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Abstract: The aim of this paper is to extend the concepts of fuzzy pre-
connectedness and fuzzy @ connectedness from fuzzy closure spaces to fuzzy
biclosure spaces. We explore the basic fundamental properties of fuzzy pre-
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consider fuzzy closure operator as a generalization of Birkhoff closure opera-
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1. Introduction

Closure operators were introduced by Cech and Birkhoff independently. In
1985 Mashhour and Ghanim [13] generalized the Cech closure operator in
fuzzy setting. After that in 1994 Srivastava etal. [19] generalized the
Birkhoff closure operators in fuzzy setting. The concept of fuzzy closure
space was first introduced by A.S. Mashhour and Ghanim [12]. A fuzzy set
X together with two fuzzy closure operators is known as fuzzy biclosure
spaces. Here we introduce separation axioms, fuzzy pre-connectedness and
fuzzy a- connectedness in fuzzy biclosure spaces using fuzzy pre-open sets
and fuzzy a- open sets in different manner and obtain some results.

2. Preliminaries

The notion of fuzzy set was introduced by L. A. Zadeh (1965) in his classical
paper [21]. A fuzzy set ‘A’ in a non-empty set X is a mapping from X to [0,1].
A fuzzy point x,. is a fuzzy set in X taking value r € (0,1) at x and zero else-
where. A fuzzy point X, is said to belong to a fuzzy set A i.e. x, € A iff r <
A(x) [15]. A fuzzy singleton x,. is a fuzzy set in X taking value r € (0,1] at x
and O elsewhere. A non-empty set X together with two fuzzy topologies
T4, T, is called fuzzy bitopological space and it is denoted by (X, 74 75).

A fuzzy point X, is said to be quasi-coincident with a fuzzy set A
denoted by x,.qA iff r + A(x) > 1. A fuzzy set A is said to be quasi-
coincidence with another fuzzy set B denoted by AgB iff 3 x € X such
that  A(x) + B(x) > 1. Similarly we say that AgB iff AS
coBi.e. A(x)+ B(x) < 1. Obviously if A and B are quasi-oincident at x
both A(x) and B(x) are not zero and hence A and B intersect at x. Here
we follow the Lowen’s definition [10] of fuzzy topology. According to him a
family T of fuzzy sets of a non-empty X is said to form a fuzzy topology on X
if it is closed under arbitrary union, finite intersection and contains all con-
stant fuzzy sets. The members of T are called fuzzy open sets and their com-
plements are called fuzzy closed sets.

The concept of closure operator was given by Cech [6] and Birkhoff [7] inde-
pendently. Researchers have done many works using Cech closure operator.
We have done our research using the Birkhoff closure operator. We men-
tion the definition of fuzzy biclosure operator as a generalization of closure
operator mentioned in [20]. We mention here all these definitions:
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Definition 2.1((6]). Let X be a non-empty set. A Cech closure operator on X
is a map C: P(X) = P(X) which satisfies:

1.C(9) =9,
2ACC(A), VACS P(X),

3.C(AUB) =C(A)UC(B),YABCc PX).

Definition 2.2 ([3]). A closure operator on a non-empty set X is a function C :
P(X) - P(X) is said to be Birkhoff closure operator on X if it satisfies the
following conditions:

1. C(®) =9,
2. ACC(A), VAC P(X),

3. ASB=C(A) SCB),YABC PX),
4. c(C) = c(A).

Definition 2.3 ([12]). A function ¢ : I¥ = I¥is called a fuzzy closure opera-
tion on a non-empty set X if it satisfies the following conditions:

1.c(@) =0,
2. ACc(A),VAE I*,
3.c(AUB)=c(A)uc(B),VABE I*.

Definition 2.4 ((19]). A function ¢ : I*¥ = I¥ is called fuzzy closure operation
on a non-empty set X if it satisfies the following conditions:

lc(a) = a;a €10,1]

2.ACc(A),

3.ACB = c(Ad) S c(B),VABEIX
4.c(c(A)) = c(A).

Definition 2.5. A function ¢; : I¥ — I*(i = 1,2) is called a fuzzy biclosure
operator on a non-empty set X if the following postulates are satisfies:

(@) =a; aefo1],

A € ¢;(4),

A <€ B =c(A) cc(B),
(6 (D) = ¢ (A).

B W =

The structure (X, ¢;, ¢,) is called a fuzzy biclosure space.

We mention here some definitions in fuzzy closure spaces which will be gen-
eralized to fuzzy biclosure spaces later:

A fuzzy closure space (Y, c*) is said to be a subspace of (X,c) if Y € X
and ¢*(4) = c(4) NY for each subset A € Y. Let (X,¢) and (Y, c*) be two
fuzzy closure spaces then if map f:(X,c) — (Y,c*) is continuous, then
fL(F) is closed subset of (X, c) for every closed subset F of (¥,c*). A map
f:(X,c) = (Y,c*) is said to be fuzzy continuous if f(cA) € ¢*f(A) for every
subset A € X.

Amap f:(X,c) » (Y,c*) is said to be fuzzy closed (resp. fuzzy open) if f(F)
is fuzzy closed (resp. fuzzy open) subset of (Y,c*) whenever F is a fuzzy
closed (resp. fuzzy open) subset of (X, c).

The product of a family {(X,,c,) : @ €1} of fuzzy closure spaces, de-
noted by [1ye;(Xy, €q), is the fuzzy closure space ([1,¢; Xy , ¢) where [14e; Xy
denotes the cartesian product of sets X, @ € I, and c is the fuzzy closure op-
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erator generated by the projections i [[,e; Xy = X4 @ € I i.e. is defined by
cA = [lye cq o (A) foreach A € []ye; Xq-

We generalized these concepts in fuzzy biclosure space as:

Definition 2.6. Let (X, ¢, ¢;) be a fuzzy biclosure space. If the closure opera-
tor ful fill the condition ¢;(A U B) = ¢;(A) U ¢;(B) then it is said to satisfy
the additive property.

Definition 2.7. The fuzzy biclosure space (X, ¢, ¢,) is said to be coarser than
X, c3,¢5) if ¢;(A) S cf(A) foralli = 1,2 and A € IX.

Definition 2.8 ([2]). A subset A of a fuzzy biclosure space (X, ¢y, ;) is called
fuzzy closed if ¢;c,A = A. The complement of fuzzy closed set is called fuzzy
open.
Clearly, A is a fuzzy closed subset of a fuzzy biclosure space (X, ¢y, c,) if and
only if A4 is a fuzzy closed subset of both (X, ¢;) and (X, c;).
Let A be a fuzzy closed subset of a fuzzy biclosure space (X, ¢y, ¢;). The fol-
lowing conditions are equivalent

. A=A

2. A=AcA=A

A fuzzy biclosure space (Y, cf, ¢3) is said to be a subspace of (X, cy,¢,) if Y €
X and ¢;(4) = (A)NY for each subset ACY. Let (X,cq,¢;) and
(Y,ci,c3)  be two fuzzy biclosure spaces then if map f:(X,c;,¢,) —
(Y, ¢, c3) is pairwise continuous, then f~1(F) is closed subset of (X, ¢y, ;)
for every closed subset F of (Y,cj,¢3).A map f:(X,cq,¢c5) = (Y,cf,¢3) is
said to be fuzzy pairwise continuous if f(c;A) € ¢, f (A) for every subset A
X.

Amap f: (X, ¢y, ¢c;) = (Y,cf,¢3) is said to be fuzzy open (resp. fuzzy
closed) if f(F) is fuzzy open (resp. fuzzy closed) subset of (Y, cj, c3) whenev-
er F is a fuzzy open (resp. fuzzy closed) subset of (X, ¢y, cy).

The product of a family {(Xa, C1, CZa) : a €1} of fuzzy biclosure spac-
es, denoted byllpe;(XeiC1,.€z,), is the fuzzy biclosure space
(Tge Xqrc1,c2) where [lae; X, denotes the cartesian product of sets
X, a €1,and ¢;, ¢, are the fuzzy closure operators generated by the projec-
tions T4: [Ige; Xo = Xgoa €1 ie. is defined by ¢;A = [lge ¢i ma(A) for
each A C [] e X,

3. Fuzzy pre-open sets in fuzzy biclosure spaces

The concept of pre-open set was introduced by A.S. Mashhour [13] as “A set
A in a topological space X is called pre-open iff A € int(cl(A)). The notion
of pre-open set in closure space was introduced by Rao, Gowri and Swamina-
than [7] and it was further defined in biclosure spaces by Rao and Gowri)[8].

Definition 3.1 ([1]). A subset A of a fcs (X, ¢) is said to be fuzzy pre-open if
A € int(cl(A)). The complement of fuzzy pre-open sets is called fuzzy pre-
closed if A € Cl(int(A)).

Definition 3.2 ([18]). Let (X, ¢y, c;) be a fuzzy biclosure space and the fuzzy
pre closure of a fuzzy set A in X is defined as;

fuzzy pre-c;(A) =N {B: B is fuzzy pre closed set and B D A}

Similarly the fuzzy pre interior of a fuzzy set A in X is defined as:

fuzzy pre-int;(A) = U {B: B is fuzzy pre open set and B c A}
Arbitrary union of fuzzy pre-open sets is fuzzy pre-open.
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3.1. Fuzzy pairwise pre-separation axioms in fuzzy biclosure spaces
In this section we define the concept of fuzzy pre- separation axioms using
fuzzy pre-open sets in fuzzy biclosure spaces:

Definition 3.1.1. A fuzzy biclosure space (X, ¢y, ¢,) is said to be

1. Fuzzy pairwise pre Ty if Vx,y €EX,x #y 3 a fuzzy preopen set
U such that U(x) + U(y)

2. Fuzzy pairwise pre T} if ¥V x,y € X, x # y 3 fuzzy pre-open sets
UVinXsuchthat U(x) =1,U(y) =0and V(x) =0,V(y) =1,

3. Fuzzy pairwise weakly pre T; if 3 a c¢;-fuzzy pre-open set or a C,-fuzzy pre-

open set U such that U(x) = 1,U(y) = 0,

4. Fuzzy pairwise pre T if for every pair of distinct fuzzy points X, Y, in X
their exists fuzzy preopen sets UandV suchthatx, €U,y €
VandUNV = @,

5. Fuzzy pairwise pre-regular if for each fuzzy point x,. and each fuzzy closed set
F such that x,qF 3 fuzzy pre-open sets U and V such that x, € U,F C
Vand UqV,

6. Fuzzy pairwise pre-normal if for every pair of fuzzy closed set
F, and F, such that F,qF,, 3 fuzzy pre-open sets U,V such that F; €
Uand F, €V and UqV.

Clearly fuzzy pairwise pre T, = fuzzy pairwise pre Ty = fuzzy pre pairwise
T, but not conversely.

3.2. Fuzzy pairwise pre-continuous maps in fuzzy biclosure spaces

Fuzzy pairwise pre-continuous maps was introduced by R. Srivastava [20]. We
introduce and study two more definitions using fuzzy pre-open sets and com-
pare all the definitions with each other.

Let (X, ¢1,¢;) and (Y, ¢y, ¢;) be two fuzzy biclosure spaces then:

Definition 3.2.1 ([1]). A map f : X — Y is said to be fuzzy pairwise continu-
ous if f~1(V) is fuzzy open in X whenever V is fuzzy open set in Y.

Definition 3.2.2 ([1]). A mapf : X — Y is said to be fuzzy pairwise p-
continuous if f~1(V) is pre-open in X whenever V is pre-open set in Y.

Definition 3.2.3. A mapf :X — Y is said to be fuzzy pairwise pre-
continuous if f~1(V) is open in X whenever V is pre-open set Y.

Definition 3.2.4. A map f : X — Y is said to be fuzzy pairwise p -continuous
if f=1(V) is pre-open in X whenever V is open set in Y.

Comparing all the above definitions:

Fuzzy pairwise-continuous

/

Fuzzy pre-continuous— P»Fuzzy p-continuous$—Fuzzy p -continuous
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We got some more pre-open maps given below:

Definition 3.2.5. A mapping f: X = Y is called fuzzy open if f(v) is fuzzy
open set in Y whenever v is fuzzy open in X.

Definition 3.2.6. A mapping f: X — Y is called fuzzy p-open map if f(v) is
fuzzy pre-open in Y whenever v is fuzzy pre-open in X.

Definition 3.2.7. A mapping f: X — Y is called fuzzy p*-open map if f(v) is
fuzzy pre-open in Y whenever the fuzzy set v is open in X.

Definition 3.2.8. A mapping f: X = Y is called fuzzy pre-open map if f(v)
is fuzzy open in Y whenever v is fuzzy pre-open in X.

3.3 Fuzzy pre-connectedness in fuzzy biclosure spaces

In this section we introduce the concept of g-separated sets. This concept is

earlier introduced by Ming-Ming [15] in 1980.

Definition 3.3.1 ([15]). Two fuzzy sets A; and A, in fuzzy topological space
(X,T) are said to be separated iff VU, eT(i=12): U;>
A;and U NA, = @ = U,NA;.

Definition 3.3.2 ([15]). The fuzzy sets A; and A, in fuzzy topological space
(X, T) are said to be Q-separated iff 3 T closed sets H; i = 1,2 such that H;
S A and HyNA, =0 = H, N A,.

It is obvious that A; and A, are Q-Separated iff A; N A, = @ = A, N A;.
In a similar way we define ¢;-q-separated sets in fuzzy biclosure space.

Definition 3.3.3. Two fuzzy sets A and B in a fcs (X,¢) are said to be g-
separated iff cI(A)gB and Aqcl(B).

Definition 3.3.4. A fuzzy set Y in (X, ¢) is called disconnected iff there exist
two non-empty sets A and B in the subspace Y (i.e suppY,) such that
A and B are g-separated and Y = AUB. A fuzzy set is said to be connected iff
it is not disconnected.

Definition 3.3.5. Two fuzzy sets A and B in a fbes (X, ¢y, ¢;) are said to be
¢;-q-separated (or simply g-separated) iff c;(4)gB and c¢;(B)qA.

Definition 3.3.6. Two non-empty fuzzy pre-open sets Aand B in a fbcs
(X,cq,c;) are said to be fuzzy pre-c;-q-separated iff p-c;(A)gB and
p-¢;(B)qA.

We introduce here the definition of pre-connectedness in fuzzy biclosure
space:

Definition 3.3.7. A fuzzy biclosure space (X, ¢y, ¢,) is said to be fuzzy pre-
disconnected iff there exist two non-empty fuzzy pre-open sets A and B such
that X = AUB (Here suppX,) such that p-c;(4)gB and Agp-c;(B).

Theorem 3.3.1. The pairwise p-continuous onto image of a fuzzy pre-connected bi-
closure space having additive property is fuzzy preconnected biclosure space with addi-
tive property.

Proof. Let X and Y be two fuzzy biclosure spaces having additive property and
let X be fuzzy pre-connected. Let us suppose that Y is not fuzzy pre-connected

then Y is fuzzy pre disconnected. Then 3 two non-empty fuzzy pre-open sets
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A and B in the subspace Y (suppY,) such that A and B are pre g-separated
and Y = AUB (suppYy) or p-¢;(A)gB and Agp-c;(B) since f is fuzzy pair-
wise p-continuous f~1(A) and f~1(B) are subsets of X therefore X =
fHAUf(B) where p-c;(f71(A)af(B) and
f 1 (A)gp-c;(f'(B)). We know from the additive property that
¢;(AUB) = ¢;(A)Uc;(B) then f~Y = f71(AUB) = f (A U f1(B)
which is a contradiction since f~1(A4) and f~1(B) are pre g-separated. It
means our assumption is wrong. Thus Y is fuzzy preconnected biclosure
space having additive property.

Theorem 3.3.2. Let (X,cq,¢;) be fuzzy predisconnected let ¢; < ¢ (i = 1,2)
then (X, c1, ¢3) is fuzzy pre-disconnected.

Proof. Let (X, cq,c;) be fuzzy pre-disconnected fbcs then 3 two non-empty
fuzzy pre-open sets A and B in the subspace Y (suppY,) such that Y = AUB
where Aand B are prec;-separated. Since ¢; C ¢/ thendand B are
prec]-separated also. Thus we have two non-empty sets A and B in the space
Y (suppYy) such that Y = AUB where A and B are prec;-separated also.
Hence (X, ¢, ¢3) is pre-disconnected.

Theorem 3.3.3. Let (X,cq,c,) be a fuzzy preconmected. Let ¢ € c¢; then
(X, c1,¢3) is also fuzzy pre-connected.

Proof. Let (X, cy,¢;) be a fuzzy pre-connected fuzzy biclosure space. Then it
cannot be written as union of two non-empty pre g-separated sets. Let ¢; C
¢; and suppose that (X, cg,c3) is fuzzy pre-disconnected. Since (X, cj,c3) is

fuzzy pre-disconnected 3 two non-empty pre-open sets A and B in the sub-
space Y (suppY;) such that Y = A U B where A and B are pre c;- separated

also. Then (X, ¢y, ¢;) is also fuzzy pre-disconnected. Since 3 two non-empty
pre-open sets A and B such that Y = AUB (suppY,) where A and B are
pre c;-separated sets which is a contradiction. Hence (X,cj,c;) is pre-
connected.

4. Fuzzy a-open sets in fuzzy biclosure spaces
The a-open sets in topological space was introduced by Njdstad [16] and fuzzy
a-open sets introduced by Singhal, Rajvanshi [18] and Bin Shahana [4].

Definition 4.1 ([4]). A subset A of a fuzzy closure space (X, c) is said to be
fuzzy a-open if A € int cl( int(A)). The complement of fuzzy a- open sets is
called fuzzy @- closed set so, a fuzzy set A is said to be fuzzy a- closed set if
clint(cl(A)) € A.

Definition4.2. Let (X,c;,c;) be a fuzzy biclosure space and the fuzzy a-
closure of a fuzzy set A in X is defined as:

fuzzy a-c;(A) =N {B: B is fuzzy a -closed set and B > A}

Similarly the fuzzy a-interior of a fuzzy set A in X is defined as:

fuzzy a-int;(A) = VU {B: B is fuzzy a-open set and B c A}

Definition4.3. For a fuzzy set u in X we define the interior of u as;
io(w)=U{v:ucv, visafuzzy a- open set}.

Let X be a fuzzy biclosure space, u € v € X then we have the following re-
sults :

i U is a fuzzy a-open set in X,

i,u Cu,

i U S iy,

iou = i, (i u),

A is a fuzzy a-open set iff u = i, u.

arwDNDE
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Definition 4.4. A fuzzy setA in a fbcs X is said to be a fuzzy
a-Neighbourhood of a point x of X iff there exists a fuzzy a-openset B in X
such that B € A and A(x) = B(x) > 0.

Theorem 4.1. In a fuzzy biclosure space (X, ¢q, ¢;) we have
1. An arbitrary union of fuzzy @-open sets is a fuzzy a-open set.
2. A finite intersection of fuzzy Q-Oopemn sets is fuzzy Q-open set.
3. An arbitrary intersection of fuzzy [-closed sets is a-closed set.
4. A finite union of fuzzy a-closed sets is a-closed set.

Proof. Their proofs are straight forward so omitted.

Theorem 4.2. If A and B are fuzzy a-Neighbourhood of x then ANB is also a
fuzzy a-Neighbourhood of x.

Proof. Since A and B are fuzzy a-Neighbourhood of x there exist fuzzy
a-open sets C andD such that C € B,D € A,B(x) = C(x) > 0 and A(x) =
D(x) > 0. Then AND is a fuzzy a-openset in X.

4.1. Fuzzy a-separation axioms
In this section we define the concept of fuzzy a-separation axioms in fuzzy
biclosure spaces:

Definition 4.1.1. A fuzzy biclosure space (X, ¢y, ;) is said to be

1. Fuzzy pairwise a Tyif Vx,y€X,x#y 3 a fuzzy a-open set
U such that U(x) #+ U(y)

2. Fuzzy pairwise a T; if V x,y € X, x # y 3 fuzzy a-open sets
UVinX suchthatU(x) =1,U(y) =0and V(x) =0,V(y) =1,

3. Fuzzy pairwise Weakly a T; if 3 a ¢;-fuzzy @-open set or a ¢,-fuzzy @-open
set U such that U(x) = 1,U(y) =0,

4. Fuzzy pairwise a T, if for every pair of distinct fuzzy points x,, ys in X their
exists fuzzy a-open sets U andV suchthatx, € U,y € Vand U N
V = @’

5. Fuzzy pairwise @-regular if for each fuzzy point x,. and each fuzzy closed set
F such that x,.qF 3 fuzzy a-open sets U and V such that x, € U,F
Vand UqV,

6. Fuzzy pairwise a-normal if for every pair of fuzzy closed set
F, and F, such that F,qF,, 3 fuzzy a-open sets U,V such that F; €
Uand F, €V and UqV.

Clearly fuzzy pairwise @ T, = fuzzy pairwise a T; = fuzzy pairwise a Ty but
not conversely.

4.2. Fuzzy pairwise - continuous maps and - open maps in fuzzy bi-
closure spaces

The concepts of fuzzy biclosed maps, pairwise fuzzy bicontinuous maps and
generalized fuzzy continuous maps in fbecs were introduced by Navalakhe
[12],[13]. Pairwise continuity between fuzzy closure spaces was introduced by
Azad [1]. Further using fuzzy semi-open sets Azad [1] introduced and studied
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fuzzy pairwise s-continuous mapping between fuzzy closure spaces. We intro-
duce and study two more definitions using fuzzy a-open sets and compare all
the definitions with each other. Let (X, ¢y, ¢;) and (Y, ¢y, c;) be two fuzzy
biclosure spaces then:

Definition 4.2.1 ([7]). A map f : X — Y is said to be fuzzy pairwise continu-
ous if f71(V) is fuzzy open in X whenever V is fuzzy open set in Y.

Definition 4.2.2. A map f : X — Y is said to be fuzzy pairwise @-continuous
if f~1(V) is open in X whenever V is a-open set Y.

Definition 4.2.3. A map f : X — Y is said to be fuzzy pairwise @*- continu-
ous if f1(V) is a-open in X whenever V is a-open set in Y.

Definition 4.2.4. A map f : X — Y is said to be fuzzy pairwise @**- continu-
ous if f1(V) is a-open in X whenever V is open set in Y.

Comparing all the above definitions as:

Fuzzy a™*- continuous —p Fuzzy continuous—™ > Fuzzy a- con-

Fuzzy a”- continuous

Now we define some more definitions of continuity which are weaker than
previous one:

Definition 4.2.5. Amap f : X — Y is said to be fuzzy a-open if f(v) is fuzzy
a- open in Y whenever the fuzzy set v is open in X.

Definition 4.2.6. A map f : X — Y is said to be fuzzy a*-open if f(v) is
fuzzy a- open in Y whenever v is fuzzy a- open in X.

Definition 4.2.7. A map f : X — Y is said to be fuzzy a**-open if f(v) is
fuzzy open in Y whenever v is fuzzy - open in X.

Theorem 4.2.1. Let X1, X,,Y; and Y, be fuzzy biclosure spaces. Let f:X; — Y5,
f: X, = Y, be two mappings. If fi, f5 are fuzzy @™ -continuous mappings then f; X
fo is also fuzzy a™-continuous mapping here X; is product related to X,.
Proof. Let G be a fuzzy open set in ¥; X Y, then there exists fuzzy open sets G;
and H; in Y;,and Y, respectively such that G = U (G; X H;). From Lemma
2.1 and 2.3 of Azad [1], we have (f; X f,)71(G) = sup; ;[(f X £,)7H(G; x
H)]= Sup,-,j[fl_l(Gi) x f, ' (H))] since fi,f;, are fuzzy a**-continuous
£i71(G) and £, (H,) are fuzzy a- open sets using theorem 1.5 and 1.4(a) we
have (f; X f3)(G) is a fuzzy a- open set. Hence f; X f, is fuzzy a™*- continu-
ous.

Theorem 4.2.2. Let X and Y be fuzzy biclosure spaces. Let f: X = Y be a mapping
and g: X = X X Y be a graph of f if g is fuzzy @™ continuous then f is also.

Proof. Let G be a fuzzy open set in Y then using lemma 2.4 due to Azad [1].
We have U =Xnf"16) =g (X X G), since g is fuzzy a**
continuous and X X G is a fuzzy open set in X X Y. f~1(G) is a fuzzy a-open
set in X. Hence f is fuzzy @**- continuous.
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4.3. Fuzzy a- connectedness in fuzzy biclosure spaces

Definition 4.3.1. A fuzzy set in a fuzzy closure space is said to be fuzzy a- dis-
connected iff there does not exist two non-empty @- open sets A and B in the
subspace Y, (supp Y) such thatY = AU B and A, B are g- separated.

Theorem 4.3.1. The fuzzy a@*- continuous onto image of a fuzzy @- connected
biclosure space which has additive property also is fuzzy a- connected biclosure
space with additive property.

Proof. Let us assume X and Y be two fuzzy biclosure spaces with additive
property. Also let X be fuzzy a- connected and Y is not fuzzy a- connected
then Y is fuzzy a- disconnected. So there exists two non-empty fuzzy a- open
sets A and B in the subspace Y (suppY;) such that A and B are a- g-separated
and Y = A U B(suppY,) since f is fuzzy a*- continuous onto function so
f~1(A) and f~1(B) are subsets of X therefore X = f~1(A)Uf1(B) where
a-c; (f_l(A))Qf_l(B) and f~1(4)q a-; (f_l(B)). By using the additive
property we can write ¢; (AUB) = ¢;(A)Uc;(B) then f~1Y = f~1(AUB) =
f~1(A) U f~1(B) which is a contradiction since f ~1(A) and f~1(B) are a-
g-separated. It means our assumption is wrong. Thus Y is fuzzy @-connected
biclosure space having additive property

Theorem 4.3.2. Let (X, ¢y, ¢;) be fuzzy a- disconnected let c; © ¢/ (i = 1,2)
then (X, c1,c3) is a- disconnected.

Proof. Let (X, ¢y, ;) be fuzzy a- disconnected then 3 two non-empty fuzzy a-
open sets A and B in the subspace Y (suppY,) such that Y = AUB where
Aand B are a-c;-separated. Since ¢; C ¢/ then A and B are a- ¢] -separated
also. Thus we have two non-empty sets A and B in the space Y (suppY,) such
that Y = AUB where A and B are - ¢; - separated also. Hence (X, c7,¢3) is
a- disconnected.

Theorem 4.3.3. Let (X, ¢y, C;) be a fuzzy a- connected. Let ¢ < ¢;(i = 1,2)
then (X, ¢, c3) is also fuzzy a- connected.

Proof. Let us suppose (X, c1, ¢3) is fuzzy a- disconnected then there exists two
non-empty @- open sets A and B in the subspace Y (suppY,) such that Y =
A U B where A and B are a-c;-separated also then (X, ¢y, ¢;) is also fuzzy a-
disconnected since ¢; € ¢; which is a contradiction. Hence (X, ¢f, ¢3) is also
fuzzy - connected.

Conclusion

Here we have introduced and studied separation axioms and connectedness
using fuzzy pre-open sets and fuzzy @-open sets in fuzzy biclosure space. We
defined fuzzy pre separated sets and fuzzy a- separated sets in a fuzzy biclosure
space. Though these are weaker than open sets but they play very vital role in
various fields. Their applications can be seen in fuzzy topology, nano topology

and medical field.
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