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AbstrAct: invoking generalize derivative operator Dl l1 2, ,
,

b
n m , we investigate the 

majorization properties for analytic functions.

introduction1. 

let f and g be Holomorphic in the open unit disc
 D = {z:z Œ C, | z | < 1} (1.1)
we say that f is majorized by g in D (see[7]) and write
 f (z) << g(z) (z Œ D), (1.2)
if there exist a function j, analytic in D s.t.
 | j(z) | £ 1 and f (z) = j(z)g(z) (z Œ D), (1.3)
it may be noted that (1.2) is closely related to the concept of quasi-subordination between 

holomorphic functions
let a denote the class of holomorphic function of the form

 f (z) = a zk
k

k
,

=

•Â 2
 (1.4)

where, ak is the complex number, which is holomorphic in the open unit disc D = {Z = C: | Z | < 1}. 
an holomorphic function f (z) is subordinate to the holomorphic function g(z), written 
f (z) p g(z), if there exist an holomorphic function w in D, such that w(0) = 0, | w(z) | < 1 and 
f (z) = g(w(z)). in particular, if g(z) is univalent in D, then f (z) p g(z) is equivalent to f (0) = g(0) 
and f (D) Ã g(D).

Now E.El.Yagubi and m.Darus [1] define the generalized derivative operator Dl l1 2, ,
,

b
n m  is

defined as follows:
definitation 1. For f (z) Œ a, the operator Dl l1 2, ,

,
b

n m  is defined by Dl l1 2, ,
,

b
n m : a Æ a

 Dl l1 2, ,
, ( )b

n m f z  = F Rl l1 2, , ( ) ( )b
m nf z f z¥ , z Œ U (1.5)

where, n, m, b Œ N0 = {0, 1, 2, 3, ...}, l2 ≥ l1 ≥ 0 and Rnf (z) denotes the ruscheweyh 
derivative operator, given by

 Rnf (z) = z c n k a zk
k

k
+

=

•Â ( , )
2

 (1.6)

where, c(n, k) = 
( )

( )

n k

k

+ -

-

1

1
1

1

  (1.7)
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and Fl l
l l

l1 2

1 1
1 1

1 2

2
1, , ( )

( )( )
( )( )b

m
m

k
k

f z z
k b

k b
z= +

+ + - +
+ - +

È

Î
Í

˘

˚
˙=

•ÂÂ  (1.8)

where, m, b Œ N0 = {0, 1, 2, 3, ...} and l2 ≥ l1 ≥ 0.
if f (z) is given by (1.4), then by (1.6) we can write

 Dl l
l l

l1 2

1 1
1 1

1 2

2
, ,
, ( )

( )( )
( )( )

( ,b
n m

m

f z z
k b

k b
c n= +

+ + - +
+ - +

È

Î
Í

˘

˚
˙ kk a zk

k
k

)
=

•Â 2
 (1.9)

where, c(n, k) is given by (1.8).
in view of (1.9), it is clear that Dl l1 2

0
, ,
,

b
n  is the ruscheweyh Derivative operator (see [6]) and

D Dl
l

1

1
0 0
1
, ,
,  n

n=  the generalized ruscheweyh derivative operator (see[4]). D1 0 0
0
, ,
,  m ns=  the Salageon

derivative operator (see [2]). D D1 0
0
, ,
,

b
m

b
m=  the Cho and Srivastava derivative operator (see[5]).

definitation 2. a function f (z) is said to be in the class Sl l1 2, ,
,

b
n m  if and only if

 
z f z

f z

b
n m

b
n m

[ ( )]

( )

, ,

,

, ,

,

D

D

l l

l l

1 2

1 2

1

1

¢ +

+
p

az

Bz
 (1.10)

where, 1 ≥ a > B ≥ -1
For detail one can see [1].

lemma 1. Dl l1 2, ,
, ( )b

n m f z  Satisfiees the following:

 z f z
b

f zb
n m

b
n m[ ( )]

( )
( )

( ), ,
,

, ,
,D Dl l l ll l1 2 1 2

1

1 2

1¢ =
+
+

+ -
- + - +

+
{ ( )( ) }

( )
( ), ,

,1 11 2

1 2
1 2

l l
l l l l

k b
f zb

n mD  (1.11)

it is three term recurrence relation.

Majorization Problem for the Class 2. Sl l1 2, ,
,

b
n m

theorem (1). let the function f (z) Œ a and suppose that g z b
n m( ) ., ,
,ŒSl l1 2

(a, B). if

 D Dl l l l1 2 1 2, ,
,

, ,
,( ) ( )b

n m
b

n mf z g z  (2.1)

Then, Dl l1 2

1
, ,
, ( )b

n m f z+  £ Dl l1 2

1
, ,
, ( )b

n m g z+  for | z | £ ro (2.2)

r
b3

1 2

1 +
+

Ê

Ë
Á

ˆ

¯
˜l l

[{(l1 + l2)(a - B) + B(1 + b)}] - r
b

b b2

1 2

1
1 2 1

+
+

Ê

Ë
Á

ˆ

¯
˜ +( ) + +( ){ }È

Î
Í
Í

˘

˚
˙
˙l l

B

 - r b
b

A B B b
b

2 1
1

1
1

1 2
1 2

1

+( ) +
+
+

Ê

Ë
Á

ˆ

¯
˜ +( ) -( ) + +( ){ }È

Î
Í
Í

˘

˚
˙
˙

+
+
+l l

l l
l ll2

1 0
Ê

Ë
Á

ˆ

¯
˜ +( ) =b

 k, h Œ , p(0) = 1, l2 ≥ l1 ≥ 0, n, m, b Œ N0 ={0, 1, 2, 3, ...}
 | 1 + b | ≥ | (l1 + l2)(a - B) + B(1 + b) |, 1 ≥ a > B ≥ -1

Proof. Since f z b
n m( ) , ,
,ŒSl l1 2

, we find from (1.11) that

 
z f z

f z
b

n m

b
n m

( ( ))

( )
, ,
,

, ,
,

D

D

l l

l l

1 2

1 2

 = 
1

1

+
+

a

B

z
z

 (2.3)

where, w(z) = c1z + c2z
2 + L, w Œ P, P denotes the well known class of the bounded analytic 

functions in U and satisfies the condition w(0) = 0, and | w(z) | £ | z | (z Œ U)
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z f z

f z
b

n m

b
n m

( ( ))

( )
, ,
,

, ,
,

D

D

l l

l l

1 2

1 2

¢
 £ | ( )|

| || ( )|
| ( )|

p z
z p z

k p z
+

¢
+ h

 (2.4)

By using (1.11) in (2.4)

 D Dl l ll l1 2 1

1 1

1 11 2
, ,
, ( )b

n m f z
b z

b z b
£

+( ) +( )
+( ) - +( ) -( ) + +( ){ }

B

a B B
,, ,
, ( )l2

1
b

n m f z+  (2.5)

Since Dl l1 2, ,
, ( )b

n m f z  is majorized by Dl l1 2, ,
, ( )b

n m g z  in the unit disk U, from (1.3) we have

 D Dl l l lj
1 2 1 2, ,
,

, ,
,( ) ( ) ( )b

n m
b

n mf z z g z=  (2.6)

where, j(z) £ 1. Differentiating (2.6) w.r. to z and multiplying by z, we get
 z f z z z g z z zb

n m
b

n m
b( ( )) ( ) ( ( )) ( )(, ,

,
, ,
,

, ,D D Dl l l l l lj j
1 2 1 2 1 2

¢ = ¢ + nn m g z, ( ))¢  (2.7)

which on using (1.11), gives
1

1 2

1
1 2

+
+

Ê
ËÁ

ˆ
¯̃

+b
f zb

n m

l l l lD , ,
, ( )  = z z g zb

n mj l l( ) ( ), ,
,¢ ( )D
1 2

 + j
l ll l( ) ( ), ,

,z g z
b

b
n mD
1 2

1

1 2

1+( ) +
+

Ê
ËÁ

ˆ
¯̃

 (2.8)

Noting that j(z) Œ P satisfying the inequality (see[8])

 | ( ) |
| ( )|

| |
j

j
z

z
z

¢ £
-

-
1

1

2

2
 (2.9)

Now making use of (2.5) and (2.9) in (2.8)

1 1 1

1 2

1

1 2

2

1 2

+
+

Ê
ËÁ

ˆ
¯̃

£
+
+

Ê
ËÁ

ˆ
¯̃

+
-+b

f z z
b z

b
n m

l l
j

l l
j

l lD , ,
, ( ) ( )

( )

11 2-

Ê

Ë
Á
Á

ˆ

¯
˜
˜

È

Î

Í
Í z

z

 
1 1

1 11 2
1

+( ) +( )
+( ) - +( ) -( ) + +( ){ }

Ï
Ì
Ô

ÓÔ

¸
˝
Ô

Ǫ̂

˘

˚

˙
˙
˙

b z

b z b

B

a B Bl l lD , ll2

1
,

, ( )b
n m g z+  (2.11)

which upon setting | z | = r, | j(z) | = r (0 £ r £ 1)
leads us to the inequality

 D
D

l l
l lJ r

l l
1 2

1 21
1

2
1 21 1

, ,
, , ,

,

( )
( ) ( )

b
n m b

n m

f z
g z

r b r

+
+

£
-( ) +( ) + +( )) -( ) + +( ){ }È

Î
˘
˚

+
+

Ê
ËÁ

ˆ
¯̃

a B B 1
1

1 2
b b

l l

 (2.12)

where, J(r) = r
l l
1

1 2

+
+

Ê
ËÁ

ˆ
¯̃

b  (1 - r2)[(1 + b) - r{|(l1 + l2)(a - B) + B(1 + b)|}]

  + r(1 + b)(1 + | B | r)(1 - r2)
Takes the maximum value at r = 1, with r0 = r0(n, m, l1, l2, b). where r0 is the smallest 

positive root of equation (2.2). Furthermore if 0 £ s £ r0, then the function f(r) defined by

 f(r) = r
l l
1

1 2

+
+

Ê
ËÁ

ˆ
¯̃

b  (1 - s2)[(1 + b) - s{|(l1 + l2)(a - B) + B(1 + b)|}]

  + s(1 + b)(1 + | B | s)(1 - r2)
is an increasing function on the interval 0 £ r £ 1, so that

 f(r) = f(1) = 1

1 2

+
+

Ê
ËÁ

ˆ
¯̃

b
l l

 (1 - s2)[(1 + b) - s{|(l1 + l2)(a - B) + B(1 + b)|}]

  (0 £ r £ 1, 0 £ s £ r0)  (2.11)
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Hence upon setting r = 1, in (2.14), we conclude that (2.1) of Theorem (1) holds true for 
| z | £ r0.

where, r0 = r0 (a, B, n, m, l1, l2, b) is the smallest positive root of equation (2.2). This 
completes the proof of Theorem 1.

Setting a = 1, B = -1 in Theorem (1), we have
Corollary (1): let the function f (z) Œ a and suppose that g z b

n m( ) ., ,
,ŒSl l1 2

 if

 D Dl l l l1 2 1 2, ,
,

, ,
,( ) ( )b

n m
b

n mf z g z

Then, D Dl l l l1 2 1 2

1 1
1, ,

,
, ,
,( ) ( )b

n m
b

n mf z g z z r+ +£ £for

where, r n m b

b
b

b

1 1 2

2

1 2

2

1 24 1
1

2 1

2
1

, , , ,l l

d d
l l

l l

( ) =

± - +( ) +
+

Ê
ËÁ

ˆ
¯̃

+( ) - +( )

++
+

Ê
ËÁ

ˆ
¯̃

+( ) - +( )b
b

l l
l l

1 2
1 22 1

where, d = 1

1 2

+
+

Ê
ËÁ

ˆ
¯̃

b
l l

{| 2(l1 + l2) - (1 + b) | + (1 + b)} + 2(1 + b)

Setting x = 
1

1 2

+
+

Ê
ËÁ

ˆ
¯̃

b
l l

 in Corollary (1), we have

Corollary (2): let the function f (z) Œ a and suppose that g z b
n m( ) ., ,
,ŒSl l1 2

 if

 S S0 0,
, ,

,
, ,( ) ( )z

j

z

j
f z g zl m h l m h( ) ( )

Then, S S0
1

0
1

2 1 2,
, ,

,
, ,( ) ( ) , , , ,z

j

z

j
f z g z z r n m bl m h l m h l l+ +( ) £ ( ) £ ( )for

where, r j2

2
2 2 2 2 4 2

2 2
, , ,l m h

x x x x x x

x
( ) =

- + +( )ÈÎ ˘̊ ± - + +( )ÈÎ ˘̊ - -

-
For detail one can see [3].
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