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1. Introduction.

We consider an evolution equation
ou
— = Au, 1
T (1)
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where A is a linear operator. Given an operator A let e/A, ¢ > 0 denote the
operator exponent that is a family of linear operators such that for every ¢t > 0
the operator e maps the real or complex-valued function ¢(x),r € R into
a solution wu(t,z) of the Cauchy problem of the equation (1) with an initial
condition u(0,x) = p(z).

It is well known (see [15]), that the exponents of some pseudo-differential
operators and the exponent of the operator % have probabilistic representa-

tions. Namely, for the operator % we have

iz p(z) = Eple +w(?),

where w(t) is a standard Wiener process, w(0) = 0, and for the operator A,
that acts as

Apl(x) = / (ol + 1) — p(2))Ady),

if the measure A satisfies the condition [, min(|z|, 1)A(dz) < oo, and as

Ap(@) = [(ela+1) = o) - s @l @)
if the measure A satisfies the condition [; min(|z|?, 1)A(dz) < oo, we have

ep(x) = Ep(z +£(1)) (3)

where £(t) is a jump Lévy process with the Lévy measure A, £(0) = 0.

Note that if the operator exponent can be represented in the form (3) the
fundamental solution ¢(t,z,y) of the equation (1) for every ¢t > 0 coincides
with one-dimensional distribution of the process x + £().

It is important to note that the representation (3) can be directly general-
ized neither for higher order differential operators nor for operators that look
like (2) but include higher order derivatives of ¢. The simplest explanation
of this fact is based on the maximum principle. Namely it follows from (3)
that the operator A satisfies the following property: if the function ¢ has a
maximum at point x, then Agp(x) < 0. It is clear that higher order differential
operators do not satisfy this property.

An analog of the representation (3) was considered in a number of papers
(see |9, 6, 14, 3|). In this representation instead of usual probability processes
so-called pseudo-processes were used.

A concept of a pseudo-process appeared for the first time in a paper of
Yu. Daletski (see. [5]). Note that a pseudo-process is not really a stochastic
process. Actually it is defined by a fundamental solution of an equation

ou_,
ot "oxn’
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It is easy to prove that pseudo-processes exist only in a sense of finite-dimen-
sional distributions and do not generate any measure in the space of trajecto-
ries.

Nevertheless there are a lot of papers (see [14, 3]) concerning the properties
of pseudo-processes. It was proved that a lot of functionals of the trajectories of
the pseudo-processes are well-defined in the sense that they generate a signed
measure on R. Mention here that an analog of the arc-sine law [9, 11], of the
central limit theorem [10] and of the Ito formula and the Ito stochastic calculus
[9] has been proved for the pseudo-processes. We also mention that an analog
of the Feynman-Kac formula has been proved in [13, 11].

For the exponent of the fourth order differential operator (case n = 4) an
analog of the representation (3) were proposed in [6, 4, 7].

Further, in [16] stable measures with the index of stability greater than 2
were studied. Such measures are signed ones and hence they are not probability
measures. Nevertheless for this class of measures an analogue of the Lévy-
Khinchin representation was constructed. It was shown that in some sense
these signed measures are limit measures for sums of independent random
variables. It was also shown that these limit measures give us information
about large deviations of sums of independent random variables.

The present paper provides a further development of this approach.
Namely, instead of one-dimensional distributions we consider corresponding
processes with independent increments.

We construct, in particular, a probabilistic representation of the operator
exponent e, where A belongs to a class of pseudo-differential operators.

First we describe this class of operators.

Let g be a generalized function on R (see [8]), such that for every € > 0
the restriction of g on R, = R\ (—¢,¢) is a finite signed measure that is

l9|(R.) < oo,

and at the point 0 the generalized function g can have a singularity of a finite
order. Namely, we suppose that for every a > 0 and some r € N the generalized

function g is continuous with respect to the norm || - ||,, that is
(9, 0)| < Capllollar (4)
where '
llar = sup [(2)] + max sup [P (2)].
lz|>a 0<j=r |z|<a
We also suppose that
(9,) =0 (5)

if ¢ = C' = const.
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As examples of such generalized functions g one can consider derivatives
of the Dirac d—function and generalized functions that have the form of a
regularization of a Borel function g, that satisfies the condition

/Rmin(|x|r, 1)|g(x)|dx < 0

for some r € N.
Note that if supp g = {0} then for » > 0 and a constant C,. > 0

(g, )| < C, max |o9)(0)].

0<j<r

For a space of test functions we choose the space of all bounded infinitely
differentiable functions with bounded derivatives of an arbitrary order.
For every generalized function g we construct an operator A,, by

Ay f (@) = (g, f(z + ), (6)

where we denote the action of g on f with respect to the variable y by g,.
We also consider operators Aj defined by

Agf(@) = (gy, fla + cy)), (7)

where ¢ is a constant (real or complex). Note, that we always suppose that f is
defined on R and in (7) for complex ¢ we understand f(xz+cy) as a substitution
of  + cy into an analytic continuation of f (assumed to exist).

To construct a probabilistic representation of the operator exponent of A,
we consider two objects defined by the generalized function g. The first object
is a probability space (Q,F, P,). Next we consider a subset Q% of Q (in all
interesting cases P,(Q2°) = 0) and on Q° instead of a probability measure we
define a generalized function L, So our second object will be a triple (Q°, G, L,),
where G is a set of test functions of L,.

All random processes we define on the space 2°, and in the classical repre-
sentation (3) instead of the mathematical expectation we use the generalized
function L, (for the same functional). Then we study the connection between
the probability measure P, and the generalized function L.

2. The space (2",G, L,).

Let Q° denote the space of all discrete signed measures on [0, 7] with a finite
spectrum (finite number of atoms). Each element v of this space can be repre-
sented in the form v = Y77 _| x40;,, where d;, denotes a unit mass (d—measure)
at a point t;. We suppose that in this representation |z;| > 0 for all k& and all
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the points ¢, € [0, 7] are different. On QY we consider a topology generated
by a total variation norm.

Let f: QY — C be a Borel function, for every k € Ny, Ny = {0,1,2...};
we use a notation f; for a symmetric function of k£ two-dimensional variables

defined by
Sty @), (B2, 22), - - o (s 1)) ijét t; €[0,7],z; € R. (8).

Using (8) we get the following relations

fk+1((tlv xl)? SRR (tka xk)a (thrl? O)) = fk((tlv xl)? DRI (tka xk)) (9)

and

fk+1((t1,l‘1), Ceey (tk, xk), (tk,yk>> = fk((thxl); ceey (tk, T + yk», Yr € R.

In the next step, given a generalized function g on R, we define a generalized
function L, on QY.

First we define a space of test functions. To this end for every k € N =
{1,2,3...},7 > 1,a > 0 we define a norm || - |54, by

Itllra = > sup max sup sup |Dyphl, (10)
Fe{T gy e e PP bl o

on the set of functions h : ([0, T] x R)k — R. Here Dy, denotes the differential

operator
oPi
Dip = H pra (11)
el
for I {1,...,r}, p=(p1,...,px) and we suppose that the operator Dy, acts
only with respect to the variables x;,7 € I
Note that in the case supp g = {0} we use a simpler norm

|hl|kr = sup max Dp,. iy ph((1,0), ..., (£, 0))] (12)

t1,. 0tk PJ%

instead of (10).

As a space of test functions we use the set G of Borel functions on Q°, such
that for every k& € N the function fr = fi((t1,21),..., (ts, xx)) is infinitely
differentiable with respect to z;, and for every r > 0,a > 0,M > 0 the
following series

io: Mk”fk“k,r,a (13)

k!
k=0
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converges or if supp g = {0} the series

ALk .
Z HkJ:ka, (14)

k=0

converges . In the latter case we denote the corresponding class by G.
We say that the sequence of test functions f™ converges to a test function

Fif (@), (7)) — fol(t,20), -, (tr, @) for every k uniformly
with respect to t; € [0,7] and z; € R with all its derivatives (w.r.t. ;) and
for every r > 0,a > 0, M > 0 the following sums are bounded

o~ MALS
k!
k=0
with respect to n.
Now under the class of test functions G (or Gy, if supp g = {0}) we define
a generalized function L,. For every f € G we put

(Ly. f) = Zk, / G (15)

In (15) we suppose that the generalized function g®* acts with respect to
T1,...,Tk, SO that

(0%, i) (t1s - ) = (Gay X -+ X Gap, ful(B1, 1), -, (B T))),

mF denotes the Lebesgue measure on [0, T]* and we integrate with respect to
(t1y. ..y tr).

It follows from (4) that for some constant C' = C'(a,r) and for every k € N
we have

sup |(g®k7 fk)(tlv s atk’)‘ < Ck”kakm,a' (16)
(t1y0enst)
The convergence of the series (15) follows from (14) and (16).

For (L,, f) we use a notation L, f.

Below we consider not only the interval [0, 7], but also its subintervals.
Now we introduce corresponding definitions.

Let [t,s) C [0,T]. By Qf, we denote the set of all discrete signed measures
with finite spectrum on the interval [t, s). For every u € (t,s) the set Q5° is
isomorphic to the Cartesian product Qf,, x QF _.

For t < slet L%® denote a restriction of the generalized function Ly on Q7
The generalized function L%® is defined on the set of test functions G** C G.
By definition the function f belongs to G if f € G and for every v € Q°
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f(v) = f(V|j,s) It follows from (5) that on a test function f € G"* a generalized
function L}* acts as

(L5 f Z k! /ts]k . fyydm (17)

It is clear that for every u € (¢, s) we have
t,s __ r1tu u,8
Ly =L1"® Ly*, (18)

where by Ltg’“ ® Lg® we denote the direct product of the generalized functions
Ly and Ly (see [8]).

3. Generalized random processes on ’, and cor-
responding operator semigroups.

In this section we introduce a concept of a generalized random process (below
we usually omit the word generalized). To define this random process instead
of a probability space we use another object, namely the space (Q°,G, L,).

Let D°[0,T] denote the space of right-continuous step functions on [0, 77,
with a finite number of jumps. This space is isomorphic to the Cartesian
product R x Q°. Namely, every x € R and v € Q° are mapped into the
function f € D°[0,T], where f(t) = x + v[0,t], t € [0,T]. On D°[0,T] we
consider the topology that is the image of topology on R x ° under the action
of this isomorphism.

We define a generalized process (or simply process) as a measurable (with
respect to the Borel o—algebra) mapping from QY to D°[0,T]. Of course, a
generalized process is not a random process in usual sense because 2° is not a
probability space and instead of a probability measure on Q° we have only a
generalized function L,. For this reason we cannot speak about a probability
distribution for a functional of a process. Instead of this we can speak about
a generalized distribution that is an image of a generalized function L, under
the action of a functional.

For every € R we define a (generalized) process &, (t) = & (t,v), t €
[0,T], x € R, by

&(t) =z +v([0,1]). (19)

First we study the one-dimensional distribution of the process &,(t). By
definition the one dimensional distribution is an image &,(t)L, of the general-
ized function L, under the action of the mapping v — &,(¢,v). This image is
a generalized function on R that acts on a test function ¢ as

(&x(t) Ly, p) = Lgp(E:(t)).
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Formally the domain (the set of the test functions) of &, (t)L, is the set of func-
tions ¢, such that the function v — ¢(&,(t,)) belongs to G. Let us construct
the smaller class of test functions.

For a domain of the generalized function ,(t)L, we take the set Hy;,
of functions ¢, that are inverse Fourier transforms of signed measures with
compact supports and with finite total variations. Namely, each function
¢ € Hyiy is of the form

1 [
- —wpz (]
ple) = o /_Ae p(dp),
where p is a signed measure on [—A, A], such that |u|([—A4, 4]) < co.
It follows from this definition that for every ¢ € Hy;, there exists M > 0
such that
sup | o) (z)] < M*. (20)

Tz€R
for every k € N,
Now it follows from (16) and (20) that there exists My > 0 such that for
every k € N the following inequality is true
sup [(g%%, p(z + 21 + -+ x1))| < M.

zeR

Finally, from the latter inequality it follows that for every function ¢ €
H fin the function (&, (t)) belongs to G.
On the domain H;, for t € [0,7] we define a linear operator P* by

o Lk
Plo(x) = Lyp(&:(t)) = Ly'o(&(t) = Y %(9@“7 pla+a+- - +ay)) =
k=0
E(gm><---ngk,go(x—i—xqu---—i—xk)). (21)
k=0

It follows from (18) that P! is a semigroup of operators, so that P! =
Ptps.

Theorem 1. The Fourier transform pi of the operator Pt is a multiplication
operator by a function

he(p) = exp(t(gy, e™™)), p € R. (22)
Proof. For p € R, o(x) = e """ we have
—1 ootk —ip(z+x1+zo+--+2
Plo(x) = Lye~#e® = Zy(g@c,e p(a+a1toa+t k)) —
k=0

e exp(t(gy, e ™).
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It follows from (22) that (in the distribution sense) the operator P! is a
convolution operator with the function h;, where h; is the inverse Fourier
transform of h;.

Further, define a function u = u(t,z), t > 0,z € R, by

u(t, z) = P'o(z) = Lyp(&(1)). (23)
Theorem 2. The function u(t,z) is a solution of the Cauchy problem
ou _
ot
Proof. Using (15),(17) we have

Agu, u(0,z) = o(x). (24)

ou 2,
Ezzm(gm X Gag X+ Xgmk,g0($+l’1+$2+"'+$k)) -
k=1 '

e tk—l
(ga:uZm(gm X Ggg X - ><gxk790($+$1+962+---+m,€))),
k=1 '

Rename the variable x; by y, the variables x,, ..., xx by x1,..., 251 and
k—1 by k. We get

ou

EZ (%aZE(gm X Gz, X"'ngk790<x+y+x1+"'+xk))) -
k=0

(gy, u(t,x + y)) = Aju.
]

It follows from theorem 2 that the generalized function P, = £, ()L, (that
is the one-dimensional distribution of the process &,(t)) is the fundamental

solution of the equation (24). It is easy to compute the Fourier transform 75;
of this one-dimensional distribution. We have

Pt,f(p) = Lg6 Péa(t) — H(g(@k,@p( +zi1tzot+ k)) _
k=0
e exp(t(gy, eipy»‘ (25)

It is important to note that originally the one-dimensional distribution of
the process &,(t) is defined only as a generalized function with domain H f;y,.
But if the Fourier transform (25) is a rapidly decreasing function we can extend
Py . to a larger class of functions.

Now we consider some examples.
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Ezample 1. Consider the case g = —6™"). Then for ¢ € H ¢in, we have

Losorp(€a(t) = 3 i ((=00)%, i -y - 24)) =
S o) = pla +1).
k=0

The latter formula means that P! is a shift operator that corresponds to a
well-known fact that the fundamental solution P; , of the equation % = g—z is
the unit mass at the point = + ¢.

Example 2. Consider the case g = 5(2—2). Then by (22) the operator Plis a
multiplication operator by the function

. 6(2) t 2

hu(p) = exp(t(~5. ™) = exp(—-).

and then by (25) the Fourier transform 73,5: of the one-dimensional distribution

P:. (which is the fundamental solution of the equation % = %%) is

th

Pralp) = €™ % .
Ezample 3. Consider a generalized function g such that for ¢ € Hy;,
dx

(9:0) = v [ (ola) = 90) %
R xr
In this case by (22) we get that the operator Plisa multiplication operator
by the function

~

hu(p) = exp (t<v.p. [ 1)3—2)) — exp(—rtlpl),

and the fundamental solution P; , of the equation

Ou =v u(t,x —u(t,x &y
X (t,2) = v.p. / (u(t.+9) = ult,2)

is the function ;

TR (y—a)

which is the density of the one-dimensional distribution of the Cauchy process.
The following examples are different from examples 1-3 because the cor-

responding one-dimensional distributions of processes under consideration are

not probability distributions.

Pt,x(y)
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Ezample 4. For a € (4m,4m+2) where m € Ny, we consider the generalized
function g(z) = |z|~*"!. In this case (see[8])for every ¢ € H i, we have

W= (¢<x>—w<0>—wﬁ—---—mxm) o)

2l (dm)! EEC

For av = 4m + 1 the integral (26) is considered in the principal value sense
and the case @ = 1 was considered in the example 3. In this case the operator
Pt is the multiplication operator by the function

Fu(p) = exp (t [em-1- ) P ) ):

21 (4m)! ly|[1+

exp(—ct|p|*),

where
s 1
c= . > 0.

sin g I'(1+ )

So the fundamental solution P, (the one-dimensional distribution of our
process) of the equation

ou
a(taj) -
1 0%u 2 L 0™ 4 dy
. B _1 S ")
/R (u( @ +y) —u(t,r) 21 92 (¢, x)y (4m)! 83:4’”( o)y ) ly[*Fe

is the function
Pra(y) = huly — o),

where h; is the inverse Fourier transform of the function /fzt. This solution is a
probability distribution only if m = 0, « € (0, 2).

Example 5. Now we consider the same generalized function g(z) = |z|~*7 1,
as in the previous example but for a € (4m — 2,4m) and m € N. In this case

@) (4m—2) .
0.0 = [ (o) -t - £ - £ ) S o)

the P! is a multiplication operator by the function exp(ct|p|®), but in this case
¢ > 0, that means that the fundamental solution of the corresponding equation
is only a generalized function with a domain Hy;, and it cannot be extend to
a larger class of test function.

Note that if instead of (27) we consider another generalized function (here
A is an arbitrary positive number)

0.0)= [ (v -0~ 0 2
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(4m—2) (4m)

¥ (O i () dx

- - "M —_— 28
(4m —2)1" m)r a)(@) [ (28)
then this problem disappears. Namely, the fundamental solution P; , of the
equation

ou 1 0%u 5
G0 = [ (o) - ) - G550 =

1 92 2 dy o'y
(’ ) ! )‘ (t7x)

(4m — 2)! QzAm—2 y|te B E@x‘m

(here € > 0 is a constant which depends on A) is the function

Pro(y) = hi(y — z),

where h; is the inverse Fourier transform of the function

hi(y) = exp(t(c|p|® — e1p™)).
Ezxample 6. Consider the generalized function
§5@m)

)m—HW'

9=1(=
This generalized function corresponds to the pseudo-process of even order
discussed in [6]. In this case P? is the multiplication operator by the function

7> @m) 2m
hy(p) = exp(t((—1)"" ém)! ,e”PY)) = exp(— tp

W)’

so that the fundamental solution P; , of the equation

@ _ (_1)m+1 82mu
ot (2m)! Ox2m

is the function
Pt,x(y) = h(y — ),

where h, is the inverse Fourier transform of the function A, (p).
Similarly, to the case of the pseudo-process of odd order in our construction

§2m+1)

corresponds g = j:m and

5(2m+1) ) Z'tp2m+1
) = exp(£(—1)" ).
myr¢ ) = eeEED" G

~

hi(p) = exp(t(+
Ezample 7. For every x € R we define on Q0 another process £<(t) =

& (t,v), by
&(t) =z + ev([0,1)), (29)
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where ¢ € C is a complex constant. Now we consider the one-dimensional
distribution of the process £5(t). We recall that by definition one-dimensional
distribution is a generalized function £(¢)L, that acts on a test function ¢ €
Hyin as

(E2(t) Ly, @) = Lgp(&:(1))-

As above, for ¢ € Hy;, we define a function u = u(t,z), t > 0,z € R, by

u(t, z) = Lgp(&:(1)). (30)

It is important to note that in (30) we actually substitute {(¢) in the
analytic continuation of ¢.

In the same way we can prove that the function u is a solution of the
Cauchy problem

ou .
a - Ag“’? U(O, LU) - QO(SC)’
where the linear operator Aj is defined by
AS f(x) = (94, f(z + cy)). (31)

In the special case g = @, we have Af f(z) = %f@)(x). So, if we put

c=e7i in (29) we get that one-dimensional distribution of the process
&lt) =2+ e (0.1 (32)

give us the fundamental solution of the Schrodinger equation

Ou  10%u
I— = ——.
ot 20x?
Further, in the case g = % ( note, that in the example 6 we consider
another case with g = —%) we get AS f(7) = (Zz;!f@m) (z). If we put ¢ = eim

in (29) we get that the one-dimensional distribution of the process
&(t) =z + einv0,1] (33)
gives us the fundamental solution of the equation

ou —1 0™
ot (4m)! Dzrm (34)
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4. The distributions of functionals. The stochas-
tic integrals.

As we have shown one-dimensional distributions of generalized processes with
independent increments are the fundamental solutions of the corresponding
evolution equations. But it is possible to consider some other functionals of
the trajectories of the (generalized) processes.

First we consider the variations of trajectories. Let g = 2), as we have
seen this case corresponds to the Wiener process. Consider the quadratic
variation v, of a process &. We suppose here that the process starts at point
0 as the quadratic variation does not depend on a shift. It is clear that for

v=> 1, xxd and &(t) = v([0,t]) we have

n
o) = i
k=1

Now we consider the distribution Py, g,y = v2(&)L 5 - By definition v5(&p) L 52)
=N R
is a generalized function that acts on a test function ¢ € Hy;y, as

(Posieo), ©) = L@sﬂ(vz(ﬁo)) =

Tk
T (0)%F p(af + -+ + 7)) Z 7 90 =o(T).  (35)
k=0

The latter equality means that the dlstrlbutlon Puago) 18 a unit mass at
point T, that expresses a well-known fact that the quadratic variation of the
Wiener process is not random and equal to T" with probability 1.

This statement can be easily extended to the case (example 6)

§5@m)

9= (—1)m+lm-

In this case we consider vq,,, the variation of order 2m instead of the
quadratic variation v,. As above for v = Y7 | x40, and & (t) = v([0,t]) we

have
Vom 50 Zx
The distribution P, ) = V2m(&0)L _iymi1sem) acts on a test function
Cumis@n)
¢ € Hyin as

(Pugmco)s @) = L _yymirsem) ©(Vam(&0)) =

(2m)!

136



Z w«g(m)) (@™ 4 i) =

0 k((_1\m+1\k
> TAED™ s00) = p((-1)m17). (36)

Thus we prove that the order 2m variation of the process (with respect to

the generalized function L _,)ms15e2m ) is constant but for even m this constant
aritsen)
is negative. Below we explain the reason for this strange result. Namely we

show that a generalized process has a probabilistic sense not for all generalized
functions g, but only for nonnegative (in some sense) g. For a generalized
function g of the form (g, ¢) = ap™ (0), where a is constant, this nonnegativity
means that a is nonnegative. So for even m = 2n only a complex-valued

process (33) (with respect to a generalized function L ;un ) from the example
(4n)!
7 has a probabilistic meaning. It is absolutely clear that the variation of the

order 4n for this process is negative.

The next object we define is a stochastic integral with respect to a gener-
alized process £(t). Let f :[0,7] — R be a Borel function and £(t) = v[0, t].
For every trajectory () we define a stochastic integral fOT f(t)d¢(t) as a usual
Stieltjes integral with respect to the jump function £(-) (we recall that tra-
jectorles of our process have only a finite number of jumps). Namely for
v = ZJ L 20, € Q° we put

/fd§ /fdv S fit)a,

1<5<k

(by definition this sum is equal to 0 if £ = 0).
To construct a distributions Py, sy = I1(f)L, corresponding a generalized

function g we calculate the Fourier transform Py, (5 (p) of a distribution Py,
We have

7;/]1(7)(]9) _ LgeipfoT f()dg Z - /OT]k 761‘pi=1 f(tj)xj)dmk _

exp ( /0 (0 eipf“)w)dt). (37)

Let us consider some examples.
Ezample 1. For g = —5" (so that (g, ) = ¢'(0)) using (37) we have

Pr(p(p) = exp (ip /0 ' f (t)dt)- (38)
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It follows from (38) that the distribution of the stochastic integral is a
d—measure at the point fOT f(t)dt. This means that the stochastic integral is
nonrandom and coincides with the Lebesgue integral.

Ezample 2.

(2)
For g =2

5 we have

2 T
Prp(p) = exp (— % /0 fA(t)dt),

hencg the corresponding distribution is a normal one with parameters
(0, fy f2(t)dt).

Evample 3. For g = C09em

@) we have

o p2m T )
P = — "(t)dt).
() (p) = exp ( 2] /0 Frm(t)de)
Note that for m > 1 the corresponding distribution is not a probability
distribution.
Ezxzample 4.
For g(z) = |z|7*"!, and a € (4m,4m+ 2) where m € N, (example 4 of the
section 3), it is not difficult to prove that

o) = oxp (— clpl® / ()|t

where ¢ is a positive constant.

The corresponding distribution is a symmetric stable distribution if m = 0
and it is a signed measure if m > 0.

Similarly we can define multiple stochastic integrals. Namely, let f :
[0,7]* — R be a Borel function of n arguments. We define a stochastic
integral I,,(f) of multiplicity n in the following way.

For v = 25:1 z;0,, € Q0 we set

L.(f) = /[()T]n f(tr, .. tn)dE(ty) ... dE(t,) =

Yo it )T, o,
F#j2Fin
(this sum is equal to 0 if k£ < n).
We show that for ¢ = —¢(" this multiple stochastic integral is nonrandom
and coincides with the multiple Lebesgue integral.

Theorem 3. If g = —6M) and f € Ly([0,T]") then for every n € N the distri-
bution Py, 5y = In(f)L_s0) of the multiple stochastic integral is a 6—measure
at the point f[o T f(ty, .. tp)dty ... dt,.
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Proof. For simplicity we consider only the case n = 2.
To prove the statement it is sufficient to check the following equality

L_s0e™?V) = exp (ip f(t1, ta)dtrdty) (39)
(0,772

for every p € R. We have

[e.9]

YL (1
I 5(1)6p2 Z (ip) 5(1> 2(f))

=0

Further, for every d we have

k
(1)) @k . )¢
L_soy (Io(f Zk' /()T]k ( —0) 7(;f(tgatl)%$l) )
T
It is easy to show that all terms in the sum on the right hand side, except
the term with k£ = 2d, are equal to 0 and the term with k = 2d is equal to

(f[o,TP f(t17t2)dt1dt2)d. This proves (39). O

Further, we can show that when g = @ a multiple stochastic integral
coincides with a multiple stochastic integral with respect to the Wiener process.

We omit the proof since it is completely similar to the proof of theorem 3.

Theorem 4. If g = ‘5(2—2) and f € Lo([0,T]") then for every n € N the distrib-

ution Pr,p) = In(f)Ls» of the multiple stochastic integral coincides with the

distribution of the Wiener multiple stochastic integral

/ Fltr o t)dw(t) . duw(t,)
[0,T]™

and moreover for n # m and any functions f; € Ly([0,T]"), f2 € Lo([0,T]™),
we have

Ly (In(fi)In(f2) =

5. The probability space ({2, F, P,).

In this section we additionally suppose that a generalized function ¢ is ei-
ther a regularization of a nonnegative function (previously we did not assume
nonnegativity) or g = a(—1)"8", for some a > 0.

Let us first consider the case where g is a nonnegative function satisfying
the condition [, min(|z|",1)g(x)dz < oo for some r € N (we use the same
letter g for the function itself and for the corresponding generalized function).
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We put
ny = max{n : / |z|"g(x)dz < oo} (40)
Jz|>1

Let X = X(G), be the space of configurations on G = [0,T] x (R \ {0}).
We equip X with the vague topology (see [12]) and denote by B(X') the Borel
o—algebra. On the measurable space (X, B(X')) we consider the Poisson mea-
sure P, with intensity measure I1(dt, dz) = dtg(x)dz.

Further, for every € > 0 we denote a restriction of the measure P, to the
space X (G.) of configurations on G. = [0,7] x (R \ [—¢,¢]) by P,.. It is
clear that for every e the measure P, is a Poisson measure with an intensity
measure II |g. . As before we denote by m the Lebesgue measure on [0, 7.

For a probability space we take the space 2 = Q([0,7]) of all discrete
signed measures on [0,7]. Each element of this space can be represented in
the form » . x;0;;, where as above we denote the unit mass at point ¢; by 4y,
Note that Q° c Q.

Let © denote the mapping X — 2 that maps a configuration | J,(¢;, z;) € X
to a signed measure ), z;0;, € €0.

Using the mapping © we equip €2 with a topology and a Borel c—algebra
F. In this way on  we construct probability measures P, = P,0~! and
P,. = Pg@@*l. It is natural to call these measures Poisson measures. Note
that for every e >0 P,.(Q°) = 1.

Let us study the connection between a generalized function L, on Q% and
a measure P, on €.

Let v be a C"°—smooth function on R and d denote an operator

(dv)(z) = v(0) = Const.

For k=1,2,3,... let d* denote a linear operator that acts as
ok
(@) (2) = T701(0) (41)
for k < ng, and
k
(@90 (@) = 1 (2]} (0) (42)

for k > ng. It is important to note that due to the difference between (41) and
(42) d*® depends on g.
Further, we define a linear operator A by

Av(z) =v(z) —v(0) = v(z) — dv(z), (43)
and define a sequence of operators (which also depend on g) A(k),k € N by
(A(k)v)(z) = v(z) — dv(z) — dVv(z) — - — dPu(z).
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Note that A+ d is the identity operator and for every k = 1,2,... we have
A(k) = Ak + 1) +d*D, (44)

For r > 1 and a test function ¢ we have

(9,0) = / A(r— Dp(@)g(@)dz = lim | A(r— Dp(@)g(x)dr,  (45)

e—0 R.

where R. =R\ [—¢,¢], and for » = 1 and a test function ¢ we have

(9:0) = / Ap(@)g(z)dz =lim | Ap(x)g(x)dr.

e—0 R,
We also set
n(e) = [ ogla)da, (40

fore >0 and [ <ng and

() = / o P (47)

for [ > ng.

Note that for an even function g and odd [ all the functions 7,(¢) are
identically equal to 0.

First we consider the case r = 1.

Theorem 5. Suppose that r = 1. Then for every f € G
lim [ fdP,.=L,f,
e—0 Q
that means, that for r =1 the generalized function Ly is a limit (in generalized

functions sense, that is on each test function) of the probability measures P, ..

Proof. For ¢ >0, f € G we have

. — 1
/Q faPye = e MDY T ” frodlT. (48)
k=0 Y Ge

Denote the action of the operators A, d with respect to the variable z; by
Ai’ d'L'
For every finite set I of natural numbers let |I| denote the cardinality of

the set I. We put
dr=[]d Ar=]]a (49)

iel el
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If I ={1,...,k} then for the corresponding operator A; we use a notation
A®* that is
Z&®k 23131£§2...Zxk.

We use as well corresponding notations for operators
A(m), d™, m € N, that is

di" =T[d™, Arm)=T]Aim

il i€l

and
A®F(m) = A(m)Ag(m) ... Ap(m).

For every fixed k, let C'I denote the set {1,...,k}\ I. We note that for
any k the function d¢y fr depends only on z;, i € I.
Using the identity

z‘zl {1, k)

and (48), we get

(3] k
1
_ o ne) N L k
/Qfdpg,s =e E k!/a ”1 (A; + d;) frdIT® =

k=0

e~ H(Ge) Z / Z AldC’Ifdek

Ge Ic{1,...,

GE)Z Z (G CI/ AldCIkaH (dx;) =

T IC{l,..k} iel

00 k
1 Lk o
Ge) - ®j f. _
ZEZH (]) /@A Hadll =

k=0 " j=0

I(Ge) ®j ] (G€)k7j = 3 l/ ®k k
Z /A fjdH 3 S %k! GgA frdI®. (50)

Thus, we have

1 =1
[gar =Y [ astpant — > o [ ackpant — 1.
Q k=0 G k=0 G
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Let us introduce some additional notations. Namely, we define a sequence
{D;}32, of differential operators For f € G we define as follows D, f : Q° - R,
such that for every k£ € Ny

(le)k((tl, 1’1), cee (tk, xk)) =

T
0
/ dtk—i—la Jer((t, 1), - (b @)y (Bt Thg1)) Japsa=0 -
0 Tr41

By analogy we define the differential operators Dy, D3, .... Namely, for
m=2,3,... we set

(Dmf>k<<t1, l’1), R (tk, xk)) =

T am
/ dtpprz—— fer1 (L, 21), - (B, 1), (Bt Thg1)) Jogs =0 -
0 Oxi’ 4

For t € R we also denote the corresponding operator exponents by
D Dy
Qi =ePr, Q= QL =,
Consider properties of the operator Q. It is easy to show that,
Q4(v[0, 7)) = v[0,T] + T,

Moreover it is not hard to prove (see [2]) that properties of the operator @} are
similar to the properties of a shift operator. For example for every ¢ € Hy;, we

have Qi (¢ (f)) = ¢(Q1(f)). In particular we have Qf (¢(v[0, TT)) = @(v[0, T]+
tT). For this reason we call Q} generalized shift operators.

Now we consider the case r = 2, so that [, min(z,1)g(z)dz = oo and
J min(z?, 1)g(z)dz < oo.

Using (44),(50) we have

/Qfdpg Zk'/ AT fudll” = Zk'/ml +di)) frdiTF =
Z / Z AI )d4) frdll* =

G2 Ic{1,...,

Zkuf Z( )A®J (dW)2k=3) f, qITF =

s Jj= =0
(in the latter formula we suppose that the operator A®/(1) acts with respect
to the variables x1, ¥y, ..., ;, and the operator (dV)®*~9) acts with respect
to the other k — j variables)

Z . > e AT

5]0
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zﬂ/y pa

Rename Q7' f as f. We get
_ =1
/ Q" fdP,. =" = [ A®F(1) fral. (51)
prd k! Jx

Denote the operator Q; " ©) by A, and its conjugate operator (which acts
on measures), by A%, namely for f € G we set

<1
(AP, f) = / Afip,. =3 L
k—

i A®*(1) frdlTF. (52)
0o e

Then as € — 0 the right hand side of (52) converges to a limit

— 1
2 / APF(L) fydll" = Ly .
k=0 = /G

Thus, we have proved the following statement.

Theorem 6. Suppose that r = 2. Then for every f € G

hm/ AgfdPg = hm(A*Pg ) ) = Lgf:
Q

e—0

where A, is a generalized shift operator. This means, that for r =2 a gener-
alized function Ly is a limit of generalized functions AZP, ..

Now consider the case r > 2. By the same arguments we can prove that

[ a 0 G par, Zkl 24 - vgart. (s

Denote an operator @, ;" l(a)Q;_Trz’2(a) e Ql_ﬁ(a) by A. and its conjugate
operator by A*. We have

(A:Pg,sa f) = /AEfdPg,s =
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[e.9]

1 =1
> i AP (r — 1) frdll* — > i A®F(r — 1) fodll® = L,f.
k=0 Y GE T o Jak

Thus, we have proved that AZP, . converges to a generalized function L,
as € — 0, and we have the following statement.

Theorem 7. Suppose that r > 2. Then for every f € G we have
lir% A.fdP, . = 1ir%(A:Pg75, f)=L,f,
where operators A are defined by (53). That means, that the generalized

function Ly ts a limit of generalized functions AZP, ..

The following theorem shows the actions of the operator A, on the functions
that are of the form ¢(v[0,T]).

Theorem 8. For every ¢ € Hyi, we have
Ac(p(v[0,T])) = (be % ) (v[0,TT))
where the Fourier transform bAE(p) of the function b, is

A (_ﬂ(—z’p)f-ln-l(s) <—Z’P>272<5>+‘2'm<5>]).

be(p) = exp r—1)! 2! 1!

The proof can be found in [16].
Now we consider the case where the generalized function g acts on a test
function ¢ as

(g,0) = ap(0),

where a > 0 and r € N. Without loss of generality we can assume that a = .
In this case A = %d‘z'r.

We remark that in the previous case when g was a regularization of a
nonnegative function our arguments were based on the formula (45). Now
instead of (45) we use another formula. Namely, it can easily be proved that

for ¢ € Hyi,, we have

1 ., , «“ dx
(9.0) = 20 0) =l [ AG— V() (51)

&€

(where e stands for the base of the natural logarithm).

As above we take the space Q2 = Q([0,7]) as a probability space and on
(Q, F) we consider the Poisson measure P, with intensity measure II(dt, dz) =
dt-51(0,100) (). By P, we denote the Poisson measure with intensity mea-
sure dt-$-1(. ..)(z). It is obvious that, for every e > 0, P,.(Q°) = 1.
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We also set
G? = [0,T] x [, ec].

Now we study the connection between the generalized function L, on Q°
and the measure P, on ).
For [ < r we set

< gldx 1 1
' (e) = /8 s (r — 1)er! (1=—) —

er U

By the same arguments as above it is easily shown that for f € G we have

5 5 —70(e - 1
/Q P R R 1<>fdpg’£:2y/( AN = Dt (35)
k=0 = V(G

_,0 40 0 . .
Denote the operator Qrifl(a)QP;Q(a) @ 1) by AY and its conjugate
operator by A%*.

Theorem 9. Suppose that a generalized function g acts on a test function
as (g,¢) = L™(0). Then for every f € G we have

lim AO 0fdP,. = (AY*P,., f) = L,f,

e—0

where operators AY are defined by (55). That means, that the generalized
function L, is a limit of generalized functions A%*P,

Proof. It remains to note that by (54) the right hand side of (55) converges
to Lyf as e — 0. O]
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