢n(o, )% +1] <C(C1(2r) +1) <00, neN,

0€[0,T]

which completes the proof of (4.18).

bounded in L*(0,T; H). By the continuity of h, it follows that
lim,, o0 h(¢n|[0,s} (w)) = h(gbms] (w)) We will prove that

lim <G(q3n(a,w))*Pn¢]G(q3n(a,w))*Pn<>da

- [ {ca.o) sl ¢) dn

Let us remark that it is sufficient to prove that

G(6n(w) Pt = G((w) ¢ in L¥(s,15Y).
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We have the following inequalities
[ 16t Put = 6600 o
s/:(\G@n(a,w))( Patb = 0]y + |G (0, 0)) 6 — Gl w)) v, )
<2 (P — o, / (G (o)) 2y do

49 / G (D(0,0)) " — G(Blo,w)) $[2 do = 2{T1(n) + Ln(n)}.

Let us consider the term I;(n) on the right hand side of the above inequality.
Since

Py — 4 for ¢ eV,
then by (Gx) the continuity of the embedding Lys(Y,V_,) — L(Y,V_,) and
the boundedness of the sequence (¢, (-, w)) in L*(0, T; H), we have the following
estimates

t T
/ |G(<;n(0’ w))* 2 do < C’/ (](5”(0, w)|il + 1) do<C, neN,
s 0

—>

for some constant C' > 0. Thus

lim /;(n) = lim / |G (dn(o,w) |£(V vy | Pt = ¢|V do = 0.

n—~oo n—oo

Let us move to the term I5(n). By the second part of assumption (A.3), G
extends to a Lipschitz continuous mapping G : H — Lys(Y,V_,). Thus

|G (Bal,w)) Y=C(Blo,w)) ¢y
< |G(Bu(o.w)) — C(&(0:) iy, - ¥,
< |G(u(o.w)) — G600,y - Wl
< Lo|u(0.w) — 30,0)| ;- 0]y,

where Lg stand for the Lipschitz constant. Hence
t
[ 16 6-Golow) o] do

<12 / (6nlo,w) — dlo,w) %y dor - 02,
< L2 [16uw) = 0 ) a0z - 1811
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Since ¢y (-, w) — ¢(-,w) in L*(0,T; H) as n — oo, we infer that

n—oo n—oo

lim T(n) — lim / 1G(u0. ) — C((o,w)) v||>- do = 0.

This completes the proof of lemma. ]

Continuation of the proof of Theorem 4.1. By lemmas 4.5 and 4.6
we infer that for all s < ¢ € [0,7] all functions A bounded continuous on
L*(0,s; H) N C([0,5]; U') and all 4, ( € D(A?) the following equalities hold

E[(M(t) — M(s)|¢)) h(Po.)] =0 (4.19)

and

EKW(t)l@(M(t)IQ — (WI(s) ) ($)]C)

C ) ) (4.20)
- [ {ctto) vici@)'c) ds)n(Gnn)| o
where M is a D(A~2)-valued process defined by
W0 =3(t) —3(0) + [ Ad(s)ds+ [ B(3(s)) ds
/0 / (4.21)

+ /OtR(gg(s)) ds — /Otf(s) ds, t e [0,7].

By (4.19) and (4.20) with ¢,¢ € D(A%), we see that

The process A~z M (t), t €[0,T] is a continuous square integrable H-valued
martingale with respect to the filtration F= (.7:}), where F, =c{d(s),s < t}

with quadratic variation

~ * «@

(AT, = /0 ASCH()G@B(s) A5 ds,  te[0,T].  (422)

In particular, the continuity of the process AEM(t), t € [0,T] follows from
the facts that ¢ € C([0,7]; D(A%)) and that the nonlinear term B(¢) €
L'(0,T;D(A™%2)). Thus the integral in (4.22) as a function of ¢ is continuous.

By the representation theorem for martingales, see [7|, there exist

204



e a stochastic basis ((ZZ,]?, {ft}tzo,fé’),
e a cylindrical Wiener process ﬁ/(t) defined on this basis

e and a progressively measurable proces ¢(t) such that

A-53(t) — A54(0 )+A—3/ Aé(s)dHA—?/o B(6(s)) ds

LA /OtR(é(s)) ds—A%”O/Otf(s) ds:/OtASG(é(s)) AV (s).

However,

/O A5G(0(s) dW(s) = A5 [ G(d(s)) AW (s).

0

Thus A_%(Z(t), t € [0, T) is continuous as a D(A?)-valued process with 3 :=
Hence

G0 — GO) + [ (A1) ds+ [ (B ) i

+ [ (R as= [y as+{ [ c@e) arel),

Vte[0,7] Vo € D(AP).

[NJ]

In conclusion, the conditions from Definition 4 hold with (Q F, {‘Ft}t>0’ ) =

(Q f {ft}t>0, ) W = W and ¢ = QS This completes the proof of Theorem
4.1.

5 Example
Let
> A (@)
G(¢,O)(t,x) == [(b(x t,x) +c(2)p(t, z)] dﬁdt(t), (5.1)
i=1
where

B9 i eN - independent standard Brownian motions,
b9 . D — R?- of class C*°, ieN
DS R-ofclassC®, ieN
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are given. Assume that

Crim 3 (B9 + vl + eOfe) <00 (52)
i=1
and
d
Z k—zb() b() C]Ck > a|C| ¢ eR? (5.3)
7.k=

for some a € (%, 2]. Assumption (5.3) is equivalent to the following one

0o d
SN (@) (= cggk<225jk<;ck allP=@2-a)lcl’.  (54)

i=1 j,k=1 J,k=1
Let Y := [?(N) and put
¢)h = Z b V) + D hi,  ¢eV, h=(h)el}N).

We will show that G fulfils assumption (A.3). Since the mapping G is linear,
it is Lipschitz continuous provided that it is bounded. We will show that

2A910) ~1GD)egvm = nllolly = Xolély, o€V (G)
for some constants Ay and 7 € (5, 2].

Moreover, G extends to a linear mapping G : H — Lyg(Y,V_,) for some v > 1
and

IG(O)I7 sy < Clolsy, G € H. (G)
for some C' > 0.

Proof of (G). Let us consider a standard orthonormal basis k() = (hg-i)),
i € Nin [>(N). Let ¢ € V. Then, for each i € N, we have

90D | N 0 |
‘ Z)|H (ij) (b C(Z)QS}Zb;)@_;i_'_C(Z)Qs)

H

d
(Z bjz) 0o ’Zb ) + Q(Z bgz) 0¢ ’ (7, ) + ‘C(i)¢‘;
Jj=1 H
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Thus

d

IGONZ sy = Z!G i(zb aiz kaxk)

Jj=1 H

i 0 i i
+22(Zb§.)a—j|c<>¢) +Z\c(>¢ﬁq. (5.5)
i=1 “Nj=1 J g =1

Let us estimate each term on the right-hand side. By (5.4)

> (Swaesign) = [T Sl e

i=1 =1 j,k=1

<@-alVely, eV

For each i € N we have

d

iy 00| 4 g i
(Zbﬁ)%lcﬂaﬁ) < 69 oo D e 0y |8
i=1 ’

H

< (I8 + 1D ) 0Ny 10l ¢ € V2

l\i)lr—A

Thus for any € > 0

0o d 0
230 (0852 108) < SO + 1<) el bl
=1 i=1

j=1 H
02
=Cillolly - 16l <eloly + lolh, o€V,

(' is defined by (5.2). The third term in (5.5) we estimate as follows

S D9 < S 1Dl = Crlolh, eV
i=1 =1

Hence

02
GO < 22— aloll + (T +C )0k sev

and

02
2(A616) = 1G22 2161 - <2+e—a>||¢||2v—(4—;+01)|¢|%1

2
—@-olol - (L e )b oev
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It is sufficient to take ¢ > 0 such that a — e € (3,2]. (Let us notice that such
an ¢ exists.) Thus condition (G) holds with 7 := a — e and g := Z—f +C. O

Proof of (é*) Let b= (by,...,bq) : D — R?% Then
d d d

Z ob; do\ .. Z 9¢

= ( ¢ ) B <leb)¢ + j=1 b] ax]

j:l Jj=1

Thus for every ¢ € V
d
a .
/D(]Z:;bjax @bd:v—Z/ (b;jo) wdx—/(dlvb)¢¢dx
= (b d — [ (divb)¢ da.
Z/ ¢ x /D( ivb)¢y dx

Hence using the Hélder inequality, we obtain the following estimates

d

\/ Zb @bdas|<‘/26¢—d:p

(divb)pe) dx
j=1 D
< bl oo @l g [1©1ly + 1 divD]| oo [ )] |44 ]] -

Thus
1(b-V)ollv: < (||bl| e + [|divb|[ L) - || -

Moreover, . ;
HC(@)(bHV, < COHStHC(Z)HLoc|¢’H'

Then G(¢)h') = (bD - V)¢ + V¢ and
G5 = (07 - V)o+ DglF, <2(1(67 - V) @lF + [Vl

Hence

GO, v = 3 16G(6) rw<22( V)L + [t <b!w)
=1

i - 1 (i )12 2
Z 21697 + 2/ divd? (|7 + 1|0 ) 1017,

=

Hence, G(¢) € Lus(Y, V') and
1G(Densvvny < C - 19]a
where C' = 2C,. In conclusion, condition (G#) holds with v = 1. O
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6 Appendix A

Let us recall the first part of assumption (A.3).

The mapping G : V — Lyg(Y, H) is Lipschitz continuous and
2A010) — GO ysvy Z M6l = Nololy =, 0V (G)
for some constants \g, p and n € (0, 2].

Since (A¢|p) — nllells = (2 —n)l|¢l}, inequality (G) can be written in the
following form

G, v < 2(A010) —nllglly + Xolgl3 +p, €V (@)

The following proof of Lemma 4.3 is standard, see [10]. However, we provide
all details to indicate the importance of the assumption (4.2) on p.

Proof of estimates (4.3), (4.4) and (4.5) under the assumption (G).

Let p satisfy condition (4.2), i.e

pe(22+5%) if ne(0,2)
pE[2,00) if n=2

We apply the It6 Lemma to the function F(z) = |z|5, =: |z|’, x € H. Since

2

—2
|| <pe—V-Rl weH,

OF o p a2, ‘

ox

we infer that

Alon(] = |plonOF 2 (6,(0] = A00(0) = Ba(0a(0) ~ R6n(0) + P ()
45 (PG >>§2 7 (PAG(n(1)) ]} dt
+ o) (n()|G(Dn(t)) AW (1))
—{—p|¢n<t>r”—2u¢n<t>|r — D 1Bu O (G R(6u(6)))
+ o) (Sn ()| Paf (1))
i

. % o [PnG@n(t))W(PnG(qbn(t)))*}] dt

+p|6n (Db G(bn(1) AW (1)), > 0.
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Thus
d[|on )] +plonOF llen®I* < —plen(t) |” 2(Gn(t)| R(6n(1))) dt
+p o) (S (1) £(2)) di
+ 500 = D92 PG On() I, ey
+ 0 |6a () (6u(8)|G(0n(D) AW (1)), t20.

By (G’) we have
1PG (@2 vmy < 2= 1) 0] + Xol@n(®)] +p, >0
By Lemma 3.2 (2)
_<¢n |R an > < |¢n ) t>0.

Moreover, by the Schwarz inequality for any € > 0 we get

(FOlen(®) < IfF Oy - lén®)] = @If(t)\w - (22)[[gn ()]

1L /1 2 2 1 2 2
< - | = / n - - ’ n 3 Z .
<5 (5l OR+ 221001 ) = LUOR, < lontol, 20
Hence for t > 0

Alon(OF] +p 16O 2N0n(0)Pde < plon () dt
+BlonOF 2 LI FOF + plon(l e lou (o)

+ 3p = D10uOF | @ = ) 1o+ dalonto) + ]

+ 2 |0a (1) {Su(B)|G(00(t)) AW (1))

and therefore

All6uP] + [p = pe — 5o = D@ =) 1ouOP2160(1)

< Pl i+ plou()P - L FOF di

+ 500 = D 10uP - Dalen () + o] d

+p|¢n |p 2<¢n |G gbn( )) (t)>
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Moreover,

PlowO ™ IFOF + 500 =16 P - Polon() + 4
= 0a0F | o = DAal6nOF + LIFOR, + 5000~ 1))

< | (500~ 1% + A0 ) l0nOF + Clep (0, + 1)) 220
Thus we obtain

0,0+ [p=p2 = 50 =D =1)] [ I 0, () s

t 1
< ¢ (0)" + p+=pp— Ao +elfS)5 ) |on(s)]” ds
/0 ( 2 ) (6.1)

+Cep) [((FO+1)ds
0

+p /0 |60 (5)1"*(Dn(5)|G(n(s)) AW (5)), ¢ € [0,T].
Let us choose € > 0 such that p — pe — %p(p —1)(2 —n) > 0, or equivalently,

1
<1 -
Observe that under condition (4.2) such an ¢ exists.

By Lemma 4.2, EUOT |on(s)|% ds] < oo for any ¢ € [1,00). Hence by (G) and
the equivalence of all norms in the finite dimensional space, we infer that the
process

in(®)i= [ 16 (OGN V), e T
is a martingale and that E[u,(t)] = 0. Thus we have
Ellen(O"] < Ell¢n(0)["]

+ [ (o 30— D0 +4UTGR ) B0, s

t
+Cep) (G +1)ds Vel T (62
0
Hence by the Gronwall Lemma there exists a constant C' > 0 such that

Ell¢.()] <C  Vte[0,T] Vn>1 (6.3)
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Using this estimate in inequality (6.1), we also obtain

5[/ ' oI el 5] < )z (6.4)

for some constant Cy(p) > 0. This completes the proof of inequalities (4.4)
and (4.5).

By the Burkholder-Davis-Gundy inequality, see [18], and estimates (6.3)and
(6.4) we obtain the following estimates

2

Lys (Y7H) d0->

= o[ [ 100 U PG,y ) |

|

E{ sup / p16u(@) " n ()| PaG (60(0)) AW ()

0<s<t|Jo

<Cp-E ( [ 0@l 2 (@nto)) PGouoN)]

N
D=

[N

<Cp-E ( / 6a(@) - 00(0) 2 - |G (Sn(@I2, v da)

= cp|( [ 160 GG, o) |

<cpox| [ 1P 16 ) |

0

D
sup [¢n(0)]|?
10<o<t
2
2

i
ng-EOS;igtl% (/0 |6 ()" - [Xo [@n(a)* + p
+ (2= )én (o)) da) }

<

SE[sup [6,(0))"] + %CZPQEU [9a(@)" olon(@)] + 5
0<o<t 0

2= mllonto)|] do]

— 3E[sup [0, + 5% | [ Aalon(oras)

+ %CQP%-]E[/ [fn ()P~ dS]

+50@=)B| [ 16,6 (o)l ds
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< 58w o+ 30 8] [ s (oo o]
0

0<s<t 0<s<o

1 2 2 p 2
. %c%f(z g E[ / |¢n<s>rp-2u¢n<s>||2da]

1 1 t
< §E[ sup |¢n(s)|"] + §C2p2)\0 E[/ sup |on(s)|” da] + const.
0

0<s<t 0<s<o

Thus by (6.2) we have
E[ sup [6a(s)["] < E[lén(0)V"]

+/0 (p+ %p(p— 1) Ao +s|f\2w> E[Oggs|¢n<r)lp] ds

+Clepnp) [ (R +1) dst B[ s [6,(:)F]

0<s<t

1 t
+ 502p2)\0 / E[ sup |¢n(s)[” |do + const.
0

0<s<o

Hence by the Gronwall Lemma, we get (4.3), i.e.
E[sup |¢a()”] < C1(p)
0<s<t

for some constant C(p) > 0. This completes the proof of estimates (4.3), (4.4)
and (4.5) in Lemma 4.3. O

7 Appendix B

Lemma 7.1. Let 8 > d + 2 and let ¢, — ¢ in L*(0,T;H). Then for all
t €10,T] and all p € D(A g) we have

i ([ BB@u@)afe) = { [ B ).

Proof. We have

</ P.B(¢n(s ds!w> </ B(¢n(s )dsan¢>
- </0t3(¢n(s)) ds| Pt —¢> + </0tB(¢n(s>) ds|¢> =: [i(n) + I»(n).
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For the first term on the right hand side, we have the following estimate

ol =|( [ Blonts)) sl - )|
< [ 1B 1ot s 1B =il 5
T
< [ oo ds 1P =l 5

Since P, — [ strongly in D(Ag) as n — oo and (¢,),~, is bounded in
L*(0,T; H), we infer that lim,, ... [;(n) = 0. -

Let us move to the second term. Let us denote ¢, = (upn, V), ¢ = (u,?).
Then

B(¢n) — B(¢) = (Bl(unvun)a BQ(unvﬁn» - (Bl(u,u),BQ(u,ﬁ))
= (Bi(un — u,up) + Bi(u, uy — u), Bo(un — u,9y) + Ba(u, ¥, — 09)).

Thus using the estimates (3.6) and (3.12), we obtain

([ B aste) — ([ Blo)asle )

<C-|n— ¢||L2(0,T;H)(||¢n||L2(o,T;H) + ||¢||L2(0,T;H)) ||¢||D(Ag) — 0

as n — oo (C stands for some positive constant). Thus

lim I(n) = </0tB(¢(s)) ds|w>,

n—oo

which completes the proof of Lemma. O
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