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Abstract: This paper deals with the design problem of reliable H� fuzzy switching controllers for continuous-
time nonlinear systems with different actuator fault mode. First, the Takagi-Sugeno (T-S) fuzzy model is employed
to represent a nonlinear system. Next, based on the fuzzy model, a faulty switched system is constructed to
model various classes of faulty nonlinear systems. The objective is to design a state-feedback switching controller
such that the switched system is asymptotically stable with H� disturbance attenuation for arbitrary switching
laws. Based on the linear matrix inequality (LMI) techniques, switching Lyapunov function method is adopted to
establish sufficient conditions of existence and design method of reliable H� switching fuzzy controller, which
reduces the conservatism of the design. Finally, the validity and applicability of the proposed approaches are
demonstrated by examples.
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1. INTRODUCTION

The study of the reliable control design of nonlinear systems, which can tolerate the failure of the control
components and maintain the desired system performance, has received considerable attention [1]-[4]. Yang
and Liang employed the Halmiton-Jacobi inequality (HJI) approach to investigate the reliable control problem
in [1] [3]. Yang studied the reliable H� control and reliable guaranteed cost problem for nonlinear systems with
sensor and/or actuator faults in [2]. Liang studied the reliable linear-quadratic regulator problems for nonlinear
systems with actuator faults in [3]. Liu designed reliable controllers for uncertain nonlinear systems in terms of
HJI [4]. It is known that the Hamliton-Jacobi inequality (HJI) is difficult to resolve.

In the past few years, there has been rapidly growing interest in fuzzy control of nonlinear systems, and
there have been many successful applications. Recently, there have been some attempts to employ Takagi-
Sugeno (T-S) fuzzy model for the design of nonlinear reliable control systems [5]-[6]. In [5] and [6], some
improved LMI techniques were applied to the design of reliable LQ state-feedback fuzzy controller for nonlinear
systems with actuator failures. Based on LMI, [7] proposed the design technique of reliable H� fuzzy controllers
for continuous-time nonlinear systems. Moreover, switching fuzzy model was employed for nonlinear systems
[7]-[10]. We extend the idea to faulty switching for nonlinear systems.

In this study, we consider the reliable H� control design for continuous-time nonlinear systems with actuator
failures by employing the switching T-S fuzzy model. Firstly, the nonlinear system is represented or approximated
by a T-S fuzzy model. Then, actuator failures are classified in terms of extent of failures. Switching fuzzy
system is constructed respect to various classes of actuator failures. A switching sub-controller controls each
class of faulty system. A state-feedback-switching controller is designed such that the closed-loop switched
system is asymptotically stable with a prescribed H� performance constraint for arbitrary switching law. Based
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on LMI technique, switching Lyapunov method is employed for the switching fuzzy system to obtain a reliable
H� switching fuzzy controller.

The main contribution of this paper is that a switching fuzzy model is constructed according to classes of
actuator failures, and different reliable controller is designed respect to different class of actuator failures.
Furthermore, the design technique is more flexible to deal with the reliable control problems for complex
systems in the case of actuator failures. The rest of this paper is organized as follows. In section 2, we give
system descriptions and the model of switching fuzzy system. In section 3, we use switching Lyapunov function
to give sufficient conditions for the existence of reliable H� controller under arbitrary switching law. Section 4
contains the simulation results, which show the feasibility and efficiency of the proposed method. In section 5,
conclusions are presented.

2. PRELIMINARIES AND SWITCHING FUZZY MODEL

Consider the continuous-time nonlinear system, which can be described by the following T-S fuzzy model:

Plant rule I: if  �1(t) is iM 1
 and …and �s (t) is i

sM , then

)()()()( 21 tuBtwBtxAtx iii ���� , (1)

)()()( twDtxCtz ii �� , ri ,,1�� . (2)

where nRtx �)( is the state vector, pRtw �)(  is the exogenous disturbance vector which belongs to ),[L �02 ,

mRtu �)(  is the control input vector, i
jM  is the fuzzy set, r is the number of if-then rules. )(~)(1 tt s��  are

premise variables. iA , iB1 , iB2 , iC  and iD  are known constant matrices with appropriate dimensions.

Given a pair of ))(),(( tutx , the final output of the fuzzy system is inferred as follows:
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j �  is the grade of membership )(tj� of in i

jM , and ))(( tμi �  represents the weight of the ith  rule. It is

easy to check that
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Suppose the number of possible actuator failures is N. Let )(tu F�  be the control input vector after failures

have occurred. The following actuator failure model is adopted:

utu F �� ��)( , N,,2,1 ��� .

where },,{ ,21 mdiag ���� ���� �� , iii ��� ��� ���0 , and ,1,1 ii �� �� ��

mii
i

i
i

,,2,1},{max},min{ ���� ���� ���� .

Let },{ τmτ2τ1τ β,,ββdiagβ �� , },,{ 002010 mdiag ���� ���� �� ,

},,,{ 002010 mdiag ���� ���� �� .
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Then

���� ���� )()( 0 �����
�

II , 1|| 0 ��� �� . (5)

Remark 1: The failure model implies nominal case without actuator failure. When mii ,2,1,1 ����� ,

the system is nominal without failure.

 Then the system with actuator failures can be represented by means of the following faulty switched system:

)()()()()()()( )(21 tuhBtwhBtxhAtx F
t����� , (6)

)()()()()( twhDtxhCtz �� . (7)

where

19



170 Journal of Mathematical Control Science and Applications (JMCSA)

},,2,1{},2,1,,,2,1,|arg{:)( TNiNiijiMRt ji ���
�

� �������� ��� , NT �  is a piecewise

constant function, called a switching signal, )()( tu F t� be the control input vector after some class of failure have

occurred.

Remark 2: The actuator failures are classified into T classes, where T is the number of classes for failures.
Each switched subsystem represents a corresponding class of faulty model in the above switched system
(6)-(7).

The following switching fuzzy controller is proposed to deal with the above switched system:

Control rule qj:

If )(1 t� is iM 1
, and … ,and )(ts� is i

sM ,

Then TqrjtxKtu qjqj ,2,1,,2,1),()( �� ��� .

where TqrjRK nm
qj ,2,1,,2,1, �� ��� �  are constant matrices to be determined.

The switching controller is represented by
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By (5) and (6) (7) we derive the following closed-loop faulty switching model:

)()()())())(()(()( 12 twhBtxhKIhBhAtx ����� ���� , (9)

)()()()()( twhDtxhCtz �� . (10)

Definition 1: The unforced fuzzy system (3)-(4) is said to be stable with �–disturbance attenuation, if the
disturbance-free fuzzy system is asymptotically stable and the output z(t) of the system under the zero initial
condition  (x0 = 0) satisfies

dttwtwdttztz TT ��
��

�
0

2

0
)()()()( �

for any nonzero ),0[)( 2 �� Ltw , where 0�� is a prescribed level of disturbance attenuation.

Definition 2: A switched controller of the form (8) is said to be a reliable switching fuzzy controller for the
system (6)-(7) if the switching fuzzy system (9)-(10) is stable with �–disturbance attenuation.

The problem under consideration is to design a state-feedback fuzzy switching controller of the form (8)
such that it is a reliable H� controller for the switching fuzzy system (6)-(7).
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3. RELIABLE H  SWITCHING FUZZY CONTROLLER DESIGN

It is known that single Lyapunov method is conservative since a single Lyapunov function must work for all
classes of actuator failure. In order to reduce the conservatism, here, we will use switching Lyapunov method
for the design of reliable switching fuzzy controller.

Theorem 1: Consider the switching fuzzy system (9)-(10). For some given  � > 0, if there exist symmetric

positive definite matrices 0�� T
qq PP , Tq ,2,1 ��  such that
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where ‘*’ denotes the transposed elements in the symmetric positions, then the system (8)-(9) is stable with
�–disturbance attenuation.

Proof: Consider switching Lyapunov functions  NqxPxV q
T ,2,1, ��� , and the time derivative of the

function along the state trajectory (9) is
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From (12) and recalling (10), use the Schur complement, it can be verified that
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Thus
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Use the Schur complement again, the inequality (11) is true if the following inequality

0

)()(

*)(

**

))(()(

)()())()()((

))()()((

2
1

2
0

222

2

�

�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�

�
�

�

��

��

IhDhC

IPhB

hKhK

hBhBhKhBhAP

PhKhBhA

q
T

T
qqqqq

T
qqq

q
T

qq

�
���

�

�

holds.

It is readily seen that the system (9)-(10) is stable with � –disturbance attenuation.

Theorem 2: Consider the switched system (6)-(7). For some given scalar �, if there exist matrices

0�� T
qq XX , and qjY , rjTq ,2,1,,2,1 �� ��  satisfying the following LMIs:

riqii ,2,1,0 ���� , (13

rji
r qjiqijqii ���������
�

1,0)(
2

1

1

1
, (14)

then there exist switched controller of the form (8) such that it is a reliable H�  controller. Furthermore, the state
feedback matrices are given by

rjTqXYKPX qqjqjqq ,2,1,,2,1,, 11 �� ���� �� . (15)
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The symbol ‘*’ denotes the transposed elements for symmetric positions.

Proof: From theorem 1, Pre- and post—multiplying the left-hand side matrix in (11) by the matrix

},,,,{ 1 IIIIPdiag q
� , respectively, it follows that the matrix inequality (11) is equivalent to
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Defining

1�� qq PX , rjTqPYK qqjqj ,2,1,,2,1, �� ��� ,

we conclude that the inequality (11) can be written as
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0))(())(( . (18)

By using [11,Th.2.2], we have that if the conditions (13) and (14) hold, then (18) is fulfilled.

It follows from theorem 1 that (8) is the reliable H�  switching controller for the switched system (6)-(7).

4. ILLUSTRATIVE EXAMPLE

In this section, a numerical example is presented to verify the proposed design method. Consider the following
fuzzy system:

Rule I: if x1(t) is  Mi, then

)()()()( 211 tuBtwBtxAtx ii ���� ,

)()()( twDtxCtz ii ��  , 2,1�i .
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The faulty switching model is constructed as

)()()()()()()( 21 tuhBtwhBtxhAtx ������ ,

)()()()()( twhDtxhCtz �� .

where }2,1{:)( ��� MRt� .

Assume the parameters of two classes of actuator faults are as follows:

}5.0,5.0,5.0{},1.0,1.0,1.0{ 101 �� �� ,

and }1429.0,1429.0,1429.0{},175.0,175.0,175.0{ 202 �� �� .

Let 6.0�� , by solving LMI (17), the state feedback gain matrices can be obtained as
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22K .

Assume that the initial condition is � �16.08.0)(0 ��tx . Figs.1 and 2 show the control results for the

nominal case and the first class of actuator failure case respectively.
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(a) (b)

(c) (d)

(e)

 Fig. 1: Control Results for the Nominal Case. (a) u
1
(t). (b) u

2 
(t). (c) x

1
(t). (d) x

2
(t).
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 Fig. 2: Control Results for the First Class of Actuator Failure Case. (a) u
1
(t). (b) u

2
(t) . (c) x

1
(t). (d) x

2
(t). (e) x

3
(t)

(a) (b)

(c) (d)
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5. CONCLUSION

In this paper, the reliable H�  switching fuzzy control problem has been studied for continuous-time nonlinear
systems with different actuator failures. A faulty switching system is constructed, which covers the cases of
various faults and nominal case. Based on LMI technique, switching Lyapunov function method is adopted to
obtain a reliable switching fuzzy controller. The resulting controller satisfies a prescribed H� performance
constraint. Finally, the simulation results illustrate that the proposed method is effective.
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