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Existence and Uniqueness Theorem of a Coupled System of Linear
Schrodinger Equations

Lazhar Bougoffa and Mohammad A Al. Khadhi *

Abstract: In this paper, we study a boundary value problem for of a coupled system of linear Schrodinger
equations. Using Lax-Milgram theorem, we prove the existence and uniqueness of the strong solutions.
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1. INTRODUCTION

Coupled linear equations of second-order are needed in the formulation of various physical situations. As an
example of such type of equations, is the the following coupled system of Schrédinger equations [1,2,3,4,5,6]

~(p ') + g (u=r () + f(x),
~(Py (V') + o (X =1y (X + g (),

in the bounded domain Q= (0, 1) wheref, g € L, (0, ) andp, g, 1, € C1(0, 1), i=1, 2. To this system we attach
the following boundary conditions

u(0)=u(1)=0,
v(0)=v(1)=0.

We shall assume: there exist some positive constants p,, g, 1, qik,Fik,kik andy,, k=0, I such that Vx €[0, 1],

Pin = P'i(x) < Pio>
din <4;(X) < g0,
(H) 1y < —1(x) < ry,

1

41 =9 (x)<gj,
Fi<r'ix) <7,
and
1 , '
Ay <- E(Pi(x)%'(x)) <Aigs
(H,)

1 '
Vi < E(Pi(x)”i'(x)) <Yio0»
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d( dz
where i = 1, 2. Here and in all that follows: the notation (y . z') means E [)’ Ej

In [1], the author has proved a new theorem concerning the conditions for solvability of this system. Other
results on the separation of this system and the afflication of Adomian decomposition method were investigated
in [6].

Here, our aim is to prove the existence and uniqueness of the strong solution for the given boundary value

problem associated to a coupled system of Schrodinger. The proof is based on Lax-Milgram theorem.

2. PRELIMINARIES
We reformulate the given system as the problem of solving the operator equation
LU=F
where U, LU and F are respectively the pairs:
U=, v),
LU = ({ (u, v), l,(u, v)),

and
F=(f 8.
where
C(u, v) = ~(p,0u’Y + q,(u — r,(x)v
and

Ly, v) = =P, (V') + q,(X)u — ry(x)v.
The operator L is considered from a space E into the space L,(0, 1) x L,(0, 1),
E={(u,v) e (L0, ) /u",v, (pu'), (p,v) € L0, 1},

where u(0) = u(1) = 0 and v(0) = v(1) = 0, with respect to the norm
2 1 N N
||U||E = jo [uz +V7 2+ (pad) 24 (pov) 2}dx.
Note that E is Hilbert space with the scalar product
1 1 ’ A ! A ! ! A A
U,W)g = Io [u.w1 +uw, +v.w, + v.wz]dx + _[0 [u wHu'wy +viw +v .wz]dx
1
+ [ (piw)) +(pav) (pywh) ] d.
For W= (w,, w,) € E define the operator Mw , i = 1, 2 by

j— n'
Mw =w, -(pw')'.
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Consider the scalar products (¢ (u, v), Mwl)L2 and (/,(u, V), MW2)L2‘ Employing integration by parts, and

taking into account of the given boundary conditions, we obtain

1
(Kl(u,v),wl)Lz = .[0 [qlu.wl —nvw, + plu'.w{]dx, (1)

1 ’ !
(Kz(u,v),wz )L2 = .[0 [qzu.wz —HV.Wy + DoV .wl]dx, 2)

1

(Kl(u,v),—(plwl' )') = .[0

Ly

[Py wi = ') + (pyY (pyw))'] dx 3)
1 ’ ’ ! ’
+Io [plqlu.wl - plrlv.wl]dx,

and

z2(“’V)v‘(pzwé)')L 2.[;

2

[P2512”,-W'2 —poryV' Wy + (pz",),~(pzwé)']dx 4)

+.[; [P2gauewh = pyrsv.wh Jdx.

Adding (1) and (3), we obtain
1
(0, (u,v), Mw, )L2 = .[0 [qiuw, —rvow, + pudwi |dx 5)
1 ’ !’ ! ! AN N/
+Io [qulu wy = piivowy +(pe) (pywy) ]dx
1 ’ !’ ! !’
+Io [plqlu.wl - plrlv.wl]dx,

also, adding (2) and (4), we get

1
(Kz(u,v),sz)L2 = jo [gou.wy — vy + pyv' wh | dx (6)
1
+j [PzCIz”"Wé —paryV' Wy + (PzV,)'-(Pzwé)']dx

0

l ’ ! ! ’
+IO [pzqzu.wz - pzrzv.wz]dxc
If we assume side to side (5) and (6), we get

(41 (uv), MWI)L2 +(0,(u, V),MWZ)LZ. = J: [qlu.w1 —RV.w + plu'.w{]dx + J: [plqlu'.w{ —phv oWy + (plu')'.(plwl')'] dx
l ’ ’ l ! ’ ! ! "' N\’
+IO [qzu.wz —V.Wy + DoV .wl]dx + .[0 [pzqzu Wy = PtV Wy +(pav') (paws) ]dx
l ’ ’ ’ ! 1A I\’ l ! ! ’ i
+.[0 [plqlu w = pihvow +(pu’) (pywy) ]dx + .[0 [pzqzu.wz —pzrzv.wz]dx,
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Now we are in a position to give the following definition of the strong solution as follows
Definition 1: A solution U = (i, v) € E is called a strong solution of
LU=F,
if
OUW)=¥YW), VW= (w,w, €E,
where the bilinear form @ (U, W) is defined by

1 1
o U, W)= .[0 [qlu.wl —nRvw + plu'.wl']dx + Io [plqlu'.wl’ —pinv'owy + (plu')'.(plwl')']dx
1 ’ ’ 1 ! ’ ! ! A4 N\’
+.[0 [qzu.wz —HV.Wy + PV Wy ]dx +.[0 [pzqzu Wy = parryV' Wi +(pav') (paws) ]dx

1 1
+.[0 [plql'u.w{ - plrl'v.wl']dx + .[0 [pzqéu.wé - pzrz'v.wé]dx,
and
Y(W)= (ﬁl(u,v),Mwl )L2 + (lfz(u, v), Mw, )L2
is a linear functional.

3. EXISTENCE AND UNIQUENESS OF SOLUTION

Theorem 1: Let F = (f(x), g (x)) € L, (0, 1) x L, (0, 1). Then there exists one and only one strong solution

W, = w,, w,,) € E of problem

LU=F.

Proof: Clearly the bilinear form ®(U, W) is a bounded bilinear functional and coercive for U = (u, v) € E
and W= (w, w,) € E. Indeed, for U= (u, v) € E and using conditions (H )we get

OW.U)2 d, [ 1idx+dy [, Vel +ds [ e+ dy [ v -
! ! 4 ’ 2 ' 2
+.[0 [(Pl‘h + pagy)uu’ —(piiy + pary vy ]dx
1
+.[0 [(Pl”')'z + (Ple)'z]dx,

Where dl = min(qll’ q21)’ d2 = min (rll’ r21)’ d3 = min (pll’ pllqll’ p21q21) and d4 = min(pllrll’ p21’p21r21)'

We observe that the following term in (7) can be expressed as
1 ' ' ' ' ' ' -1 1 NG rv]..2
.[o [(qul + pagp)u’ —(pifi + par )v.y ]dx = 7_[0 [(qul) +(P2g2) ]u dx
1 1 ING 1.2
+ 3.[0 [(Pl”l) +(pary) ]V dx,
using conditions (H,), we obtain
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@ (U, U) 2B (U],
where 3 = min d, k11+ T Yoy Yy D=1, 004

Also, for (f(x), g(x)) € L, (0, 1) x L, (0, 1),

y(W) (fl(u,v),Mw1 )L2 +(£2(u, v),sz)

L

= (f,Mwl)L2+(g,sz)L2

is a bounded linear functional on E. Indeed,

O] <ILF N, 1EMwy L, + 118 Ny 1| Moy T

Thus

lwW)| < max(l| £ Il 11 Il (11w, Nl + 11w, [l )

So, y(W) <max (|[f|l,,, llgll,,) IW]l,. Thus by Lax-Milgram theorem, there exists a unique solution W, € E.
The following inequality follows immediately.

Corollary 1.
IWolle<CI Fllpyxr,, YWy €E,

where C > 0 is independent on W,
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