Journal of Mathematical Control Science and Applications
Vol. 6 No 2 (July-December, 2020)

Received: 20th November 2020  Revised: 12th December 2020 Accepted: 17th December 2020

THE STUDY OF THE EFFECTS OF FEAR AND ADDITIONAL FOOD IN A PREDATOR - PREY
SYSTEM MATHEMATICALLY

PRODIP ROY
Department of Mathematics,
Mahadevananda Mahavidyalaya,
Monirampore, Barrackpore, Kol-120, India.
E-mail: prodiproy6@gmail.com

Abstract: Here we have analyzed a predator - prey model considering the effects of the fear of predation and additional food
to the predator species. The fear of predation has more effective impact on prey species growth than direct predation. To
maintain the predator growth when growth of prey species is very low then additional food is necessary for predators. We
have discussed the local and global stability of the equilibrium points. This study establishes that fear of predation
significantly affects the growth rate of the prey species and prey species can be extinct from the system due to fear. We have
also showed that the predator species is more stable when additional food is supplied to predators. We have presented some

numerical simulations to show the feasibility of the main results.
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1 Introduction

Predator - prey dynamical model has been analyzed for almost a century since Lotka [11] and Volterra [18] established the
first predator - prey interaction model on the basis of population dynamics. The continuous time models of predator - prey
type interaction with different type of functional response of the predator to its prey have been extensively discussed in the
literature [3, 4, 8, 9, 17]. The main characteristics of predator - prey interaction system is predator functional response on
prey species, which describes the number of prey consumed per predator per unit time. Functional response has a vital role
on the stability and the dynamic behavior of the predator - prey model. Various type of functional response has been used to
describe the characteristics of predator - prey relationship. Different types of controlling parameters have been incorporated

to analyze the dynamical characteristics of relationship between predator and prey [2, 5, 6, 7, 10].

The aim of this study is to investigate the dynamic behaviors of the predator - prey model considering the fear of predation
effects to the prey species and additional food source for predator species. Here we have used Holling type-II functional
response as prey consumption rate by the predator species. The additional food can be taken as either non - reproducing
prey or some food source. Many researchers have investigated the dynamic characteristics of predator - prey model supplying
additional food to predators [14, 15, 16 ]. From biological point of view, for the case of severe scarcity of prey, predators can
switch over other populations (alternative food). Recently, few researchers [12, 13, 20] have investigated the impact of fear
effect in a predator - prey system with the help of mathematical modeling. Wang et al [19] first formulated a mathematical
model by incorporating fear of the predator on prey species. They have showed that the cost of fear reduces the birth rate of
prey. The fear of predation can be more powerful and longer - lasting compared to direct predation. For instance, mule deer
spend less time foraging due to the predation risk of mountain lions [1]. The prey species can be extinct from a biological
system due to fear of predation. High levels of fear can stabilize the predator - prey dynamics by excluding the existence of
periodic solution. Also, the fear implemented in the birth rate of prey makes a significant impact on the growth of the

predator population.

Here we have discussed the dynamic characteristics of a predator - prey system considering fear effect of prey and additional

food to the predators. We have analyzed the following mathematical system:

191


mailto:prodiproy6@gmail.com

THE STUDY OF THE EFFECTS OF FEAR AND ADDITIONAL FOOD IN A PREDATOR - PREY SYSTEM

MATHEMATICALLY
dx _xr 3 _bz_pxy
dt h+ky 7% Tx+c
@_(ex+m)y )
dt x+c dy (1)

Here, X’ and ‘y’ denote the density of prey species and predator species at time t respectively; ‘t’ is the growth rate of the prey
species; ‘a’ is the date rate of prey population; ‘b’ is the interspecific competition parameter of the prey species; ‘p’ is the
encounter rate of predators with their prey; ‘c’ is the half saturation constant for the predator; ‘e’ is the conversion efficiency
of prey biomass into predator biomass; ‘k’ is the level of fear; ‘h’ is a positive constant related to fear function; ‘m’ is the
intrinsic growth rate of the predator species and ‘d’ is the interspecific competition parameter of the predator species. Now if
x = 0, then we can write % = % — dy”. Therefore, the predator species could be permanent without prey species. Hence we
can say that the predator species have alternative food source (additional food). System (1) has to be examined with the

following initial conditions: x(0) > 0, y(0) > 0.
2 Positivity of the model system

The predator - prey model (1) describes the dynamics of a population system and therefore it is important to prove all
quantities will be positive for all time. One can easily show that all the solutions (x(t), y(t)) of the system (1) with the initial
condition x(0) > 0, y(0) > O remain positive for all t > 0.

Theorem-1: Every solution of the system (1) with positive initial values x(0) > 0, y(0) > O exists and is unique in the interval
[0,%).

Proof: Let Z= (x, y)" and F(Z) = [Fi(2), F.(Z)]" such that

_oxe L, pxy
F](Z)—thky ax — bx? Tte

N
R - S g @
Therefore, the system (1) can be written in the form Z = F(Z), where F : C. — R? with Z(0) = Zo € R2, F, € C*(R.) for i = 1,
2. Thus the vector function F is a locally Lipschitzian and completely continuous function of the variables x, y in the positive
quadrant E = {(x(t), y(t)); x> 0, y > 0}. Therefore we can easily say that any solution (x, y) of the system (1) with positive initial
values exists and is unique in the interval [0, c] for all t > 0, where c is a finite positive real number.

3 Model Analysis
3.1 Equilibrium points of the system with the conditions of existence
There are four equilibrium points of our system as follows:

Eo=(0;0)
r-ah
E, =( bh yO)
m
Ez=(0;a)
E=(x,y)

Trivial equilibrium point Eq and the prey free equilibrium point E; always exist.
The predator free equilibrium point is E; and existence condition of this equilibrium point is

r-ah>0i.e.Rn=i<l.

The interior equilibrium point is given by E where x and y’ satisfies the following set of equations:
r By
hky a-bx =7 c 0

(ex + m)

—dy = 3)
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3.2 Local stability analysis of the system about equilibrium points:

The Jacobian matrix of the system (1) at any arbitrary point (x, y) is given by

J(x,y) = (111 112)

j21 j22

xkr px . (ec-m)y

S S by . ___Xxr _pX
where, ji3 = {70 Ta T Ik T EmIT i T T ) ke ol S T e o and

Theorem-1: The trivial equilibrium point Ej is always unstable. If the predators free equilibrium point E; exists, then it is
unstable. The prey free equilibrium point E; is asymptotically stable if

red pm ) rc pm
hed + km <a+ 2 and unstable if —hcd+km>a+ 24

r m
Proof: The two eigenvalues associated with the Jacobian matrix computed around E; are ( b a) and o Therefore, the

m
equilibrium point Ej is always unstable since one eigenvalue s positive.

ah -r

The two eigenvalues associated with the Jacobian matrix computed around E; are o an

e(r - ah) + mbh ah-r

(r-ah) + cbh Now, from the existence condition of E; we can say that one eigenvalue b is negative and other

e(r - ah) + mbh

eigenvalue (- ah) * cbh is positive. Hence, we conclude that if the predators free equilibrium point E, exists, then it is

unstable.

m
The two eigenvalues associated with the Jacobian matrix computed around E, are — - and

red

m
hed + km (a+ Fc)z_d ). Here, one eigenvalue is negative. Hence, the prey free equilibrium point E; will be asymptotically

) rcd pm ) red pm
stable if bed + km <(a+ 2d ) and unstable if hed + km > (a+ 2 ).

3.3 Local stability analysis of the interior equilibrium point E'(x', y')

Theorem-2: The interior equilibrium point E'(x, y) of the system (1) is locally asymptotically stable if R,” < 1 and R; < 1
_ by - _&C
where (R)) = boxc + O and (R,) o

Proof: The Variational matrix corresponding to the interior equilibrium point E'(x, y) is given by

_ (€11 €12
J= (ez1 ezz) ®),
. rkx’ ’ (ec-m)y .
Where, € = bx + (X*):YC)Z ;€T — (ky* + h)z - XP)_E c ;€21 7 (6):* + C)Z and €n = dy .

Now for the local stability of the equilibrium point E'(x, y') we first linearize the system (1) using the following

transformations:
X =x*"*+x

Y=Yty (6)
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Where x; and y; are small perturbation about E'(x , y), and then the linear form of the system (1) is given by:

R e pe
S g C e T R
d -m)y .
diyl=((6;fmc))¥m—d\/y1 @)

We now consider the following positive definite function:

(x1)* (Yl)

Vo Ty

Now differentiating V with respect to t, we get

dV _xidx yidy
de  x de 'y dt

Now using equation (7) we have,

dv L rk (ec-m)
de "'( b+ (X +C)Z )(Xl (ky +h X )XIYI XIYI(( )z

) - d(yy*

So C}i_\t/ will be negative definite if b > (X*pf S and ec—m <0 ie. if (R) <1and (Ry) <1, where (R)) = —b(XPZ NE and (Ry)' =

eC
m

dv e
Now we conclude that n is negative definite and the interior equilibrium point E'(x, y) of the system (1) is locally

asymptotically stable if the conditions of theorem is satisfied.
3.4 Global stability analysis of the interior equilibrium point E'(x, y)

To discuss the global stability nature of the system (1) around the interior equilibrium point E'(x, y), we take a positive

definite Lyapunov function as follows:

< I<*

Loy =x+x log () +y+y log &),

Now, computing the time derivative of L(x, y), we get

db _ xex dx y-y dy
ae - Ox e T y Vit

After some algebraic calculations, we obtain

dL ‘ rk p(x+c) —se-m
ar =10 T 060 6 X ) Ty~ v & X0 ) -0 - RaE

dly - y)"
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Therefore, the above expression will be negative definite and the function L(x, y) will be a positive definite Lyapunov
function around the interior equilibrium point E'(x, y) if
[b- % ]> 0 and (ec - m) < 0. Hence, we conclude that, the system (1) is globally asymptotically stable around the

Py

_m]>0and(ec—m)<0.

interior equilibrium point E'(x, y) if [b

4 Numerical Discussions

Numerical simulations are important in mathematical modeling. It is observed that the numerical results are in good
agreement with our analytical findings. We have studied the system (1) numerically using MATLAB software to get better
insight of the proposed model. We have taken the following set of parameter values a=0.02,b=0.3,r=0.5,p=0.4, m =
1.1,h=1.2,k=0.15,d =0.1, e = 0.7 and c = 1.2 for numerical studies.
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Figure 1: Dynamic behaviors of the prey species of the system (1) with initial conditions (x(0), y(0)) = (0.2, 2.0),(0.5, 1.0),(1.0, 0.2) and
(2.0, 0.5) respectively.

We have shown the dynamic behaviors of the prey and predator species in Figure - 1 and Figure - 2 with initial conditions
(x(0), y(0)) = (0.2, 2.0),(0.5, 1.0),(1.0, 0.2) and (2.0, 0.5) respectively. We have presented the dynamical characteristics of the
system (1) with initial conditions (x(0), y(0)) = (0.1, 2.0),(0.6, 2.0),(1.0, 2.0) and (1.6, 2.0) respectively(Figure - 3). From the
above diagrams we noticed that the proposed system admits a unique positive equilibrium in every cases and that

equilibrium point is globally asymptotically stable.
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Figure 2: Dynamic behaviors of the predator species of the system (1) with initial conditions (x(0), y(0)) = (0.2, 2.0),(0.5, 1.0),(1.0, 0.2) and
(2.0, 0.5) respectively.
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Figure 3: Dynamic behaviors of the system (1) with initial conditions (x(0), y(0)) = (0.1, 2.0),(0.6, 2.0),(1.0, 2.0) and (1.6, 2.0)

respectively.

To study the effect of fear on prey species we have presented the time series diagram (Figure - 4) of the prey species for
different values of the fear parameter (k). We notice that the growth of prey species significantly changed due to fear of
predation by the predator species. We also notice that if the fear of predation is increase, then the prey species can be extinct
from a biological system. In Figure - 5, we have shown the time series diagram of the predator species for different values of
the parameter m. We notice that the predator species exhibit more stable growth for the increasing value of m. Hence we can

say that if we supply alternative food to the predator species then the predator species will be more stable to survive.
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Figure 4: Dynamic behaviors of the prey species of the system (1) for different values of fear parameter k = 0.0, 0.1, 0.5 and 0.9

respectively.

197



THE STUDY OF THE EFFECTS OF FEAR AND ADDITIONAL FOOD IN A PREDATOR - PREY SYSTEM
MATHEMATICALLY

10 T T T T
of Yl ;
sl / m=1.3 -
70 7 |m=0.6 1
Pr
6
ed
m=0.0
at 5t _
or
at _
3t _
o F _
1F _
O 1 1 1 1
0 20 40 60 80 100

Time

Figure 5: Dynamic behaviors of the predator species of the system (1) for different values of m = 0.0, 0.6, 1.3 and 1.9 respectively.
5 Conclusion

In an ecological system, prey - predator interaction is such a biological phenomenon that balances the food web. The sustain
ability of predator species depends on their consumption process and the searching strategy for prey. Recently, many
researchers study predator-prey model with various biological factors and conditions. Here we study a predator - prey model
with fear of predation. We also consider the effect of alternative food to the predator species. We have study the local and
global stability of our proposed system around different equilibrium points. From numerical study we notice that the fear of
predation has a negative effect on the growth and survival of the prey species, it may be one of the essential factor that leads
to the extinction of the prey species. We have also studied the effect of alternative food source to the predator species. Our
study indicates that the growth rate of predator will increase with the supply of additional food. Sometimes it has been
observed that prey species has a tendency of migration due to fear of predation, and then an alternative food source must

exist for sustaining the predator population. Hence, we believe our study can open a new window of study in future.
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