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Abstract

The explicit solution of the discrete time filtering problems with ex-
ponential criteria for a general Gaussian signal is obtained through an
approach based on a conditional Cameron-Martin type formula. This
key formula is derived for conditional expectations of exponentials of
some quadratic forms of Gaussian sequences. The formula involves con-
ditional expectations and conditional covariances in some auxiliary opti-
mal risk-neutral filtering problem which is used in the proof. Closed form
recursions of Volterra type for these ingredients are provided. Particular
cases for which the results can be further elaborated are investigated.
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1 Introduction

The linear exponential Gaussian (LEG for short) filtering problem, i.e., with
an exponential of integral performance index (see the definition (2.3) below),
and the so called risk-sensitive (RS for short) filtering problem (see [2| and
the statement (4.1) below) have been given a great deal of interest over the
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last decades. Numerous results have been already reported in specific models,
specially around Markov models, but, as far as we know, without exhibiting
the relationship between these two problems. See, e.g., Whittle [19], Speyer
et al. [16], Elliott et al., [4], |[6] and Bensoussan and van Schuppen [1] for con-
tributions on this subject and related LEG and RS control problems. Therein
the notion of “information state" has been introduced without any clear proba-
bilistic meaning for auxiliary processes which are involved, even in the Gauss-
Markov case. Moreover, the method proposed in [6] does not work in a non
Markovian situation. On the other hand, the general solution for the optimal
risk-neutral linear filtering problem and a Cameron-Martin type formula for a
general Gaussian process have been obtained in [8], and [9]. It seems natural to
use the approach proposed in [8] and [9] to derive the solution of the LEG and
RS filtering problems for a general Gaussian observation signal and to precise
their link. For details, see Section where in particular we prove that the LEG
and RS filtering problems have the same solution and we propose an example
to show that in a bit more general setting, two similar problems may have dif-
ferent solutions. The exponential criterion type problems in continuous time
setting have been analyzed in [10]-[12].

In this paper we are interested in the explicit solution of the Linear Expo-
nential Gaussian (LEG) and Risk Sensitive (RS) filtering problems for general
Gaussian signals. Namely we deal with a signal-observation model (X3, Y})t>1,
where the signal X = (X;);>1 is an arbitrary Gaussian sequence with mean
m = (my,t > 1) and covariance K = (K (t,s),t > 1,5 > 1), i.e.,

EX; =my, E(X;,—m)(Xs—ms)=K(t,s), t>1,s>1,

and, for some sequence A = (A;, t > 1) of the real numbers, the observation
process Y = (Y;, t > 1) is given by

Y, = A X, + ey, (1.1)

where ¢ = (g/);>1 is a sequence of i.i.d. N(0,1) random variables and ¢ and
X are independent.

Suppose that only Y is observed and for a given real number p and a
sequence (Q;);>1 of nonnegative real numbers, one wishes to minimize with
respect to h: hy € Y, t > 1 the quantity:

E pexp {g Z(Xt - ht)QQt} ) (1.2)

t=1

where () is the natural filtration of Y, i.e., V; = o({Y,, 1 < u < t}) and
h; € Y, means that h; is YV,-measurable.

Note that, according to the sign of the real parameter u, there are two
different cases for this linear exponential Gaussian (LEG) filtering problem
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(the terminology is taken from the linear exponential Gaussian optimal control
problem) :

o 1 <0, called risk-preferring filtering problem,
e 11 > 0, called the risk-averse filtering problem.

It is well known (see, e.g., [16] for the discrete time Markov case setting)
that the solution to this problem is not the conditional expectation of X; given
the o-field Y;. Our first aim is to show that the solution can be completely
explicited : the characteristics of the optimal solution are obtained as the solu-
tion of a closed form system of Volterra type equations which actually reduce
to the equations known also for the RS setting when the signal process X
is Gauss-Markov (see, e.g., [15]). Our second aim is to give the probabilistic
interpretation of this optimal solution in terms of an auxiliary risk-neutral fil-
tering problem. Actually, we extend the filtering approach initiated in [8] and
[10] for one-dimensional processes, to obtain a conditional Cameron-Martin
type formula for the conditional Laplace transform of a quadratic functional
of the involved process. Namely, we give an explicit representation for the
random variable

IT =K (exp {g Z(Xs - hs)QQs}/yT> 5 (13)

where hg € Vs, s > 1.

The paper is organized as follows. In Section we derive the solution of
the LEG filtering problem : explicit recursive equations, involving the covari-
ance function of the filtered process, are obtained. In particular, in Section |,
an appropriate auxiliary risk-neutral filtering problem is matched to that of
deriving the key Cameron-Martin type formula. The solution of this auxiliary
filtering problem is discussed in Section . In Section we investigate some spe-
cific cases where the results can be further elaborated. In Section we discuss
the relationship between LEG and RS filtering problems.

2 Solution of the LEG filtering problem

Let us introduce the following condition (C),):

(C,) the equation

s—1

7@7 5) = K(tv 5) - 27(t7 l)7<57 l)

=1

Sy

— = §=A%— 2.1
1+Sl717 ! 1 MQl ( )



has a unique and bounded solution on {(¢,s) : 1 < s <t < T}, such that
=7(l,1) > 0,1 > 1 and moreover

Remark 1. Notice that for all 1 negative the condition (C),) is satisfied and
if p is positive, the condition (C,) is satisfied for p sufficiently small, for
ezample, those such that for any t <T A? — uQ; is nonnegative.

The first result is the following

Theorem 1. Suppose that the condition (C,,) is satisfied. Let (h;)i>1 be the
solution of the following equation:

¢
By =my+ Y AF(L DY — Aly), (2.2)
=1
where 5y = (Y(t,5),1 < s <t <T) is the unique solution of equation (2.1).
Then (hy)i>1 is the solution of the LEG filtering problem, i.e.,

T
h = argmin [E puexp n Z(Xt —h)?Q 7 . (2.3)

h:hy €1,t>1 2~

Moreover, the corresponding optimal risk is given by
T 1/2
H 1+ 57,
L E X —
Euexp{2 tzl( . } MHl1+At7t

Theorem 1 is a direct consequence of results of Section . Its proof will be
given at the end of Section .

Remark 2. e Note that equation (2.2) is really recursive equation and it
can be rewritten in the equivalent form:

t—1
me+ > AFED Y — Aihy) + A7,

=1

t — )

1+ AZv,

e [t is worth emphasizing that taking p = 0 in equation (2.1), one gets
through equation (2.2) the solution h of the risk-neutral filtering problem
of the signal X given the observation Y, i.e., hy = IE(X,/Y;) (see, e.qg.,

[8])-
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2.1 Conditional version of a Cameron-Martin formula

The proof of Theorem 1 is based on the conditional version of the Cameron—
Martin formula provides the conditional expectation Z; defined by (1.3). Let

L
J, = exp {—5 E(XS — hS)QQS} : (2.4)
Then Z, = m(J;), where for any random variable n such that E|n| < +oo,
the notation () is used for the conditional expectation of 1 given the o-field
Ye=o({Ys, 1<s<t}),
me(n) = E(n/Nr) .

Proposition 2. Suppose that the condition (C),) is satisfied. Let (F(t,s),
1 < s <t <T) be the solution of equation (2.1) and (Z! t > 1) be the
solution of the following equation

-1

t—1
_ Q
=1

Sl%

&%@f AZP). (2.5)

Then the following representation of the random variable T, defined by (1.3)
holds for any T > 1: Iy =

T — q- — 12
11 [1—+ St%] v X exp Q L+ AT, X {h _ A+ AT, At%Yt] x My
el AP, "1+57, St ' 1+ A7, 7

where (Mr)r>1 is a martingale defined by :

1+ A7, 1+ A7,
1 A?
2 1+ A%,

Mrp = tlj[l [M] - exp {L (Z{ — m1(Xy))va—

h 2 1 A —7) - v}
(Zy —m1(Xy))” — 9 (1+ AZy,)(1 + A2v,) } » (26)

in terms of the innovation sequence (V4)y>1:
n=Y,—Am_1(Xy); m_1(Xy) =E(X/ V1),
and of the variances of one-step prediction errors (Vi)i>1:
v = E(X: — Wtfl(Xt»Q-

Remark 3. 1. The probabilistic interpretation the auziliary processes (Z}')
and (3,)i>1 appearing in the Proposition 2 will be clarified below.

2. Proposition 2 reduces to the ordinary Cameron-Martin type formula (c.f.
Theorem 1 [8] for h = 0 when Ay = 0,1 > 1 and hence X and Y are
independent.
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Proof of Proposition 2 We will prove Proposition 2 for u < 0, namely
i = —1. Then we can replace @) by —u@) and the statement of Proposition 2
is still valid because of the analytical properties of the involved functions.
The proof of Proposition 2 for ;4 = —1 will be separated into two steps.
I. (Actually it is the discrete time analog for the general filtering theorem.)
Since h; € Y;, t > 1, in the proof we can suppose that h is a deterministic
function. First of all, we claim that for J;, defined by (2.4)

Wt—l(Jtﬁiy)

(G |y (27)

m(Ji) =
where 3 = exp(A Xy — AX7).

Indeed, let us introduce the new probability measure P, defined by
dP 1
P exp(—A; X — iAthQ)-

The classical Bayes formula gives that

7ATt(Jt eXp(AtXtEt + %A?XE)) . ﬁ-t(‘]t eXp(AtXtY; — %A%XE))

m(Jy) = = - T )
() o(exp(AXe; + LAZX?)) (exp(A XY, — LAZX?2))

where 7;(+) denotes a conditional expectation with respect to ), under P. Note
that under P the distribution of (X5, Y )s<t,r<t—1 1s the same as under P and
Y; is a N(0, 1) random variable independent of (X, Y} )s<t r<t—1 -

To understand this point it is sufficient to write the following equality for
the mutual characteristic function with arbitrary real numbers (a;, A;):

t t
Eexp {’iZOZij +ZZ)\]Y}} =
J=1 =

t—1
]Eexp{ Za]X +1 Z/\ Y +iNY: — A Xpe — A?Xf} =

7j=1 7j=1
t—1

E(Eexp{ DXy Y iNY - AXe, — A2X2}/ )
J=1 J=1

t—1
Eexp{ ZO@X + ZZ/\ Y + Z/\tAtXt A?th l)\t AtXt }

J=1 7=1
e éA?Eexp{ Za]X —f—ZZ)\ }
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where A is the o-field X; = o({X,, 1 < s <t}). Hence,

R 1
7Tt(Jt eXp(AtXtY;t - QA?XE» =
1
= m1(Jrexp(A Xpy — §A§th))|yzyt =
= 7Tt—1<<]tﬁg)|yiyt'

Similarly,
. 1
Ty (GXP(AtXty - §A§Xt2)> = 7Tt_1<5?)|y:}/t )

and hence (2.7) holds.
IT. In the second step we will calculate the ratio ItIil which, due to (2.7)
can be rewritten as

1z _ Wt(Jt) _ Wt—l(Jtﬁg/)
v m1(Jiq) Ti1(Je-1)me1(8Y)

(2.8)

y=Y

For this aim similarly to what we proposed in [8] and [10] we introduce the
auxiliary processes (Y);>1 and (&)i>1. Let € = (5/)s>1 be a sequence of i.i.d.
N(0,1) random variables independent of X and define (Y2, &)1 by:

Y2 = QuX, — hy) + Qi (2.9)
gt = Z(Xs - hs)Y;Z- (210)
s=1

Now the following equality holds:

-1 (Je5)) _ ﬁtfl(exp{_%Qt(Xt — ) =& }5))
Ti—1(Je-1) |y, Ti—1(exp(—&i-1))

9

y=Yi

where 7;(-) stands for a conditional expectation w.r.t. to the o-field ), =
o({Y,, Y2 s < t}) under the initial measure IP.

Again the proof of this equality is based on the Bayes formula. Namely,
let IP be the new probability measure defined by

F t-1 t—1
% = pt—1 = exp {—% ;QS(XS — he)? — ; VQ (X, — hs)g‘s} . (2.11)
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Then Jip;—1 = exp{—&_1 — %Qt(Xt - ht)z} and Ji_1p—1 = exp{—&-_1}.
Thus

i1 (exp(—& — %Qt(Xt — h)?)BY)
T—1(exp(—&i-1)) Y=Y,
_ E(J5¢ pi—1/Vi-1) ‘ E(pi-1/Vi-1)
B E(pt—l/)_}t—l) EGXP(Jt—lpt—l)/j)t—l)
BB/ Via)
 E(J/ Vi)

y=Yz -
_ Wt—l(Jtﬁf)
y=Y; i1 (Je1)

Y

Y=Yt

where the last equality holds because under the probability measure P
the distribution of (X, Ys)s<: is the same as under the initial measure P and
(X, Yy)s<i—1 is independent of (V2)e<i ;.

Finally we have proved the following:

m(J)  Tia(exp [—ft—1 + A Xy — %Qt(Xt — hy)? — %A?XE])

m1(Ji-1) i1 (exp(—=&-1))m-1(6)

y=Y;
(2.12)

At this point we will use the conditionally Gaussian properties of (X, & 1)

w.r.t. )V;—1 and Lemma 11.6 [13] which says that for a Gaussian pair (U, V)

with mean values m,,m, , variances v,, v, and covariance 7,,,

|
]Eexp {-5DU2 —|—)\1U — AQV} = (1 —|—D’}/U)71/2X
Xoo1D
2 VT2 1+ Dy,

)‘%’yU + 2/\1(mU - )‘2’7Uv)
2(1+ D~,)

X exp {—)\zmv + (mU - >‘27UV)2 +

} . (2.13)

for any real numbers A, Ay and D > 0. Indeed, in (2.12) we will apply this
formula to (U, V) = (X}, &-1) given V;_1 with

D=S=Q:+ A2, X=1, X\ =Ay+ Qihy,

in the numerator and D = A\; =0, Xy, = 1 in the first factor of the denomi-
nator and again to (U, V) = (X, &) given ), 1 with

D:A?, )\2:0, )\1:Aty,

in the second factor of the denominator.
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Collecting the terms as coefficients for h? and h;, we obtain that

I _(S3) " Qi Ay, [ 2+ AaYT
Tir (L4 AZy)—1/2 2 1+ 57, "1+ A,

me{;ﬁﬁﬁf—iﬁﬂf iﬂﬁﬁ

2(1+At'7t) 1‘|’At')’t

+1 AR (Xe) — 24um 1 (XG)Y: — APYPy
2 1+ A%’Yt ’

where 2 =7, _1(X;) — 7 ¢ (t) with
Ve ) = E[(Xe = Foor (X)) (&1 — To-1(6-1))/ Vo] t 2 257, (1) = 0.
(2.14)

To finish the proof we just replace Y; by vy + Aym;_1(Xy). Thus in the last
exponential term we find:

2 A2 v h
Vi At (%‘ - 7t) Z{ — 71't—l(Xlt)
— A
ew{2ﬂ+%mu+ﬁw 1+ A%,
1 A7 h 2
- 2 1+A%—t(Zt ﬂ-t_l(Xt)) 9

which gives the Proposition.

Remark 4. 1. Note that now the probabilistic interpretation of the ingre-
dients 7, and Z! is clarified for negative u. Namely, 7, = E(X; —
T (Xh))?, and Z = T 1(Xy) — 7, (t), but when p is positive, there
s mo such connection anymore.

2. Observe that actually Ty—1(X¢) and 7 (t) are YV,_1-measurable, but Z
18 Vi1 measurable.

Proof of Theorem 1 The statement of Theorem 1 is the direct consequence
of Proposition . Indeed, we claim that the following chain of inequalities holds
forany h: hy € Y, t > 1

T
E pexp {g Z(Xt - ht)2Qt}
=1

Ep (eXp {g Z(Xt - ht)QQt}/yT)]
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T — 71/2 h _ 2
1+5 1+ A? Z + AmY,
:MEH{ tzzt} { S@t——— t 7 X [ht——t% t} }X

el e A 1457, 1+ A3,
@ [1+57,1
x My, > {—_ﬂ pIE My
g 1+ A7y,

(2 T |: 1 _I_ Stﬁt :| 71/2
1 L1+ AP

Of course under condition (C),), since the term in the last line is finite, it is
sufficient to consider the case:

T
E pexp {g Z(Xt — ht)QQt} < 00, (2.15)
t=1

which gives the first equality. Inequality (a) follows directly from Proposition .
Equality (b) is a direct consequence of (2.13) which gives that E M7 = 1. Now,
to obtain the lower bound we must take

_  Zh+ ARY,

h; = >1
' 1"‘At7t

or equivalently

_ — A7 —
hy = 2 + ﬁjﬁé%(n — AZM), > 1,

where Z" is the solution of equation (2.5), which means that

t—1
h ﬁ(tv Z)Al h
Zh = DY, — AZN,
; 1 A?Vz[ 1 — Az
and hence
_ F(t, 1) A = . _
he=m;+ ) %[Yl — AZP) =my+ Y AR D) (Y — Ahy).
=1 Ll =1

Thus A is the unique solution of equation (2.2). Finally for  the lower bound
is attained.
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2.2 Solution of the auxiliary filtering problems

Here, for an arbitrary Gaussian sequence X, we deal with the one-step predic-
tion and filtering problems of the signals X and ¢ given by (2.10) respectively
from the observation of Y = (Y, Y?) defined in (1.1) and (2.9). Actually, we
follow the ideas proposed in our paper [8]. Recall that the solutions can be
reduced to equations for the conditional moments. The following statement
provides the equations for the characteristics which give the solution of the
prediction problem and the equation for the other quantity 7;_1(X;) — Y xe (1)
appearing in Proposition 2 for y = —1.

Theorem 3. The conditional mean T,_1(X;) and the variance of the one-step
prediction error 7, = IE[X; — 7;_1(X;)]? are given by the equations

7Tt 1 Xt = Mmy + Z 1 + A2 + Q )78 [AS(Y; - Asfs—l(Xs))

+Q.(V2 = Qu(Ts1(X,) —hy)], t>1, (2.16)
Y =71, t=>1. (2.17)

where 7 = (F(t,s), 1 < s < t) is the unique solution of equation (2.1). More-
over, with 7 (t) defined by (2.14), the difference Ti—1(X¢) — 7, (t) is the
solution Z!" of equation (2.5).

Proof Note that since h; € ), and that the joint distribution of (X, Y,
Y2+ Q,hs) for any 7, s is Gaussian we can apply the Note following Theorem
13.1 in [14]. For any k <t we can write

{ Te(Xy) = Te_1(Xy) + [cov(Xy, )] var(vy) "1y,

(X = (2.18)

where

Tp = Vi — B(Yi/Vi1) = ( Yi — Ayt (X) )

Y2 + Qrhi — Qpmi—1(Xk)

is the innovation with covariance matrices

_ 1+ A7, AvQiy )
= v v , 2.19
V&I‘(Vk) ( Aka’Yk Qk + Q%’Y}g ( )

and

cov(Xp, Te) = T(t, k) ( SZ ) (2.20)

with
F(t k) = E(X; — T2 (X)) (Xi — Tr1(X3)) - (2.21)
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By the definition (2.21), we see for k = ¢ that the variance 7, is given by
(2.17). Now, equality (2.18) implies

k
(X)) = my + ZW@J) (A Q) (varmy) 'y =
=1

k
B 3 () =
e — 1+ (A2 + Q)7 A = AT

+ Qs(Yf - Qs(fsfl(xs) - hs)] (222)

and putting k = ¢t — 1 we get nothing but equation (2.16). Concerning the
solution of the one-step prediction problem, it just remains to show that the
covariance (¢, s) satisfies equation (2.1).

Let us define

Sx(t,1) = X, —T(X,).

According to (2.18) we can write
5x(t,l) = 5x(t,l - 1) - 7(75,[) ( Al Ql ) (varﬁl)_lﬁl

and so

E Sy (b, )0x (ta, 1) = ESx (b, 1 — 1)0x (ta,1 — 1)—
St () ( gi) var(i) " (gi)

Eox (t',1)dx(t*,1) = Eox (', 0)0x (%, 0)—
!
- Z 7(757 T)7(87 T)
r=1
Taking t' =¢,1? = 5,1 = s — 1 in (2.23), it is readily seen that equation (2.1)
holds for 7(t, s).
Now we analyze the difference m;_1(X;) —7,,(¢). Using the representation

or

A2+ Q,

ey, &P

& =30 (X, — hy)Y? we can rewrite 7, _;(&_1) in the following form

t—1
7:&—1(&—1) = Z(Wt—l(Xs) - hs)Y;27
s=1
which implies that
t—1
o1 — T—1(&m1) = (X5 — ft—l(Xs))Yf-

s=1
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And so we have

7o () = STl — T (X)X, — T (X)Y2 =

= y E(X, — 71 (X)) (Xy — 11 (X)) Y = i?(t, s)YZ (2.24)
where
Tt,5) = E(X, — Fa (X)) (Xe — s (X)) = 7(s,8). (2.25)

Using the definitions (2.21) and (2.25) we can write
V(t,s) =7(t,s) = —EXe(Ti1(Xs) — Too1(X5))
Again, applying the Note following Theorem 13.1 in [14], we can write also
T(Xe) =T (X)) + 761 (A Qi) (varmy) o

This means that

t—1

T-1(Xr) — M1 (X)) = Zﬁ(t, (A Q) (varm) 'y,

l=r

or equivalently

m—1(Xp) — mo1 (X)) = iﬁ(l,t) (Al Q ) (varv)) 'y

l=r
Then, multiplying by X; and taking expectations in both sides, we get

t—1

EX, (1 1(X,) = mo1(X,) = Y _A(Lr) (A Q) (varmy) ™ cov(X,,7;) =

l=r
t—1

= Z :?(l? S)W(t’ l)

l=s

Az2 +Q
14+ (A7 + Q)7

Hence we have proved the following relation

Al2 +Q
(A7 + Q)

t.5) = 35) = = A0 7 D (2.20

Now we can show that the difference Z" = 7, ;(X;) — 7 ¢ (t) satisfies the
equation (2.5). Using (2.22) and (2.24), we can write
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[y

t—1 t—
Zp=m+ Y A0 (A Q) (varm) ' = Y F(t,s)YE =
=1

1

- s

Al’y t l _
=m; + Z 1+ ( Ag T O, (Yl - AﬂTl—l(Xz))-i—

t—1 .
(¢, 1) B ) i
" zz—; 14 (A7 + Q)7 (Y2 = Qu(m (X)) — ) — l F(t, )Y =

Al’ytl
= +
- 21+A2+Ql%l Zl+ AQJFQJ)%

-1

A2+Ql
7(t, 1) 71 (X)) +
2; Ty

S ((X) e
- lz_;[l (A2 + Q)7 (DI (2:27)

Now we can rewrite the last term in (2.27) using the equality (2.26). We have

[1+QQ+QJ—_V@DD?_EZWtMi+QP+QO — )Y+

A% +Q, v _
1+(A2+QT)7T =
A2+Q
1+ (424 Q ),

A2+ Q.
1+ (A2 + Q,)7,

=2 () (1) . (2.28)

with, in the last step, the use of the equality (2.24).
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Finally (2.27)-(2.28) imply:

t—1 -1

AF(t,1) Qi (t, 1)
Zh: _
: mﬁZH(AerQl% lZ o

A? 4+ Q _ - _
- Z D737 A2 + Qo ) =T =

t—1 t—1

AF(t,1) F(t, 1
mt+z lf}/ H‘i‘zl Ql7(7) _hl_
=1

1+ (A2 + Q)W + (A7 + Q)7

A2+Ql Zh
L+ A2+ Q) "

which is nothing else but equation (2.5) with u = —1.

3 Particular cases and applications

Here we deal with some specific cases where the results can be further elabo-
rated.

3.1 LEG filtering of Gauss-Markov sequences

In this part we concentrate on the case of a Gaussian AR(1) process X, i.e.,
a Gauss-Markov process driven by

Xt:atXt_l—kngt,tZl; X():[E, (31)

where (g5, t = 1,2,...) is a sequence of ii.d. standard Gaussian random
variables and (D, t > 1) is a (deterministic) sequence of real numbers such
that D, > 0 for t > 1. In this setting, it is easy to check that the mean and
covariance functions of X are given by
t t A
— A K(t. s) = ks = Lk, 1< s<t,
H T T (t,s) =] H ay] A s

u=1 u=s+1

t

where Ay = [] a, and k; = a?k;_1 + Dy, t > 1, kg = 0. Suppose that the
u=1

following the Riccati type equation

Y S — Y - .
L+ (A2 — Q51 )75 o
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has the unique nonnegative solution.

From the classical filtering theory it is well-known that (for p < 0) 7, is
nothing but the variance of the error of the one-step prediction problem of the
signal X given by the auxiliary observation Y defined by equations (1. 1) and

(2.9). Then, it is readily seen that the function 7(t, s), where ¥(t, s) = A y. is

the solution of equation (2.1) and that moreover equation (2.2) for the solution
h of the LEG filtering problem (2.3) can be reduced to the following one:

— Q¢ Atﬁt —
hy = ————h — Y, t>1, hy = 3.3
t — 1—|—A2_ t—1+ 1+A?7t ty UL L, 140 xz, ( )

or, equivalently:

Atit [

hy = azhy_
t att1+1+A%7t

Y, — atAtEt—l]a t>1, Eo =T

Actually equation (3.3) can also be obtained directly from the general filtering
theory (for 4 = —1 and replacing @ by —u@). For arbitrary (hy € Y;,t > 1)
the Note following Theorem 13.1 in [14] gives the equation for Z":

Q

Zh = a2 ———1h A
¢ =y 1+at'7t1_|_5t 1%[ =1 — Zy 4]+
Ay
Ly, A ZM ) t> 1, 20 =
+t’7t1+st 1%[tl 120 ), t> 1, Zy =x
— ZM+ AFY,
Hence, again the solution h; = M, t > 1, of the LEG filtering
1+ A,

problem (2.3) is given by (3.3).

Let us emphasize that these equations are nothing but those given in Speyer
et al. [16].

It is interesting to note that in the case a; = 0 (i.i.d. signal) the solution of
the LEG filtering problem is nothing else but the solution of the risk neutral
filtering problem i.e. hy = m(X,).

3.2 LEG filtering of moving averages of order 1

Here we consider the case of a MA(1) process, i.e, a non Markovian process

X defined by
Xy =+ A 1;t>1,

where (£g,€1,...) is a sequence of i.i.d. standard Gaussian variables and A
is a real number. Of course X is centered and has the covariance function
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K(t,s)=1+MNifs=t Nif s=t—1and 0if s <t—1. In order to solve
equation (2.1) we can take

F(t,s)=0,s<t—1; Ft,t—1)=\,t>1,
and 7(t,t) = 7, where 7, is the solution of the equation:

A?—1 — pQi—1
L+ (A7 — pQe 1)V
provided that this equation has the unique nonnegative solution.

Moreover equation (2.2) for the solution % of the LEG filtering problem
(2.3) can be reduced to the following one:

t>1; y=1+X\,

T=1+X—-X

.
Vit — Aihyy] + ——

_ Al Yo t> 1, Fy =1
1+ A%, 1+ A7, 0 =00

Again, it is interesting to note that for A = 0 (i.i.d. signal) the solution of LEG
filtering problem is nothing else but the solution of the risk neutral filtering
problem i.e. hy = m(Xy).

4 LEG and RS filtering problems

Here, at first we show that actually the LEG and RS filtering problems have
the same solution. Then we dive an example which show that in a more general
context similar problems may have a different solutions.

4.1 Equivalence of LEG and RS filtering problems

Let o = (hs)s>1 be the solution of the LEG filtering problem (2.3) given by
equation (2.2). For any fixed ¢t < T, let us denote by g :

(X, - h(s)*Qs | / ”).

where g € ), means that g is a );-measurable variable. It follows di-
rectly from Proposition 2 that, provided that (14 S,7,) > 0, the equality
. Zth + A7, Y,

AN
2 4

HMH

g, = arg 1;%1)2]]3 [,u exp {g(Xt - Q)QQt

, t > 1 holds. Since it was noted in the proof of Theorem 1

,t > 1, hence we have also §; = h. It means that for
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t > 1 the solution h of the LEG filtering problem satisfies the following recur-
sive equation:

g, = arg ;reuﬁ]E [,uexp {g(Xt gz;: }/yt] (4.1)

Indeed, in the literature, the recursion (4.1) is the basic definition of the so-
called risk-sensitive (RS) filtering problem which was introduced in [5]. There-
fore we have also proved the following statement

Theorem 4. Assume that the condition (C,,) is satisfied. Let h = (hy)i>1 be
the unique solution of equation (2.2), i.e., h is the solution of the LEG filtering
problem (2.3). Then h is the solution of the RS filtering problem (4.1).

4.2 Discrepancy between LEG and RS type filtering
problems: an example

Actually, we did not find in the literature any trace of the discussion about
the relationship between the LEG filtering problem (2.3) and the RS filtering
problem (4.1) even in a Gauss-Markov case. As a complement to our observa-
tion that these two problems have the same solution, we propose an example
to show that in a bit more general setting, two similar problems may have
different solutions.

For given positive symmetric deterministic 2 x 2 matrices A;,1 < s < T,

let us set Oy(h) = (X; hy) Ay ( ift ) We can define h; € Y, t > 1 as a solution
t

of a LEG type filtering problem :

T
- . p
h = arg p,Qin E [u exp { 5 21: Cbs(h)}] : (4.2)

We can also define h as the solution of the following recursive equation
(RS type filtering problem):

t—1
h, = arg géiﬁ]E[“ exp {%Cbt(g) + g; ®,(h) }/yt], (4.3)

where g € ); means that ¢ is a ); measurable variable.

The question which we discuss now is the following: does the equality
h = h hold?

As we have just proved, the answer is positive for singular matrices A,
namely, when A;; = Ay = —A;3 = . But in the general situation the
answer may be negative. Actually it is sufficient to consider the following
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2 -1
-1 1
(&, t = 1,2,...) is a sequence of i.i.d. standard Gaussian random variables.
Even in this Markov case h £ h. More explicitly let us introduce the new
probability measure P

example: A = A = 1, p = —1 and X; = X;_1 + &, where

T
R 1 2
P exp{ 2;Xl}
dP

- :
E exp {—% 3 Xf}
i=1

One can check that with respect to IP the observation model (Xt,Yi)e>1 can
be written in the following form:

1
Xt:atXt_1+Dt2ét,t21; X():.CE,}/;:Xt—F&t,
where (£;);>1 is a sequence of i.i.d. standard Gaussian random variables inde-

pendent of the sequence ¢,

1

:D = —
T IIT(T,)

and I'(7),-) is the solution of the backward Riccati equation

T(T,t+1)

(T, 1) = 1
O =1 v T 1y

I'(T,T) = 0.

So that . . Y
A=A —
(T, ) = 10 A= B=VY)
(1= VBAT = (1 + VBN (3+V5)
Indeed to explain this change of the observation model it is sufficient to cal-
culate the conditional characteristic function:

T
E [exp {i/\Xt - % > Xf]/Xt_l]
i=1

T )
E lexp {—% S X? /Xt_l}
i=1

where X;_; is the o-field X1 = o({ X, 1 < s <t—1}). But it follows directly
from the equation (19)-(20) in [8] and from (2.13) that

~

E [exp(iAX})/ Xi—q] =

) | i X
B ol 2 = o { X - e
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Since the density 4P oes not depend on A the initial LEG filtering problem
alP

(4.2) can be rewritten as:

— exp {—% Z(XS — hS)Q}] )

h = arg min E
hey 1

Hence we can apply Theorem 1 or in particular (3.2) and (3.3). Clearly, h
depends on 7" and h does not depend on T by the definition. A bit more

— 14+ I(T,1
explicitly we have for example for ¢t = 1: h; = 2——::F—ET:13Y1 and obviously
. X 1
hy = M = -Y] and clearly they are different.
1+ Y1 4
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